Malaya Journal of Matematik, Vol. 8, No. 1, 177-182, 2020
https://doi.org/10.26637/MJM0801/0030

Dom-chromatic number of certain cycle related
graphs

S. Uma Maheswari'* and Teresa Arockiamary Santiago?

Abstract

For a given yx - colouring of a graph G, a dominating set S C V(G) is said to be a dom-colouring set if it contains
atleast one vertex of each colour class of G. The dom chromatic number of a graph G is the minimal cardinality
taken over all its dom-colouring sets and is denoted by y,.(G). In this paper we introduce algorithms to obtain

Keywords

AMS Subiject Classification
05C69, 05C15, 05C38.

the dom-colouring and dom-chromatic number of few cycle related graphs.
Chromatic number, Dominating set, Domination number, Dom-colouring set, Dom-chromatic number.
1.2 Department of Mathematics, Stella Maris College, Chennai - 600086, Tamil Nadu, India.

*Corresponding author: ' uma1297@gmail.com; 2teresa_aroc@yahoo.co.in
Article History: Received 17 August 2019; Accepted 11 December 2019

©2020 MJM.

Contents

1 Introduction.........covoviiiiiiiiiiiiiiiiianenes 177
2 Preliminaries.......c.coviiiiiiiiiiiiiiiiiiaanae, 177
3 Mainresults.........oviviiiiiiiiiiiiiiiiiiiiiieas 178
3.1 Wheelgraph . ........ ... ... ...... 178
3.2 Crowngraph ............. . ... ... ... 178
33 Helmgraph ...... ... ... .. ... ... ... 179
3.4 ClosedHelmgraph ................... 180
3.5 Flowergraph ......... ... .. ... ...... 180
3.6 Shellgraph . ..... ... ... ... ... ... ... 181
3.7 Shell-Butterflygraph . . . ... ............. 181

References.........coviviiiiiiiiiiiiiiiiiinnnnss 182

1. Introduction

Graph colouring and domination are two major areas in
graph theory that have been well studied. These concepts also
give rise to a number of practical applications in real life. In
recent years several graph-theoretic parameters that combine
the concepts of domination and colouring have been investi-
gated by several authors. One such parameter is the concept
of dom-colouring which was introduced by T.N. Janakiraman
and M. Poobalaranjani in the year 2010[3].

A subset D C 'V of G is called the dominating set, if each
vertex of V — D, is adjacent to some vertex in D. The dom-
ination number y(G) is the minimum cardinality among all
dominating sets of a graph G . The minimum dominating set
of a graph G is called the 7y-set of G. For a given y - colouring
of a graph G, a dominating set S C V(G) is said to be a dom-
colouring set if it contains atleast one vertex of each colour
class of G. The dom-chromatic number of a graph G is the
minimal cardinality taken over all its dom-colouring sets and
is denoted by y,.(G)[2].

2. Preliminaries

Definition 2.1. A Flower graph Fl, is the graph obtained
from a helm graph H,, by joining each pendant vertex to the
central vertex of the helm[1].

Definition 2.2. A shell graph is defined as a cycle C,, with
n — 3 chords sharing a common end point called the apex.
Shell graphs are denoted by C(n,n—3)[6].

Definition 2.3. A multiple shell is defined to be a collection
of edge disjoint shells that have their apex in common. A
Shell-Butterfly graph is a double shell in which each shell has
any order with exactly two pendant edges at the apex[4].

For definitions of wheel graph, crown graph, helm graph
and closed helm graph one can refer to the Gallian survey on
graph labeling[5].
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3. Main results

3.1 Wheel graph
To facilitate our proof, we call the vertex adjacent to all
vertices of the cycle in the wheel graph as the universal vertex.

Dom-colouring algorithm for Wheel graphs W,,, n > 4
Input: Wheel graph W,,.
Algorithm

Step 1: Label the vertices of the cycle C,,_; in the clockwise
direction, namely with labels 1,2,...,n—1.

Step 2: Label the universal vertex adjacent to all vertices of
the cycle as n.

Step 3: Colour vertex n with colour a. Since this vertex is
adjacent to every other vertex of the graph, colour a cannot
be used in the further colouring of the graph.

Step 4: Colour the vertices of C,,_; in W,, using the following
procedure.

Case 1: If n— 1 is odd in Cp,_.

