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In this paper, the concept of vague positive implicative filter (VPIF) of BL-algebra is introduced. Investigate
some important properties of vague positive implicative filter (VPIF) of BL-algebras with illustrations. Further,
we discuss some equivalent conditions of vague filter (VF) of BL-algebras. Finally, we obtain the necessary
condition of vague Boolean filter (VBF) is a vague positive implicative filter (VPIF).
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1. Introduction

L.A. Zadeh [12] introduced the notion of fuzzy set (FS)
theory in 1965. The concept of intuitionistic fuzzy sets was in-
troduced by Atanassov [1, 2] in 1986 as an extension of fuzzy
set(FS). Hajek [4] introduced the concept of BL-algebras as
the structures for Basic Logic. Gau and Buehrer [3] proposed
the concept of vague set(VS) in 1993, by replacing the value of
an element in a set with a subinterval of [0, 1]. Thus, the grade
of membership in vague set S is subinterval [r5(x), 1 — f5(x)]
of [0,1]. The authors [8], [9], and [10] introduced the no-
tions of vague filter (VF), vague prime (VP), Boolean filters
(BFs) and vague implicative filter (VIF) of BL-algebras and
investigate some of their related properties with exemplifica-
tions. The aim of this paper, we introduce the definition of
vague positive implicative filter(VPIF) of BL-algebras, and
investigate some important properties with exemplifications.

2. Preliminaries

In this section, we recall some basic knowledge of BL-
algebras, vague sets and vague filters and their properties
which are helpful to develop the main results.

Definition 2.1. [4] The A BL-algebras is an algebra
(A,V,A,%,0,1) of type (2,2,2,2,0,0) such that

@) (A,V,A,0,1) is a bounded lattice,
(ii) (A,*,1) is a commutative monoid,

(iii) * and — form an adjoint pair, that is, w < u — v if and
only ifuxw <,

@iv) uAv=ux(u—v),
W) (w)V (v u)=1forall u,v,w € A.

Definition 2.2. [4] In a BL-algebra A, the following proper-
ties hold for all u,v,w € A,

Dvou—w=u—V=w) =U*xv)—w,

) l—mu=uvu—u=lu— (v—u =1,
u—1=0—u=1,

(iii) u <vifandonly ifu—v =1,

i) uvv=((u—=v)—»v)A((v—u) —u),



) u<vimpliesvi—w<ur—w,

i) u <vimplieswr—u<w—v,
i) u—v<(wu)—= (wev),
viii) u—»v< (v w) = (u—w),

Definition 2.3. [3] Let D|0, 1] denote the family of all closed
subintervals of [0, 1]. Now we define refined maximum (rmax)
and" >" on elements D1 = [p1,q1] and D3 [p2,q2] of D|0,1]
as rmax(Dy,D;) = [max{p1, p2},max{qi,q>}]. Similarly, we
can define " <", = and rmin.

Definition 2.4. [8] Let S be VS of a BL-algebra A is called a
vague filter(VF) of A if it satisfies the following axioms.

(@) Vs(1) > Vs(u),
(i) Vs(v) > rmin{Vs(u — v),Vs(u)} for all u,v € A.

Proposition 2.5. [8] Every VF Sof BL-algebra A is order
preserving.

Proposition 2.6. [8] Let S bea vague set of BL-algebra A. Let
S be a VF of A. Then the following hold if for all u,v,w € A,

@) If Vs(ursv) =Vs(1) then Vs(u) < Vs(v),
(i) Vs(uAv) = rmin{Vs(u),Vs(v)},

(iii) Vs(uxv) = rmin{Vs(u),Vs(v)},

(iv) Vs(0) = rmin{Vs(u),Vs(u™)},

) Vs(ur—w) > rmin{Vs(u —v),Vs(v—w)},
i) Vs(u—v) <Vs(uxwi—vw),

(vii) Vs(u—=v) <Vs((v=w) = (u—w)),
(viii) Vs(u—v) <Vs((wu) = (wv)),

() u—v =viu =u " —v = (uxv)".

