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1. Introduction

Let 77 signifies the class of analytic functions in the
unit disc A = {z € C: |z] < 1}. Let 7, signifies the class of
analytic functions in A of the form

flR)=z+ i arZk, (1.1)

k=n+1
and denote &7 := 4.
Let f and g be analytic in A, then we say that f is sub-
ordinate to g in A (written f < g) if there exists a Schwarz
function w(z), analytic in A with

w(0) =0, w(z)| < 1 (z€A)

in a way that
(z€eA).

Particularly, if the function g is univalent in A, then the
subordination is similar to

gx)=z+Y b
n=2

be the Maclaurin series, the Hadamard product of f and g is
defined by the power series

*g(Z) =z+ Z anbnzn-

n=2

(f*g)z=f(2)
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The polylogarithm function [4] is defined as the analytic
continuation of the Dirichlet series,

Zk

Lis(z)z ; (zeAs€C).

HMS

Ramanujan [1] derived several properties of dilogarithms
Li>(z) and trilogarithms Liz(z). Ponnusamy and Sabapathy
[8] obtained certain geometric properties of generalized poly-
logarithms and determined the conditions on the parameters
for the function to be univalent and starlike.

Let

G(a,b;z)
i b+1)

(nta) n—|—b) sa,be{—-1,-2,...},

1.2)

be the generalized second order polylogarithm function, which
significantly reduces to Lerch function of order 2, for a = b.
For the values a = b = 0 (1.2) reduces to dilogarithm function
[2] and to the identity function fora = —1 and b = —1.

In the convolution structure H¢(a,b;z) = G(a,b;z) * f(2),
for a # b, we get the following integral representation

Hf(avb;z)

(a+1)(b+1)

= 7/01%‘1(1 — )P f (tz)dt.

T (1.3)

It should be remarked that the convolution structure (1.3)
is the generalization of many well known operators.

1. Fora = —a and b = 2 — a, the function (1.3) reduces
to the operator

U= @B [t () regar

Iot(Z) = ) b

with 0 < a < 1.

2. For the limiting case b — o Re a > —1, the function
Hy(a,b;z) represents the Bernardi transform [8, 11]

a+1 a1
g7 /t f(t)de.

By(a,z) = A

Now, it can easily be verified that the function Hy(a,b;z)
satisfies the differential equation

2H (a,b;2) + (a+b+ l)zH}-(a,b;z) +abHy(a,b;z)
=(a+1)(b+1)f(2). (1.4

S. Ponnusamy [9] considered the differential equation
(1.4) and discussed certain geometric properties of Hy(a, b;z)
that depend on the parameters a and b.

Let S denote the subclass of &/ consisting of univalent
functions. For —1 < B < A < 1, let P[A, B] denote the class
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consisting of normalized analytic functions p(z) satisfying
p(0) =1 and p’(0) = 0 in ways that

1+Az
1+B7’

p(z) <

and its subclass S*[A, B] the class of Janowski starlike func-
tions is defined by

zf'(2)
()

For suitable choices of the parameters A and B, certain
well known subclasses are obtained as special cases of the
class S*[A, B].

For 0 < o < 1, §*[1-2¢,—1] = $*(x) is the familiar
class of starlike functions of order a, the class $*[1 — «,0] =
{f €, Zﬂ? - 1’ <(1- a)} is denoted by S; () and $* =
S*(0) denotes the class of starlike functions.

Recently many authors have investigated the sufficient
conditions for functions to belong to S*[A, B] and to various
subclasses of S*[A, B]. The Janowski starlikeness of Bessel
function and Kummer hypergeometric function are studied
by Ravichandran et.al. [13]. Tuneski [14] obtained sufficient
condition for a function to be Janowski starlike with respect
to N-symmetric points.

Inspired by the aforementioned works, we obtain various
sufficient conditions for the univalence and Janowski starlike-
ness of the function Hy(a,b;z) and derive certain inequalities
involving H¢(a, b;z).

Lemma 1.1. [6] If an analytic function f has the form f(z) =
i+ mP+ a3z’ + -, (z € A) and satisfies the condition

21 (2)
2 (2)

then f is univalent in A.

S*[A,B]:{fe%: 1+AZ}

1+ Bz

—1‘<1

Lemma 1.2. [5] If f € < satisfies ’7 1( <1, (z€A),
then f(z) is univalent and starlike for |z| < 1/2.

