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1. Introduction and Preliminaries

Present century saw various generalizations of metric
spaces raised in several ways. For example, S. G. Matthews
[12] defined partial metric space, Bakhtin [4] introduced b-
metric spaces, S. Shukla [15] Partial-b metric spaces and gen-
eralization of many results related to fixed point theories have
been studied in those spaces([3],[16],[17]). Nizar Souayah [9]
introduced partial S, metric space as an extension of partial
b-metric spaces and studied few fixed point theorems. This
paper is a modification of [9] as well as an extension of the
study of partial S,-metric spaces. Let’s provide few definitions
as ready references,

Definition 1.1. [13] An S-metric on a nonempty X is a func-
tion S : X3 — [0,00) that satisfies the following conditions:
forall x,y,z,a € X,

(s1) S(x,y,2)=0&x=y=z
(s2) S(x,y,,2) < S(x,x,a) +S(y,y,a) +8(z,2,a);

The pair (X,S) is called an S-metric space.

Definition 1.2. [8] A mapping S, : X> — [0,00), where X is
a non empty set, is said to be partial S-metric if whenever x, y,
z, t € X the following conditions hold:

(i) x=yifand only if S (x,x,x) = Sp(y,y,y) = Sp(x,x,y);
(”) S[J(x7x7-x) S Sp('xayaz);
(”l) S,,(x7x,y) :Sp(yvyvx);

(iv) Sp(x7y7Z) < Sp(x,x,t) +Sp(y7y,l) +Sp(ZaZ7t)
_Sp<t7t7t)

The pair (X,S,) is called partial S-metric space.

Definition 1.3. [9] A mapping Sj, : X> — [0,0), where X is
a non empty set, is said to be partial S,-metric with coefficient
s > 1 if whenever x, y, z, t € X the following conditions hold:

(l) X=y=2 lffsb(xvyvz) :Sb(xvxvx) :Sb(yayvy)
=8p(2,2,2);

(”) Sb(x,x,x) < Sb()C,)@Z),'
(iii) Sp(x,x,y) = Sp(y,,%);

(iv) Sp(x,y,2) < s[Sp(x,%,1) +Sp(y,3,1) +Sp(2,2,1)]
7Sb(tat7[)

The pair (X,Sp) is called partial Sp-metric space with coeffi-
cient s > 1.

Definition 1.4. [9] In a partial Sy-metric space (X,Sp) a se-
quence {x,} is said to be convergent to x if 1im Sp,(x;,,%,,X) =
n—oo



Sp(x,x,x). A Sequence {x,} is said to be a Cauchy sequence
in X if Um Sp(x,,%n,Xn) exists. A partial Sp-metric space
n,m—soo

(X,Sp) is said to be complete if for every Cauchy sequence
{xn} in X there exists x € X such that lgnSh(xn,xn,x) =
n—soo

Sb(x7xax) . lnilrl}msb(xn;xn;xm)

2. Modification of the Results Appeared
in [9]

Let’s begin with the following example

Example 2.1. Let X = {0,1,2,3} and Sy (x,y,z) =| x—y |?
+|y—zP+|z—x|>+x. DefineT:X — X by TO=0,
T1=0, T2 =1, T3 = 2 which satisfies all the conditions
of Theorem 2.1 [9]. Clearly O is the unique fixed point of T
though S;, does not satisfy the partial symmetric condition
((iii) of Definition 1.3)[9] as seen in particular Sp(1,1,2) #
Sp(2,2,1)

Actually it is seen that all the results in the paper [9] can
be proved without using partial symmetric condition. Just for
simplicity of writing let’s call the revised metric weak partial
Sp-metric which is a generalization of S,-metric. So,

Definition 2.2. A mapping Sj, : X3 — [0,00), where X is
a non empty set, is said to be weak partial Sy-metric with
coefficient s > 1 if the conditions (i), (ii) and (iv) of Definition
1.3 [9] hold.

Example 2.3. There is only one example in [9] (Example 1.5)
which is NOT for that the author CLAIMED for; it is a weak
partial Sp-metric space.