3. Vague positive implicative filter

In this part, we introduce a notion of VPIF and investigate
some related properties with exemplifications.

Definition 3.1. Let S be a VF of BL-algebra A. S is called a
VPIF, if it satisfies,

(@) Vs(1) > Vs(u),

(i) Vs(ur—w) > rmin{Vs(u— (v — w),Vs(u— v)} for all
u,v,w € A.

Example 3.2. Let A= {0, p,q,r,1}. Define u\v=min{u,v},
uVv=max{u,v} and"*" and" —" given by the following
tables I and I1.
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*10|plqgll
ololo]olo
p|O0lp|p|P
910|plqglg
110|p|lq]|l

Table I.""+" operator

= |0 |plqgl|l
o1 |1|1|1
p|O|1|1]|1
q |0|p|1]1
1 |0|plqg)|l

Table II:" —" operator

Then (A,V, A, *,—,0,1) is a BL-algebra. Define VSS of A as
follows:

S =1{(0,[0.2,0.5]),(p,[0.2,0.5]),(g,[0.2,0.5]),
(r,0.4,0.7]),(1,[0.7,0.7]) }.
It is easily verify that S is a VPIF of A.
Proposition 3.3. Every VPIF is a vague filter.

Proof. Let S be a VPIF of A. Then taking ¥ = 1 in (ii) of
definition 3.1, we have Vs(1 — w) > rmin{Vs(1 — (v —
w),Vs(1 — v)} for allu,v,w € A.

Vs(w) > rmin{Vs((v — w),Vs(v)}

From (ii) proposition 2.6 and (i) of definition 3.1 is exist.
Thus, S be a VF of A.
O

Converse of the proposition 3.3 may not be true. We prove
this by the example as shown below

Example 3.4. Let A= {0, p,q,r,1}. Define u A\v=min{u,v},
uVv=max{u,v} and"¥" and" —" given by the following
tables Il and IV

*10|plglr|l
0(0|0|0|0|O0
plO0|l0|0|p|p
91 0|plg|p|g
r{010|0]|r|r
110 |plqg|r|l

Table III." +" operator

= | 0|plg|r|l
o (1|1 1]|1|1
plr|1|1|1|I1
qg |r|r|1]|r|l
r10|lqlq|l]l
1 |0|plg|lr|l

Table IV:" —" operator



Then, (A,V,A,*,—,0,1) is a BL-algebra. Define a VSS of A
as follows:

S§={(0,[0.1,0.2]),(p,[0.3,0.4]),(¢,[0.3,0.4]),(1,]0.5,0.9]) }

. It is easily verify that S is a VF, but S is not a VPIF of A.
Since

Vs(q+— p) = Vs(q)
—1[0.3,0.4]

<rmin{Vs(q— (g p)),Vs(g+—q)}
=Vs(1) =[0.5,0.9].

Next, we obtain some characteristics of VPIFs as follows.

Proposition 3.5. Let S be VF of A. The following are equiva-
lent for all u,v,w € A.

(i) Sisa VPIE

() Vs(ur—v) > Vs(ur (u—v)),

(iii) Vs(u—v)=Vs(u— (u—v)),

@iv) Vs(u— (view)) <Vs((u—v) = (u—w)),
W) Vs(u— (view)) =Vs((u—v) = (u—w)),
vi) Vs((uxv) = w)=Vs((uAv) —w).

Proof. (i) = (ii)

Let S be a VPIF of A.
Then from (ii) definition 3.1, we have

Vs(u—w) > rmin{Vs(u— (vi—=w)),Vs(u—v)}
G3.1)

for all u,v,w € A.
Putw=vandv=uin (3.1), we get

Vs(u—v) > rmin{Vs(u— (u—v),Vs(u—u)}
[From (ii) of Proposition 2.5]
= rmin{Vs(u — (u—v),Vs(1)}
[From (ii) of Proposition 2.5]
=Vs(u— (u—v)
[From Definition 2.2]
Thus, we have
Vs(u—v) > Vs(u— (u—v)).
(if) = (iii)
Since u +— v < u — (u — v), from proposition 2.6, we

have Vs(u — v) < Vs(u — (u+—v)) for all u,v € A, and from
(i), we get

Vs(u—v) =Vs(ur (u—v)).
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(iii) = (i)

If Sis a VF of A.