Colour the first n — 2 vertices of C,_; with colours b, ¢ alter-
natively in clockwise direction. Since n— 1 is odd, when it
comes to colouring the last vertex of C,—1, namely the vertex
n— 1, it will be adjacent to all the colours used so far, namely,
a,b,c. Thus colour the vertex n — 1 with colour d. See Figure
1.

Figure 1. Dom-colouring of Ws

Case2: If n—1iseveninC,_;.
Colour the n— 1 vertices of C,,— with colours b, ¢ alternatively
in clockwise direction. See Figure 2.

Figure 2. Dom-colouring of W5

Output: We obtain the dom-colouring of W,,.

For any wheel graph W, obtained by applying the above al-
gorithm, the set {n} is a set of minimum cardinality that
dominates every other vertex of the graph. The set {1,2,n}
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(n being odd) is a dominating set having exactly a vertex
from each of its colour classes. Also it is the set having mini-
mum cardinality that satisfies the properties required to form
a dom-colouring set. The set {1,2,n— 1,n} (n being even)
is a dominating set having exactly a vertex from each of its
colour classes. Also it is the set having minimum cardinality
that satisfies the properties required to form a dom-colouring
set.

The minimum dominating and dom-colouring sets obtained
for W, is:

When n is odd
(i) Minimum dominating set of W, is {n}.
(ii) Minimum dom-colouring set of W, is {1,2,n}.
(i) Yac(Wn) =3.
Where n is even
(i) Minimum dominating set of W, is {n}.
(il) Minimum dom-colouring set of W, is {1,2,n—1,n}.
(i) Yac(Wn) =4.

3.2 Crown graph
Dom-colouring algorithm for crown graphs R, n > 3.

Input: Crown graph R,,.
Algorithm

Step 1: Label the vertices of the cycle C, in clockwise direc-
tion, namely as 1,2,...,n.

Step 2: Label the pendant vertex attached to vertex 1 by n+1,
pendant vertex attached to the vertex 2 by n+ 2, and so on.
Finally label the pendant vertex attached to the vertex n by
n—+n.

Step 3: Colour the vertices of R, using the following proce-
dure.

Case 1: When # is odd.

Colour the first n — 1 vertices, namely 1,2,...,n—1 of C,
with colours @ and b alternatively in clockwise direction.
Then colour the last vertex of C,, namely n, with colour c,
since it will be adjacent to vertices having colours a and
b. While colouring the pendant vertices, colour the vertices
2n,n+1,n+2,n+3,...,n+n—2 with colours a and b alter-
natively in clockwise direction. Finally colour the last pendant
vertex n+n — 1 with colour c. See Figure 3.
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Case 2: When n is even.
Colour the first n vertices, namely 1,2, ... n of C, with colours
a and b alternatively in clockwise direction. While colouring
the pendant vertices, colour the vertices 2n,n+ 1,n+2,n+
3,...,2n— 1 with colours a and b alternatively in clockwise
direction. See Figure 4.

Figure 4. Dom-colouring of Rg

QOutput: We obtain the dom-colouring of R),.
For any crown graph R, obtained by applying the above al-
gorithm, the set {1,2,...,n} is a set of minimum cardinality
that dominates every other vertex of the graph. Also the above
set has at least one vertex from each of the colour classes of
R,. Hence it satisfies all properties required to form a dom-
colouring set.

The minimum dominating and dom-colouring sets obtained
for R, is:

(i) The minimum dominating and dom-colouring sets of
R,is {1,2,...,n}.

(i) Yae (Rn) =n.

3.3 Helm graph
Dom-colouring algorithm for Helm graphs H,, n > 4.

Input: Helm graph H,,.
Algorithm

Step 1: Label the vertices of the cycle C,_; in clockwise
direction by 1,2,...,n— 1. Label the pendant vertex attached
to vertex 1 by n, pendant vertex attached to vertex 2 by n+ 1,
and so on. Then label the pendant vertex attached to vertex
n—1 by n+n—2. Finally label the vertex attached to all
vertices of the cycle C,—1 by n+n— 1.

Step 2: Colour the vertices of the graph H,, as follows.
Casel: If n—11isoddinC,_;.