2. Main results

Theorem 2.1. Let f € o7, a,b € C\{—1,-2,
B<ALZLIf

. tand —1<

(1+A)*(14+B)>+(1+A)*(14+B)*Re(a+b)

+ (14+B)*Re{F(z)} >0 2.1)

and

((1 +A)*(A—B)+ (1+A)(1+B)Re(a+b) +(1 +B)2ReF(z))
(2(A —B)+ (1 =A%)+ (1-A)(1—B)Re(a+b)+(1 —B)ZReF(Z)>

2
—((17A2)+(17AB)Im(a+b)+(1—Bz)lmF(z)> >0, (2.2)
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where F(z) = {abJr (a+D)(+1)f(2)

}, then

Hy(a,biz)
Hy(a,b;z) € S*[A,B].
Proof. Let
7 zH}(a,b;z)
B Hf(avb;z) .

Define the analytic functions

(1-A4)—(1-B)q(z
(1+A)—(1+B)q(z

)
)

p(z) =— (2.3)

)

then we have

_Hpabiz)  (1-A)+(1+4)p(2)
YT Hy(a ki) (1-B)+(1+B)p2)
2(A—B)p'(z)
(1=B)+ (1 +B)p(2)>’

q(

i

q(z)=

and

(14+B)p(2))p" (2)—4(1+B) (A—B) (P (2))*
(1-B)+(1+B)(p(z))? ’

q"(z) _ 2(A-B)(1-B)+(

From (1.4), we obtain

24'(2) +¢°(2) + (a+b)q(z) +ab

/(@)

= (@t Db+ .

24)

Using (2.3) and simplifying (2.4) further, we obtain,

C(2)p*(2) +D@)p(2) +2(A—B)zp () +E(z) =0,  (2.5)

where

Cz) = (14+A)%+ (a+b)(14+A)(1+B)

f(z2)
Hy(a,b;z)

D(z) =2(1—A)* +2(a+b)(1-AB)

+ab(1+B)*+(a+1)(b+1) (1+B)?,

f(z)
+2ab(1—BY? +2(a+1)(1 —Bz)ma
and

E(z)=(1-A)*+(a+b)(1-A)(1-B)

(@)

Hy(a,b;z) (1-8)"

+ab(1—-B)*+(a+1)(b+1)

Define y(r,s;z) such that,

v(r,5:2) = C(2)r* + D(z)r +2(A — B)(z)s + E(2).
(2.6)

By letting Q = {0}, from (2.5), we get

v(p(2).2p'(2):2) € Q.
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Now,
Re y(ip,0:z)
= Re(C(z)(ip)* + D(2)ip +2(A — B)(2)0 + E(2))
< -ReCp*~ ImD()p+24 - B) (- (1 2))
+Re J(2)
= —|Re C(z) + Z(AZ_B)] p>—ImD(z)p —2(A—B)
+ReE(z)

=Rp*+Sp+T =G(p),
where

R=—(ReC(z)+(A—B)),

S=—ImD(z),
T =—-2(A—B)+Re E(z).

Now, we observe that

4RT — §?
maxG(p) = T

R <0).
max ( )

bl

From (2.1) and (2.2), we have Re y(ip,0;z) <O0.

Therefore by the result [11](pg.35), Re p(z) >0,
that is,
(1-A)—(1-B)q(z)  1+z
(1+A)—(14+B)q(z) 1-z7

Hence for an analytic function g in A with g(0) = 0 such that

(1-4)—(1=B)g(z) _1+2(2)
(1+A)—(1+B)q(z) 1-g(z)

Hence

1+Az
q(z) <

1+Bz

In particular

ZH(a,b;z
M c P[147l;]7
Hy(a,b:z)

that is
Hy(a,b;z) € S*[A,B.
O

The following theorem gives the sufficient condition that
rely on the parameters a and b, for the function Hy(a,b;z) to
be in the subclass S5 ().

Theorem 2.2. If a,b € C\{—1,-2,...}, with 2la+ 1||b +
1| < (1—o)(ct+ab+2) then Hy(a,b;z) € S ().
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Proof. Let
_ 2Hj(a,b;2)
N Hf(a,b;Z) - @D
From (1.4), we have
() +p* @)+ p)(a+b+2)+(a+b+ab+1)
_(a+D)(b+1)f(z) _o
Hf(a b,Z) .