The from (v) of proposition 2.6 and (i) of Prop. 2.5, we
have

Vs(u— (u—w)) > rmin{Vs(u—v),Vs(v = (u—w))
= rmin{Vs(u —v),Vs(u— (vi=>w))}.
Then from (iii), we have Vs(u+— w) > rmin{Vs(u—v),Vs(u —

(v~ w))} and from (i) of definition 3.1, we get S is a VPIF.

(i) = (iv)
If S is a VPIF of A. Then from (ii) of definition 3.1, we
have

Vs(urs ((ursv) —w))
> rmin{(WVs(u = (v = w) = ((u—=v) = w))),
Vs((u—= (v w)))}

From (i), (vii) and (viii) of the proposition 2.5, we have

Vs(u— ((u—v) = w))
=Vs((ur>v) — (u—w))and
Vs(ur— (vie w) = (u—v) = w))))
= Vs((urv) = (= v) = (= w))
=Vs(1)
It follows that,

Vs((u—v) = (u—w))
> rmin{Vs(1),Vs(u— (vi=>w))}
=Vs(ur— (vi>w))
[From the Definition 2.3]

(iv) = (v) Since

u— Ve w) =vi (u—w)
=1=v)—= (u—w)
> w—v)— (u—w),

From the proposition 2.6, we have

Vs(urs (v w)) > Vs((u—=v) = (u—w))
From (iv), we get

Vs(ur= (v w)) =Vs((u—v) = (u—w)).

(v) = (vi)
Since

u— (vi—w)=u*xvr— wand
wAv)—w=(ux(u—v))—w
=u—=v)— (u—w)

From (v) we have

Vs((uxv) = w) =Vs((uAv) —w).



(vi) = (i)
If S is a VF of A, then V(1) > Vs(u). From (v) of propo-
sition 3.3 and (i) of proposition 2.5, we have

Vs(u— (u—w))

> rmin{Vs(u—v),Vs(v—= (u—w))}

= rmin{Vs(u —v),Vs(u— (vi—w))}

Since

Vs(ur— (u—w)) =Vs(uxur—w),

Vs((uxu) — w) =Vs((uAu) — w) [From (vi)]
=Vs(ur—w).

Thus,
Vs(u—w) > rmin{Vs(u— (vi=w),Vs(ur—v)}.
Hence, S is a VPIF of A. O

Proposition 3.6. Let S be a VF of A. Then S is a VPIFA if
and only if V(v) > rmin{Vs((v = w) — (u—v)),Vs(u)} for
all u,v,w € A.

Proof. Let S be a VPIFA. Then, from (i) of proposition 2.5,
we have,

rmin{Vs((vi—=w) = (u—v)),Vs(u)}
= rmin{Vs(u— ((v=>w) = v)),Vs(u)}
<Vs((v—w) —v)).

From (vii) of proposition 2.5, we have
vew—mv<wer<(vew) = (wev)—v).
Then, From proposition 2.6, we have
Vs((viw) = v) <Vg(w—v)
<Vs((vsw) = (w—v) =)
<Vs((w—=v)—v).
Thus,
rmin{Vs((vi—=w) = v),Vs(w—v)}
< rmin{Vs((w—v) = v),Vs(w—v)}
< Vs(v).
Therefore, we have
Vs(v) > rmin{Vs((v = w) — (u—v)),Vs(u)}.
Conversely, let S satisfies
Vs(v) > rmin{Vs((v = w) — (u+—v)),Vs(u)}.
Then we easily prove that,
Vs(u = w) > rmin{Vs(u — (v w),Vs(ur—v)}.

Since S is VF,
Vs(1) = Vs(u).