Example 2.4. Let X = {0,1,2,3} and define Sy, : X*> — R*
by

Sp(x,y,2) =|x—y >+ |y—z[*+|z—x|* +x. Then (X,S})
is a weak partial Sp-metric space with coefficient s = 2 which
is neither partial Sy-metric space nor an S metric space
(since Sp(1,1,1) # 0) nor a partial S-metric space (since
55(0,0,3) > S,(0,0,1)+S,(0,0,1)+S5(3,3,1) —S,(1,1,1)).

It is noticed that in the Theorem 2.1 [9] (line 14 of page
355 and line 4 of page 356 ) author assumed Tx,_; = x;,, and
Tx, = x,.1 respectively though he defined F¥xy = x; for all
k € N, where xq is an arbitrary point of X and 7" = F for
some ng € N (line 8 of page 354) which is absurd.

Now few lines back the Example 2.1 shows that it is not
necessary for the space in Theorem 2.1 [9] to be a partial S-
metric space it may be weak partial S,-metric space to ensure
existence and uniqueness of fixed point for such mappings.
The following theorem proves the fact in general.

Theorem 2.5. Let (X,S,) be a complete weak partial Sp-
metric space with coefficient s > 1 and T : X — X be a
mapping satisfying the following condition

Sy(Tx, Ty, Tz) < ASp(x,y,2) Vx,y,z€ X, A €[0,1). (2.1)

Then T has a unique fixed point u € X with Sp,(u,u,u) = 0.
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Proof. First we show that the fixed point of T is unique and
if u be a fixed point of T then S,(u,u,u) = 0. Let u,v be
two distinct fixed point of T'. i.e., Tu = u and Tv = v. Let if
possible S, (u,u,u) > 0. Then from equation (2.1),

Sp(uyuyu) =Sp(Tu, Tu, Tu) < ASp(u,u,u) < Sp(u,u,u),a
contradiction. Hence Sp,(u,u,u) = 0. Similarly S;(v,v,v) = 0.
Now

Sp(uyu,v) = Sp(Tu, Tu, Tv) < ASp(u,u,v) < Sp(u,u,v).
Hence S, (u,u,v) = 0= u =v. Therefore T has a unique fixed
point.

Since A € [0,1), we can choose ng € N such that for a
given 0 < € < 1, we have A0 < % Let 7" = F and Fkxo =
x; Vk € N, where xg € X. Then for all x,y,z € X,

Sp(Fx,Fy,Fz) = S8,(T"x,T™y, T"z) <A"Sp(x,y,2) (2.2)

Using inequality (2.2) for any k € N, we have

max{Sh(ka » Xk4-1 ,xk),Sb(xk,xk,ka)} —>0as k—> oo,
So we can choose / € N such that

max{ Sy (xr11,X141,X1),Sp (X1, %1, %111) } < g5
Let us define a relation p on X by

ypx & max{Sy(x,x,y), Sp(y,y,%)} — Sp(x,x,x) < 5.
LetA={y€ X :ypx;}. Since x;px;, A # ¢. Let x, € A. Then
max {8 (x7,x1,%;),Sp (X7, x7,%7) } — Sp (x7,x7,51) < 5.
Using equation (2.2)

5

Sp(Fx;, Fx;, Fx;) < %5

1+ Sp (7, x1,x7)].
Therefore

Sp(xp,x, Fxz) < s[28Sp(x1, %7, Fx;) + Sp(Fxz, Fxz, Fx;))

—Sb(Fxl,Fxg,Fxl)
€
< 5 —l—Sb(xbxl,xl).
Similarly, S, (Fx;, Fx;,x;) < 5 +Sp(x1,;,x;). Hence Fx p x;
and consequently Fx, € A. Since x; € A therefore Fx; € A.

Repeating this above process F'x; € AVn € N. i.e., x,, €A
Vm>1. Letm>n>1[landn=1[+i. Then

Sy (Fxn—1,Fxp—1,Fxp_1)
Amosb (xn,i,xn,i,xm,i)

Sy (X1,X1,%m—i)

Sb(xmxmxm)

VANVANVAY

€
5 —|—S;,(x1,x;,xl) < E.