That is
v(p(2),2p'(2):2) =0,
where

y(rs,t)=r(r+(a+b+2))+s+a+b+ab+1
@+ DG+ f(2)
Hf(d7b;Z) ’

Now, we claim that

(@) < (1-a),

From the result [11](Pg.34), it is sufficient to show that,

0<a<l.

v((1—a)e® Ke;z) ¢ Q,

where O isreal, K > (1 —a),andz € A, for Q= {0}, n=1

and ¢(z) = (1 — o)z
Now,
v(l—a)e'® Ke®;z) =Ce® — D, (2.8)
where
C=(1-a)(1-a)e®+(a+b+2)]+(1-a)
and
_ (a+ D)+ 1)f(2)
D=—(a+b+ab+1)+ H (a,biz
Also
IC| > ReC> (1—a)[(1—a)e® +(a+b+2)]+(1—a)
>(1-a)[(1-a)cos®+(a+b+2)]+(1—o)
>(l—a)(a+a+b+2)=p, (say), (2.9)
and
(a+1)(b+1)/(z)
Dl < |(at Db +1) -
(a+1)(b+1)f(2)
<l(a+1)(b+1)]— H (ab7)

<2[(a+1)(b+ 1) <B,

where f3 is as given in (2.9).
Then we have,

W((1-a)e? Ke®;2)| > |°C - D]
> |C[— D]
>B—-p=0.
Therefore,
V(1 - @)e® Ke:2) ¢ @
Thus, [p(z)| < (1 — o) in A and hence Hy(a,b;z) € Sj(a).
O

The proof of next theorem follows from the definitions
of the function Hy(a,b;z) and the class S} (), hence we give
the statement alone.

Theorem 2.3. Let g : A — C be defined by
Hy(a,b;z)

Z )
€' (2)
0 | < (1

Hy(a,b;z) € S7(o)

g(z) =

such that —a), fora €[0,1/2] and z € A, then

3. Univalence and Starlikeness of
Hf(a,b;z)

Theorem 3.1. Let a,b € C\{—1,-2,...} such that

(a+1)(b+1) ’f ‘<Re[(a—|—2)(b+2)] 3.1
then Hy(a,b;z) is univalent and starlike for |z| < 1/2.
Proof. Let
H¢(a,b;z
plo)= OB

then p(z) is an analytic function with p(0) = 0.
Using the differential equation (1.4), we obtain the equa-
tion,

2p"(2)+ 20" @) (a+b+3)+p)(a+1)(b+1)

+(a+1)(b+1)—(a+1)(b+1)@ =0. (32

If we consider
y(ns,t;z) =t+(a+b+3)s+(a+

—(a+1)(b+1) (@) andQ = {0},

1)(b+1)r

then (3.2) implies

2.1

22p"(2);2) € Qforall z € A.

v(p(2),2p'(2),

186
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Further, for any 8 € R, K > M, Re(Le~'%) > 0 and

we have

|I[I(Meie,Kei9,L;z)|
=L+ (a+b+3)Ke 4 (a+1)(b+1)Me™®
—(a+1)(b+1)K(z)]

> Re(a+b+3)M+Re(a+1)(b+1)M
—|(@+1)(b+1)K(z)|

Rela+b+3+(a+1)(b+1)]M

—[(a+1)(b+1)K(z)|

Re[(a+2)(b+2)]M —|(a+1)(b+1)K(z)|

0

That is, W(Meie,Keie,L;z) ZQ.
Now by applying the result[11](Pg.34), we get

P <M, [z <1/2.
The assertion of the theorem follows by using (3.1) and apply-
ing Lemma 1.2. O

Theorem 3.2. Fora,bc C\{—1,-2,-3,...}. IfHf(a,b;z)
satisfies any one of the following conditions for all z € A :

( )

PH(a,b:2) [ (zHp(a,biz)"  2eH}(a,bi2)

[Hf(a,b;z))? H}(a,b;z) Hy(a,b;z)
3.3)
(Hy(a,bsz) | [zHp(a,b;z)]" 2zH}(a,b;z) <14
ZZH}(a,b;z) Hj’c(a,b;z) Hy(a,b;z) ’
(3.4)
(zHy(absz))"  2zHj(a,biz)
Hi(a,biz) Hy(a,biz)
! PHar ! <1/2, 3.5)
(H(ap2)?
(Hp(ab2))"  2eH}(abi)
zzH}(a,b;z) Hi(a.b;z) - HfEa,b;z) oy
Hyaba)? | 2 | ’
(Hy(a,biz))?
(3.6)
then Hy(a,b;z) is univalent.
Proof. Let
21y
z"H}(a,b;z)
/ —1+h(2), (3.7)