Colour the vertices 1,2,...,n — 2 of the cycle C,_; with
colours a and b alternatively in clockwise direction. Colour
the last vertex of the cycle namely n — 1 with colour c, since
it will be adjacent to vertices having colours a and b. Now
colour the pendant vertex attached to the vertex n — 1 with
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colour a, pendant vertex attached to 1 by colour b, pendant
vertex attached to 2 by colour a, pendant vertex attached to 3
by colour b, and so on, and finally colour the pendant vertex
attached to n — 3 with colour b, that is, colour the pendant ver-
ticesn+n—2,n,n+1,n+2,n+3,...,n+n—4 with colours
a and b alternatively in clockwise direction. Then colour the
pendant vertex attached to vertex n — 2, namely the vertex
n-+n—3 with colour c. Lastly colour the vertex n+n—1
with colour d as it will be adjacent to vertices having colours
a,b and c. See Figure 5.

Figure 5. Dom-colouring of Hg

Case2: Ifn—1liseveninC,_ ;.
Colour the vertices 1,2,...,n — 1 of the cycle C,—; with
colours a and b alternatively in clockwise direction. Then
colour the pendant vertices n+n—2,n,n+1,n+2,n+3,... ,n+
n — 3 with colours a and b alternatively in clockwise direction.
Finally colour the vertex n+n — 1 with colour c as it will be
adjacent to vertices of colours a and b. See Figure 6.

be7
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Figure 6. Dom-colouring of H;

Output: We obtain the dom-colouring of H,,.

For any helm graph H,, obtained by applying the above algo-
rithm, the set {1,2,...,n— 1} is the set of minimum cardinal-
ity that dominates every other vertex of the graph. The set
{1,2,...,n} is a dominating set having at least one vertex of
each colour class of H,,. Also the above set is the set having
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minimum cardinality that satisfies the properties required to ~ Also for any flower graph FI, with 2n — 1 vertices, n > 4
form a dom-colouring set. obtained by applying the algorithm used for H,,, the set {2n —
1} is a set of minimum cardinality that dominates every other
vertex of the graph. The set {1,2,2n— 1} (n being odd) is a
dominating set having exactly a vertex from each of its colour
(i) The minimum dominating set of H,, is given by {1,2,...,n—classes. Also it is the set having minimum cardinality that
1}. satisfies the properties required to form a dom-colouring set.
. o ) o The set {1,2,n—1,2n — 1} (n being even) is a dominating
(i) The minimum dom-colouring set of H, is given by o having exactly a vertex from each of its colour classes.
{1,2,...on=Tntn—1} Also it is the set having minimum cardinality that satisfies the

(i) Yuc(Hy) = n. properties required to form a dom-colouring set.

The minimum dominating and dom-colouring sets obtained
for H, is:

3.4 Closed Helm graph The minimum dominating and dom-colouring sets for FI, is

A closed helm graph C(H,) with 2n — 1 vertices, n > 4 given by:

differ from the helm graph H,, n > 4 by an additional set of (i) The minimum dominating set of F1,, is {2n— 1}.
n—1edges, givenby (n+i,n+i+1), for0 <i <n—3 and the
edge (n+n—2,n). The dom-colouring of C(H,,) coincides (ii) The minimum dom-colouring set of Fl, is
with the dom-colouring of H,,. Moreover the results obtained .
for H, can be applied to the graph C(H,,) as well. {1.2.2n-1} when 7 is odd.
{1,2,n-1,2n-1} when n is even.
The minimum dominating set of C(Hs) is {1,2,3,4,5} and
its minimum dom-colouring set is {1,2,3,4,5,11}. Thus (iif)
Yac(C(Hg)) = 6. See Figure 7.
3 when n is odd.
S }/dc(Fln) = .
4 when n is even.
4’ The minimum dominating set of Flg is {11} and its min-
imum dom-colouring set is {1,2,5,11}. Thus y,.(Fls) = 4.
‘ See Figure 9.

Figure 7. Dom-colouring of CHjg

The minimum dominating set of C(H7) is {1,2,3,4,5,6}
and its minimum dom-colouring set is {1,2,3,4,5,6,13}.
Thus y;.(C(H7)) =. See Figure 8.

Figure 9. Dom-colouring of Flg

The minimum dominating set of Fl; is {13} and its mini-
mum dom-colouring set is {1,2,13}. Thus y;.(Fl;) = 3. See
Figure 10.