Hence, S is VPIF of A. O
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Proposition 3.7. Let S| and S» be two VFs, of S1 C 85, Vs, (1) =
Vs, (1). If Sy is a VPIF, so is S5.

Proof. From the proposition 3.5, we only prove that Vs, (1 +—>
w) > Vs, (u— (u—w)) for all u,w € A.
Letr =u+ (u— w), then

u—(u— (tw)=t— (u— (u—w))
=t—t=1

If S) is a VPIF, and from (iii) of the proposition 3.5, then
Vs, (= (t—=w)=Vs, (ur— (u— (r—=w))) =Vs, (1).
That is
Vs, (1= (u— w)) = Vs, (1) = Vs, (1).

From S; C S5, we get

Vs, (t = (w—=w)) > Vs, (t — (u—w))

=Vs, (1),
from (i) of definition 2.3, we have,
Vi (11 (s w) = Viy (1).

Since S» is a VF,

Vs, (= w) > rmin{Vs, (t — (u—w)), Vs, (1) }.
Thus

Vs, (= w) > rminVs, (1), Vs, (1)
= Vs, (1) = Vs, (ur—= (u—w)).

Hence,S, is a VPIF. O

Proposition 3.8. Every VBF is a VPIF, the converse may not
be true.

Proof. Let S be a VBFE. Then
Vs(u— w)
> rmin{Vs((uVu=)— (u—w)),Vs(uVu)}
=rmin{Vs((uVu")— (u—w)),Vs(1)}
=Vs((uVu )~ (u—w)).
Since
(uVu )= (ursw)
=u— (u—=w)Au = (u—w))
=ur— (u—w),

and from the proposition 2.5, we have
Ve((uVu™ )= (u—w)) =Vs(u— (u—w)).
Thus, we have
Vs(u—w) > Vs(ur— (u—w)).

We consider proposition 3.5, we get S is a VPIF. O



We prove converse is not true from the following example.

Example 3.9. We consider the example 3.2, Sis a VPIF, but S
is not a VBE, since Vs(qV q~ ) = Vs(q) # Vs(1).

Proposition 3.10. Let S be a VPIF of A. S is a VBF if and
only if
Vs((u—=v) = v) =Vs((vi—> u) — u) for allu,v € A.
Proof. Let S be a VPIF of A. We know that
u=1l—u<(v—u)—u

and
v (v=u)—u,
it follows that

and
(w—=v)—»v<((v—
< (v u)—u) = (v—u) —u).
Then, we have
Vs((vimu)—u)” = (v u) = u)) > Ve((u—v) = v).

Since S is a VBF, from Vs(u) = Vs(u™ > u), and (ix) of
proposition 2.6, we get

V(v 1) = ) = Vs((v = ) > )~ > (v = u) > u))

Thus, we have

Vs((vi— u) = u) > Vs((u—v) —v) (3.2)
Same method to prove
Vs((v=u) = u) <Vs((ur—v) —v) (3.3)

From (3.2) and (3.3), we get
Vs((ur—=v) = v) =Vs((vi— u) — u)

Conversely, if S be a VPIF of A, and satisfies Vs((u — v) —
v)=Vs((v=u) — u).
Replace y by u~, we have

Vs((w—u")—u)=Vs((u +— u) —u).
Then, we get
VsuVu )=Vs(u—u )—u)

To Prove: Sis a VBE
It is enough to prove Vs((u+— u~) — u~) = Vs(1). Since
S is a VPIF, from (v) of proposition 3.5, we have

34

Vs(u—u )—u )=Vs((u—u ) — (u—0)
=Vs(ur— (u™0))
=Vs(u—u ")=Vs(1)

From (3.4) and (3.5), we get
Vs(uVu ) =Vs(l).
Thus, Sis a VBF. O

(3.5)
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4. Conclusion

In the present paper, we have introduced the notion of a
VPIF of BL-algebra, and investigate some related properties.
Moreover, we have obtained some necessary and sufficient
condition between VPIF and BF of BL-algebra.
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