Thus {x,} is a Cauchy sequence in (X, S}). By completeness
of (X,S;) there exists u € X such that

Hm Sy (X, %0, u) = Lim Sp (X, X, %) = Sp(u,u,u) =0 (2.3)
n—yoo n,m—oo

Now we show that u is a fixed point of 7. First,
Sp(uyu,x,) < S[28p (u,u, 1) + Sp (X, X, u)] — Sp(u, u,u)

Passing limits we have 1im Sp(u,u,x,) =0
n—soo



Foralln € N,
Sp(uyu, Fu) < s[28p(u,u,xp41) +Sp(Fu, Fu,x,11))
—Sp(Xnt 1, X041, Xn41)
< S[ZSb(u,u,xn+1) + }L”()Sb(u, u,xn)]

Using equation (2.3) and (2.4) we have Sj,(u,u,Fu) =0.
Also from equation (2.1) Sy (Fu,Fu,Fu) = 0. Hence Fu =
u. ie., T"y = u. Since {T"u} is a Cauchy sequence with

Um Sy (uy, up,um) = 0, we have Tu = u. O
n,m—roo
Example 2.6. Let X ={0,1,2,3} and
Sp(x,y,z) = [max{x,y}]*+ | max{x,y} —z|* as in the Ex-
ample 1.5 in [9]. Then (X,Sp) is a complete weak par-
tial Sy-metric space which is not partial Sy-metric space
as Sp(1,1,2) # 8,(2,2,1). Define T : X — X by TO =0,
T1=0, T2=1,T3=2. Then T satisfies the condition of
Theorem 2.5 and T has a unique fixed point namely 0.

Now let’s look into the Theorem 2.2 [9]. The proof of
this theorem is confusing because the statement allows A to
be any real number in [1, %) and s =2 but then 1 — 254 <0
and 1 —3sA < 0 which does not allow the transition from
line number 5 to 6 of page 358 [9]. Here is a variant of the
Theorem 2.2 [9] as follows:

Theorem 2.7. Let (X,S,) be a complete weak partial Sj-
metric space with coefficient s such that 2s >3 and T : X —
X be a mapping satisfying the following condition

Sp(Tx, Ty, Tz) < A[Sp(x,x,Tx) +Sp(y,y, Ty) +Sp(z,2,Tz)]
2.5)

forall x,y,z € X, where A € [0, %) Then T has a unique fixed
point u € X with Sp(u,u,u) = 0.

Proof. Define a sequence x,+1 = Tx, Vn € N. Using the
contraction principle (2.5) lm Sp(x,,X;,Xn) = 0. i.e., {x,}
n,m—oo
is a Cauchy sequence in (X,S5). By completeness of (X,Sj)

there exists u € X such that

Lim Sy, (X, X0, u) = Hm Sp (%, X, %) = Sp(u,u,u) =0 (2.6)
n—eo n,m—soo

Now, Sp (1, u,x,) < $[28p (1, u,u) + Sp (X, X0, u)] — Sp (u, u, u).
Taking limit and using (2.6) we have lim Sy, (u,u,x,) = 0.
n—yoo

Claim: u is a fixed point of 7. For

Sp(u,u, Tu) < s[28p(u,u, x041) + Sp(Tu, T, Xp41)]
= s[28p(u,u,x511) + Sp(Tu, Tu, Txy)]
< s[28p(uyu,xng1) + A (28 (u,u, Tu) +
S (X, %5 Xn41))]

Taking limit Sp(u,u, Tu) < 25ASp(u,u, Tu) < Sp(u,u,Tu), a
contradiction. Hence S (u,u, Tu) = 0. Also from (2.5)
Sp(Tu, Tu,Tu) < 3ASp(u,u, Tu) and consequently
Sp(Tu,Tu,Tu) = 0. Hence Tu = u. The uniqueness of the
fixed point u follows from the contraction principle. O
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Theorem 2.8. Let (X,S,) be a complete weak partial Sj-
metric space with coefficient s > 1 and T : X — X be a
mapping satisfying the following condition for all x,y,z € X,
Sb(Tx7 Tyv TZ) S A’ maX{Sb(xay7 Z)a Sb(X,X, Tx)7

Sp (33, Ty),Sp(2,2,T2)}

where A € [0, %) Then T has a unique fixed point u € X with
Sp(u,u,u) = 0.