(Hf(a,b:z))*
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then h(z) is analytic in A and 2(0) = 0.
Further differentiating (3.7), we obtain

[zHf(a,b;z)]" B ZZH}(a,b;Z) () (3.8
H}(a,b;z) He(a,b;z) — 1+h(z) '
Hence, from (3.7) and (3.8), we have
() — PHp(a,b;2) [ [zHf(a,b;2)]"  22H(a,bsz)
'O = Wabia)? | Hylaba)  Hyaba)
=zl (2). (3.9)
Ky(2) = [Hy(a,b;2))? | [zHf(a,b;z)]" B 2zHY(a,b;2)
2T P k) | Hiabz) | Hy(abi)
2 (2)
= 3.10
e G0
zH}’(a.b;z) 2ij’!(a,b;z) ,
Hi(abz) —  Hy(abiz) zh (z) 1
Ki(z) = | L = .
) 2y | hz) 1+h()
(Hy(a.biz))?
[zHf(abiz)]”  2zHp(a,biz)
Ka(2) = zzH}(mb;z) Hg(a.,b;z) B Hfza.,b;z) _ 7 (z)
T Hp(a b)) Wb h(z)
Hf(aﬁb:z)

Now, suppose that there exist zg € A such that

max |h(z)| = |h(z0)] = 1,

|z <[zl
then by Jack’s Lemma [3], we have
20h' (20) = 6h(z0),

where § € R and § > 1. Therefore by letting i(z0) = ¢'® in
each equation of (3.9), we obtain that

IK1(20)| = |20k’ (20)] = |8h(z0)| = 8¢ | > 1

(3.11)

|K2(z0)| = ’(lzj_h};gg)))z - (1 f—h/f(zgo)))z
_ |1+5€ie|2 > 1/4 (3.12)
|K3(z0)| = Z(;Z}l(zj;)) 1 —Hll(zo) B ‘(Zz(zz(;) 1 +flz(Z0)
_ ’|1+6ﬂ|2 >1/2 (3.13)

20 (z0) Sh(z0)

Re[K4(z0)]:Re{ e }:Re{ o) }:621

which contradicts our assumption (3.3) to (3.6) respectively
and hence |h(z)| < 1 for all z € A. Therefore, we obtain

ZZH}(a,b;z)

Hab )P

= |h(z)| <1

which implies Hy(a,b;z) is univalent, by Lemma 1.1.
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Theorem 3.3. Let ¢ > 0,d > 0 such that c+2d < 1. If
Hy(a,b;z) satisfies
Hi(a,b;z)) 2zH(a,b;z d
Re ¢ f,(a’ " i ) < ° ,ZEA
Hiab)  Hyaba) [~ (0+(1-d)
then Hy(a,b;z) is univalent in A.
Proof. Let
vyatl
Z*Hp(a,b;z)  14-ah
pl@bia) 1+ ah(z) (zeA). (3.14)
(Hf(a,b;z))> 1—0bh(z)
then A(z) is analytic in A and 4(0) = 0.
Differentiating (3.14), we get
(zHy(a,b;z))"  2zH}(a,b;z)
(H}(a,b;z) Hy(a,b;z)
d)zh
o HDHE)  p ay). (3.15)

(1+ch(z))(1—dh(z))
If there exist zg € A such that

max |h(z)| = |h(z0)| = 1.

|z <lzo]

Then from Lemma due to Jack [3] we have zoh'(zo) = 6h(z0)
z0h" (z0)

and
Re( 1 >0
e( " H (2o) )

Now letting /(z9) = €%, (6 € [0,27]) in (3.15), we have
(14 ch(z0))(1 —dh(z))

Re{7 (20)}
} |
1 1

= 5(c+d)Re{
=06R -
¢ { 1—dh(z0) 14 ch(zo)
1—de™® 1+ce™™®

— SR -
e{ 1+d?>—2dcos® 1+c2+2ccosO

h(zo)

|

1 1
d’—1 21
2+ 1—dcos 6 2+ lJ:ccose

where 8 # cos~'(—1/c) and 6 # cos™'(1/d) we have
c+d
(1+c)(1—-d)’

This contradicts the inequality given in the hypothesis and
therefore |A(z)| < 1 forall z € A.
Thus, we have

1| -

In view of Lemma 1.1, it implies that Hy(a, b;z) is univalent
O

Re{T (20)} >

ZH}(a,b;2)
(Hy(a,b;z))?

(c+d)h(z)

c+d
<1 A.
1 —dh(z) P 2€

<“1-4°
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