Figure 8. Dom-colouring of CH;

3.5 Flower graph

A Flower graph is a helm graph with an additional set
of n— 1 edges connecting the pendant vertices to the central
vertex and thus the dom-colouring algorithm of helm graphs
applies to flower graphs as well.

180 X
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3.6 Shell graph

Dom-colouring algorithm for shell graphs C(n,n—3),n >
6.
Input: Shell graph C(n,n—3).

Algorithm

Step 1: Label the vertices of the cycle C, as 1,2,...,n in
clockwise direction.

Step 2: Fix vertex 1 to be the apex of the graph and construct
n — 3 chords sharing a common vertex with the apex.

Step 3: Colour the vertices of C(n,n — 3) as follows:

Colour vertex 1 with colour a. Consider the successive L%j
vertices to the left and right of the apex and colour these
vertices with colours b and c alternatively downwards. Finally
colour the remaining vertices using the following procedure:
Case 1: When n is even.

In this case, the vertex % + 1 will be left uncoloured. Thus
colour it with colour b or ¢ depending on whether the vertices
adjacent to it are coloured ¢ or b respectively. See Figure 11.

Figure 11. Dom-colouring of C(6,3)

Case 2: When n is odd.
In this case, the vertices % + 1 and %
coloured and thus colour these vertices with colours b and d
or c and d depending on whether the vertices adjacent to them
are coloured ¢ or b respectively, such that the vertex 241 has

2
colour d. See Figure 12.

Figure 12. Dom-colouring of C(7,4)

will be left un-
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Output: We obtain the dom-colouring of C(n,n—3).
For any shell graph C(n,n — 3) obtained by applying the
above algorithm, the set {1} is a set of minimum cardinal-
ity that dominates every other vertex of the graph. The set
{1,2,3, %} (n being 0dd) is a dominating set having exactly
a vertex from each of its colour classes. Also it is the set hav-
ing minimum cardinality that satisfies the properties required
to form a dom-colouring set. The set {1,2,3} (n being even)
is a dominating set having exactly a vertex from each of its
colour classes. Also it is the set having minimum cardinality
that satisfies the properties required to form a dom-colouring
set.

The minimum dominating and dom-colouring sets obtained
for C(n,n—3) is:

(i) The minimum dominating set of C(n,n—3) is {1}.

(ii) The minimum dom-colouring set of C(n,n —3) is

{

(111) ’}/dc(C(nJl - 3)) =

{

3.7 Shell-Butterfly graph

Dom-colouring algorithm for Shell-Butterfly graphs
Input: Shell-Butterfly graph with shell orders m and / where
m,n > 3.

Algorithm

Step 1: Label the vertices of the shell of order m with labels
1,2,...,m upwards.

Step 2: Similarly label the vertices of the shell of order / with
labels m+1,m+2,...,m+ [ downwards.

Step3: Label the vertices of the pendant edges as m + [ +
1,m+ 1+ 2. Finally label the central apex as m 41+ 3.

Step 4: Colour the vertices of the Shell-Butterfly graph as
follows:

Colour the vertex m + [ + 3 with colour a. Colour the ver-
tices m+ 1+ 1,m+ [+ 2 with colour b. Colours the vertices
1,2,...,m with colours ¢ and b alternatively. Similarly colour
the vertices m+ 1,m+2,...,m+ [ with colours b and c alter-
natively. See Figure 13.

{1,2,3} when n is even.
{1,2,3, %1} when 7 is odd.

3 when nis even.
4  when n is odd.

Figure 13. Dom-colouring of Shell-Butterfly graph with
shell orders 5 and 4
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Output: We obtain the dom-colouring of the Shell-Butterfly
graph.
For any shell butterfly graph obtained by applying the above
algorithm, the set {m+ 1+ 3} is a set of minimum cardinalty
that dominates every other vertex of the graph. The set
{1,2,m+1+3} is a dominating set and has at least one vertex
of each of its colour classes. Also the above set is a set having
minimum cardinalty that satisfies the properties required to
form a dom-colouring set.
The minimum dominating and dom-colouring sets obtained
for all Shell-Butterfly graphs is:

(i) It's minimum dominating set is {m+[+3}.
(ii) It’s minimum dom-colouring set is {1,2,m+1+ 3}.

(iii) The dom-chromatic number 7, of all shell-butterfly
graphs is 3.
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