2.7)

Proof. For existence of fixed point let xo € X be arbitrary and
define a sequence {x,} by x,4+1 = Tx, ¥Yn € N. Now for all
n € N from (2.7) we obtain

St (X, Xn, Xng1) < A"Sp(x0,%0,x1) (2.8)

Now foralln € N,

Sp(Txn, Txp, Txy—1)
< Amax{Sy(Xn,Xn, Xn—1)Sp (Xns X, Txn), Sp(Xn—1,%n—1,
T)Cn,])}
:z'maX{Sb(xnaxnaxn—l)aSb(xn»xn7xn+1)7Sb(xn—laxn—l7xn)}~

IfmaX{Sh(xnaxnaxnfl)7Sh(xmxmxn+l)aSh(xnflvxnflvxn)}

= Sb(xmxmxnfl)

Then Sb(anrlaanrlvxn) < 2“S‘b()cna)cmxnfl)
= Sp(Xn+1,Xn41,%0) < A"Sp(x1,x1,%0) (2.9)

If maX{Sh(xmxnaxnfl)7Sh(xmxmxn+l)aSh(xnflvxnfhxn)}
= Sp(xn, Xn,Xu+1) then using (2.8) we have

Sp (Xt 15%n11,%0) < AL (x0, x0,x1) (2.10)
Similarly for the rest case
Sp(Xn1,Xn+1,%n) < A"Sp(x0,%0,%1) (2.11)

Using (2.10) and (2.11) we have for m,n € N with m > n,

< 2sA"

Sb(xnaxnvxm) max{Sb(xo,xo,xl),

1—2sA
Sp(x1,x1,%0) }-

Passing through limits we have i grngb (Xns%n, Xm) = 0. Thus

{xn} is a Cauchy sequence in (3(,51,). Since (X,Sp) is com-

plete there exists u € X such that

lime(xn;xnau) = lim Sb(xn;xnaxm) = Sb(uaua u) =0

n—oo n,m—oo
(2.12)
It follows from (2.12)
ILm Sp(u,u,x,) =0. (2.13)

Now we will show u is a fixed point of 7. For alln € N,

Sp(u,u, Tu) < s[2Sp(u,u,x011) + Sp(Tu, Tu, Txy)]
—Sp(Xnt15 X041, %n41)
< s[28p(u,u,xp41) + A max{S,(u, u,x,),

Sp(uyu, Tu), Sp (X, Xn, Xn11) }]



= Sp(u,u, Tu) < AsSp(u,u, Tu) < Sp(u,u,Tu), a contradic-
tion.
= Sp(u,u,Tu) =0.

Sp(Tu, Tu, Tu) 35Sy (Tu, Tu, Tx,)
3sA max{Sy(u,u,x,),Sp(u,u, Tu),

Sb(xnaxnaxi’kH )}

IN A

Passing through limits we have S,(7Tu,Tu,Tu) = 0. Hence
Tu = u. Uniqueness of the fixed point directly follows from
the contraction principle. U

Example 2.9. Let X ={0,1,2,3} and

A={(x,9z2):xy2¢€{0,2}}\(0,0,0). Define S, : X> —

R* by

S5lx—yP45y—z 245 z—x > 4+2*
if(x,y,2) ¢ A

Sb(xay7z) =

= 2 if(x,y2) €A.

Then (X,Sp) is a complete weak partial S,-metric space with

coefficient s = 2. Define T : X — X by
T0=0,T1=2,T2=0,T3=0

T satisfies all the conditions of Theorem 2.8 and T has a fixed

point namely 0. But, since Sp(1,1,2) # S,(2,2,1) Theorem

2.3 of [9] is not applicable.

3. Fixed point Theorem using
F-contraction

As in [18], Let (X,d) be a metric space. A mapping
T : X — X is said to be F-contraction if there exists a T > 0
such that

Vx,y€X,d(Tx,Ty) >0=14+F(d(Tx,Ty)) <F(d(x,y))
where F : R™ — R is a mapping satisfying the following
conditions:

(1) F is strictly increasing, (2) For each sequence {0, } of pos-

itive real numbers, lim o, = 0 if and only if lim F(o,) = —oo
n—yoo n—oo

and (3) there exists k € (0, 1) such that ali_}r51+ afF(a) =0.

In 2016 Piri and Kumam [3] describe a large class of
function by taking an additional condition that F is continuous
on (0,c0) and neglecting condition (2) and (3). Let § be the
family of all functions F : Rt — R such that

(F1) F is srtictly increasing.
(F2) F is continuous on (0,0).

and 4l be the set of all function y : [0,e0) — [0, 0) such that
v is continuous and y(¢) = 0 if and only if r = 0.

Definition 3.1. A mapping [ : (X,Sy) — (Y, Sp) is said to

be continuous at a point x if for every sequence {x,} in X

convergent to x, then lim f(x,) = f(x) and a function f is
Nn—y00

continuous on X if every f is continuous at every point x € X.
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Lemma 3.2. Ifa sequence {x,} in (X,S,) converges to two
different limits x and y with Sp(x,x,x) = 0 and Sp(y,y,y) =
0 then x =y. Moreover if {y,} be a sequence in X with
Sp(XnyXn,yn) = 0 then {y, } also converges to x.

Lemma 3.3. [11] Let (X,S)) be a partial Sp-metric space
with the coefficient s > 1. Let {x, } and {yn} be two sequences
in X converges to x and y respectively. Then S%Sb (x,x,y) —
38 (x,x,0) = 28 (y.y,y) < lim infSp (X, yn)
S lgnsupsb(xnaxnayn) S ZSSb(XJC,.X) + 2SZSb(YvYa)’)

n—oo
+ 528, (x,x,y). Moreover for all 7 € X,
%Sb(x,x,z) =28, (x,x,x) < lijn infSp(xn,Xu,2)

n—oo

< lim supSp (Xn,xn,2) < $Sp(x,x,2) + 2555 (x, X, x).

n—yoo

Theorem 3.4. Let (X,S)) be a complete partial S,-metric
space with coefficient s > 1. Let S, T be mappings on X
satisfying the following:

(a) S is continuous;
(b) T(X) subset of S(X);
(¢) Sand T commute, i.e., ST =TS VxeX;
and for all x,y € X with Sx # Tx or Sy # Ty
185 (Sx,Sx, Tx) < Sp(Sx, Sx, Sy)
= F(S4Sb(Tx7 Tx, Ty)) < F(GS-,T(x7y)) - W(GS-,T (x,y)),
where Gsr(x,y) = max{S,(Sx,Sx,Sy), Sp(Sx,Sx, Tx),

Sp(Sy, Sy, Ty), eESIIGHESTN f e 5 and y e ut.
Then there exists a common fixed point of S and T.

Proof. By condition (b), we can define a mapping / on X
satisfying SIu = Tu Vu € X and I commutes with S. Let
xo = x and x, = I"xo Vn € N. Then x,+1 = Ix, and Sx,+1 =
Tx, Vn e N. Let for all n € N, S, (Sx,,, Sx,, Sxp+1) # 0. Now

1
—Sp(Sx, 8%, Txp) =

1
35 gsb(sxmsxmsxn—}—l)

< Sp(Sxn,Sxn, Sxpt1)-
So by the hypothesis
F(Sb(an+1»SXn+lasxn+2)) = F(Sb(TxnaTxn;Txn+1))
F(Gs,1(xn,%n+1))
_W(GS,T(xnaxn+l))

Now max{Sp(Sx,,S%,SXu+1), S5 (SXnt1,S%n+1,5%n+2) }

IN

< GS,T(xnverl)
= max{Sp(Sx, 8%, SXu+1),Sp(SXnt1,S%n+1,5%n+2),
Sp(Sx,SXn, SXn2) + Sp (Sxpt15SXn41,SXn41) )
453
= max{Sp(Sxn,Sxn,Sxn+1),Sp(SXn+1,S%n+1,5%12) }

So we have

F(Sh (Sx11+1 3 SXnp1 >an+2) < F(max{Sh (an 3 S5 SXppy 1 )a
Sp (an+1 3 SXni1,SXn 42 ) }) - l//(max{Sb (an 3 SXn, SXpy 1 ) )
Sb(an+175xn+l7sxn+2)})~ 3.1

0gl0
S0,
S&0202

%

3%
AW
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max{Sh (an,an,an+1 ) > Sh(an+1 3 SXn+1, an+2)}
= Sp(Sxpt1,S%+1,5%n+2) leads to a contradiction. Therefore
from equation (3.1)

F(Sp(Sxn+1,8Xn+1,5%n12)) < F(Sp(Sxn, SXn, SXn11))
- W(Sb (ana Sxn, SXn+1 )) .

Using monotonocity of F' we have Sp,(Sxp+1,SXn11,S%n1+2) <
Sp(Sxn,Sxy, Sxpt1), for all n € N. So, {Sp(Sxn,Sxp,Sxu+1)}
is a non increasing sequence. So there exists a o > 0 such
that lim Sy, (Sx,, Sx,,,Sxp41) = .
n—soo

So from (3.1) we have F(a) < F(a) —y(a) = y(a) =0
= a=0.1e.,

lim Sy, (Sx,, SX1, SXp41) =0

n—oo

(3.2)

Now we will show that lim S, (Sx,,Sx,,Sx») = 0. Suppose

s oo

the contrary, i.e., lim S, (Sx,,Sx,,Sx,) # 0. Let € > 0 and
n,m—soo

{pn} and {g,} be two sequence of natural numbers such that
foralln e N, p(n) > g(n) >n,

S (SXp() SXp(n) SXg(n)) = €, } (3.3)
Sb(Sxp(n)flasxp(n)flvsxq(n)) < €
Observe
€ < Sp(Sxg(n)> SXg(n) SXpin)—1)
< s[2Sb(qu(,,>,qu(n),qu(,,))
+Sb(Sxp(n)fl ,Sx,,(,o,] asxq(n) )]
< SE.
€ < Sp(Sxp(m), SXp(n) > SXg(n))
< s[zsb(sxp(n)7sxp(n)7sxp(n)fl)
+Sp (qu(n) ) qu(n) ) Sxp(n)— 1 )}
< s°€.
So,
. 2
e< nh_I}l;lQSMp Sb(Sxp(n)vsxp(n)asxq(n)) <s°e (3.4)

In a similar way using (3.4)

g < Timsup Sp(Sxp(n) SXp(n), S¥gn) 1) < 256 (3.5)
Similarly we can show that

% < r}i_r}r‘}osup S (Sxg(n) s SXq(n) s SXp(n)41) < 2s*e (3.6)

2 6D

’}ijgosup Sb (Sxp(n)+1 ) Sxp(n)+1 ) qu(}’l)+1 ) >

For each positive integer n > N

1

gsb(sxp(n)vsxp(n)»Txp(n)) < Sb(Sxp(n)7sxp(n)vSxp(n)Jrl)
< €
< Sp(SXp(m) s SXp(n)»S¥q(m))
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Then for all n > N, by the hypothesis we have
F(s*Sp(TXp(), TXp(ny Tg(n)

< F(Gs.1(Xp(m)Xg(n)) — W(Gs. 1 (Xpn) Xgm))  (3-8)

Now Sb(Sxp(”),Sxp(,,),qu(n))
< Gs 1 () Xg())
max{Sb(Sxp(”),Sxp(n),qu(n)),
S (SXp(n)» SXp() SXp(n) 1)
S (SXg(n) »SXq(m)SXq )
S (SXp(n) s SXp(n) SXq(m) 1)
453
S (Sxg(n) s SXq(m) SXp(n)+1)
453

+1

9

}

= £ < limsup Gs7(xp(n) Xg(n) < s*e (using (3.2)-(3.7)).

= F(s%¢) < F(s°¢) — y(€), a contradiction.
Hence, lirB Sp(Sxn,Sx,,Sxp) = 0. Hence {Sx, } is a Cauchy

sequencé in (X,Sp). Similarly, Lim S,(SSx,,SSx,, SSxn)
n,m—»oo

0. By completeness of (X,S;) there exists z € X such that
{Sx,} converges to z. Since S is continuous, {SSx,} conver-
gent to Sz. Now we will prove Sz = z. We consider two cases.
In the first case when the set

{n = Sp(Sxn, Sxn, Txp) > Sp(Sxn, SXn, SSx4) }

is infinite, there exists a subsequence {x,, } of {x,} such that
Sb(anj,anj,Tx,,j) > Sb(anj,anj,Sanj).

lim S, (Sanj ,SSxp; an/.) < 1limS, (anj s S, Txnj)
J—eo J—reo
= 0.

So by Lemma 3.2 we have Sz = z.

In the second case when the set {n : Sp,(Sx,,Sx,, Tx,) >
Sp(Sxn,Sx,,SSx,)} is finite, there exists M; € N such that
Sp(Sxn, x4, Txy) < Sp(Sxy,Sxn,S8x,) Vn > Mj. So by the
assumption
3-S5 (S, 8%, Tx) < Spy(Sxn, Sxn, Txn) < Sp (S, Sxn, SSx)
Vn > M;. So from the hypothesis

F(s*Sp(Tx, Txp, TSx,,)

< F(GS,T(me-xn))

W (Gs 1 (xn,5x1)) (3.9)

Now S, (Sx,,, X, SSx,1)

AN

Gs.1(xn,Sx,)

max{S,(Sxn,Sx, 5% ), Sp (%0, X, TX ),

Sp(SSx,,88%,, T'Sxy,),

Sp (8%, Sxn, T Sxn) + Sp(SSxy1, SSx,1, Txy)
453




= 55(2,2,52) < limsup Gsr(xn, Sxn) < 528 (2,2, 52)-
From (3.9) we have

1
F(s'58h(@:2:52) < F(s™8y(2,2,52))

1
7W(s725b(zazvsz))

= Sp(2,2,57) =0=z= Sz
Now we will show that z is a fixed point of T'. First prove
foralln e N

1
?Sb(San,SSmean) < Sp(SSx,SSxn,2) (3.10)
s

or
1
?Sb(STxn,STxn, T%x,) < Sp(STx,STx,,2)  (3.11)
N

holds. Contrapositively let there exists m € N such that
81 (SSXim, SSxm, T'SX) > Sp (SSX, SSxm, 2)

and 3-8y (ST X, ST X, T?xm) > Sp(ST X, ST X, 2)
Then,

358p (SS%, SSxmyz) < Sp(SSxm, SSx, T SXsyr)
< s[285(SSxp, SSxm,2)

+8p(T Sxp, T Sxm, 7))
= Sp(SSxm, SSxm,2) < Sp(TSxpm, TSxm,z). Now

Sp(ST X, STXn, T2 %) = Sp(SSX1,SSXm1,S5Xm12)

< Sp(8Sxm, SSxim, SSXimt1)
< 5[285(SSx, SSxm, 2)

+8p(SSXm41,88%m+1,2)]
< 358p(TSxm, TSx,7)

< Sp(STxn, ST X, TXy)

This is a contradiction. So (3.10) or (3.11) holds. From (3.10)
F(s*Sp(TSxy, TSx, T2)) < F(Gs.1(S%n,2)) — W(Gs.1(Sx4,2))
= Sp(2,2,Tz) =0 = Tz = z. Similarly from (3.11) we have
Tz=z. O

Example 3.5. Let X = {0,1,2,3}. LetA={(1,1,0),(0,0,1),
(1,0,0)}, B={(x,x,y) : Vx,y € X} ~A~(0,0,0) and
C={(xx,x):¥x#0€X}.

Splx,y2) = 55 Fr=y=z=0

1
6 Flewze
3

= 5 if(x,y,z) €B
1 .

- % U‘(X,y,z) € C

= 4  otherwise.

Then Sy, is a partial-S-b metric on X with coefficient 2. Let
F(x) = logx and w(t) = %YL e define S,T : X — X by

104+
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5 00 0 Then

ST =TA and S is continuous. Also T(X) C S(X). Sand T
satisfies the assumption of Theorem 3.3 and 0 is the common
fixed point of S and T.

01 2 3 01 2 3
S(O 0 1 )andT( 1>

4. Conclusion

All the results of the article [9] were done using symmetric
condition, whereas the same results have been produced in the
present article in less condition, i.e., without using symmetric
condition with necessary modifications and corrections. In
this article we define weak partial metric space and established
a fixed point theorem using F'- contraction which can be stud-
ied further more for more characterization of completeness of
this space.
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