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1. Introduction

A function space is an interesting example of a topolog-
ical space. In past, many researchers studies different kind
of function spaces by placing different topologies on the set
of functions. This study is help to understand relationship
between continuous function and a Baire measure on a Ty-
chonoff space. The relationship between these two concepts
can be clarified by the study of various locally convex topolo-
gies on spaces of continuous functions. The most interesting
function space, C(X), which is set of all real-valued continu-
ous function on a Tychonoff space X, have been studied by
defining three topologies like point-open topology, compact-
open topology and topology of uniform convergence. In this
paper, our goal is to introduce and study another topology
called w-compact topology on C(X) in term of ®-compact
subset of X. We denote this topology by @ and the corre-
sponding space by C,(X). Throughout this paper we use
following conventions. All spaces in this paper considered
is a Tychonoff space that is, a complete regular Housdroff
space. If X and Y are spaces with same underlying set, then
X =Y,X <Y, X <Y indicate that X and Y have same topol-
ogy, that the topology Y is finer or equal to the topology on X
and that the topology on Y is strictly finer than the topology
on X, respectively. The point-open topology, compact-open

topology and uniform convergence topology on C(X) is de-
noted by p, k and u, respectively and corresponding spaces
are denoted by C,,(X), Cr(X) and C,,(X), respectively. The R
and N denote the space of real numbers and natural numbers
respectively. The constant zero-function in C(X) is denoted
by 0 or sometimes Oy. In this paper, we introduce and study
w-open-compact topology.

2. Preliminaries

For a subset A of a topological space (X, ), we denote
the closure of A and the interior of A by Cl(A) and Int(A),
respectively.

Definition 2.1. A subset A of a topological space (X,T) is
said to be semiopen [1] if A C Cl(Int(A)). The complement
of a semiopen set is called a semiclosed set.

Definition 2.2. A subset A of a space X is called w-closed
[4] if CI(A) C U whenever A C U and U is semi-open in X.
The complement of an ®-closed set is called an ®-open set.
The family of all ®-open subsets of (X, 7) is denoted by (7).
We set o(X,x) ={V € o(t)|x € V} forx € X.

The union (resp. intersection) of all w-open (resp. ®-
closed) sets, each contained in (resp. containing) a set A in a
space X is called the w-interior (resp. w-closure) of A and is
denoted by wInt(A) (resp. @ C1(A)) [5].

Note that the family of w-open subsets of (X, 7) forms a
topology [5].

Definition 2.3. A function f: (X,t) — (Y,0) is said to be
w-continuous [4] if f~1 (V) is w-open in X for every open set
VofY.



Definition 2.4. [5] A topological space (X,T) is @-compact
if every - cover (a cover consisting of w-open sets) of X has
a finite subcover.

Theorem 2.5. [5] If (X, 7) is an w-compact space, then it is
compact.

Theorem 2.6. If a space (X,7) is w-irresolvable and o-
compact, then it is compact.

Theorem 2.7. If a mapping f : (X,7) — (Y,0) is an o-
continuous surjective and A is @-compact subset of X, then
f(A) is w-compact in'Y.

3. On w-compact Topology on C(X)

In this section, we define three new topologies on C(X)
with the help of w-compact subset of X. First, consider a
set for any w-compact subset A of X and any open subset U
of Ras (A,U) ={f € C(X): f(A) CU}. Suppose that the
collection of all w-compact subset of X is denoted by (X).
The @-compact-open topology on C(X) is generated by the
subbase which is defined as {(A,U) : A € ®o(X), U is open in
R}. It can be easily verify that this subbasis actually generate
the topology on C(X), called w-compact-open topology on
C(X) and a new space corresponding to C(X) is denoted by
Co(X). As we can verify that closure of any @-compact set is
again w-compact and because CI(f(Cl(A))) = CI(f(A)) for
any f € C(X), so we can always consider closed w-compact
subsets of X in (A,U). Now we will define topology of uni-
form convergence on @-compact sets. For each A € 0(X)
and € >0,let A = {(f,8) € C(X) xC(X) : |f(x) —g(x)| < €
for all x € A}. It can be easily show that that the collection
{A¢ 1A € 0(X), € > 0} is a base for some uniformity on C(X).
We denote a space corresponding to C(X) with the topology
induced by this uniformity by C, ,(X) and this topology is
called the topology of uniform convergence on @(X). For
each f € C(X), A € o(X), and € > 0, let B4(f,€) = {g €
CX) :|f(x) —glx)| < & for all x € A}. If f € C(X), the
collection {B4(f,€):A € w(X),e > 0} forms a neighbor-
hood base at f in Cy (X ) and this collection forms a base
for the topology of uniform convergence on @(X). Here
each set By (f,€) is open in Cp ,(X). If @(X) covers X, then
Co.u(X) is a Tychonoff space. If suppose @(X) = {X}, then
we get a topology of uniform convergence and it is denoted by
Cu(X). We can verify that for any @(X), C,(X) < Ceu(X).
Now for each A € 0(X) define ®-seminorm wy on C(X)
by wa(f) = min{l,sup{|f(x)| :x € A}}. Also for each A €
o(X)and € >0, let Use = {f € C(X) : wa(f) < €}. Let
U ={Upe:A € 0(X),€ > 0}. It can be easily shown that
foreach f € C(X), f+% ={f+U :U € % } forms a neigh-
borhood base at f We say that this topology is generated by
the collection of w-seminorms {@y : A € ©(X)}. Now we
will establish a relation between above two defined topologies
as Cp(X) and Cg 4(X).

Theorem 3.1. For any space X, the ®-compact-open topol-
ogy on C(X) is same as the topology of uniform convergence
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on the ®-compact subsets of X, that is, C(X) = Ce u(X).

Proof. Suppose that (A,U) is subbasis open set in C, (X ) and
f€(A,U). Since f(A) is compact, there exist aj, az, . . .
a, in f(A) such that f(A) C 'Gl (a; — &,a;+ &) C ‘Gl (a; —

i= i=

2g;,a; +2¢) C U. If we consider g € Bs(f,€) and x € A,
then this show that |f(x) — g(x)| < € and there exist i such
that |f(x) —a;| < €. Hence |g(x) — a;] < 2¢; and this show
that g(x) C U forall x € A. So g(A) C U, thatis, g € (A,U).

Hence we can say that B (f,€) C (A,U). Let W = fjl(A,-7Ui)

be a basic neighborhood of f in C,(X). Then there exists
€1,...,& such that f € Bs,(f,&) C (A;,U;)M. Suppose that

A= 'flei and choose € = min;<j<p{&}. Then f € Bo(f,€) C
W= ﬁl(Ai,Ui) = (A,U). Finally as we supposed f € (A,U)
i=

and we proved that f € B(f,€), we can say that Co(X) <
Co.u(X). Now let B4(f,€) be a basic neighborhood of f in
Co.u(X). Since f(A) is compact, there exist aj, az, . . . , a, in

f(A) such that f(A) C .Bl(ai —£.a;+%). Define W, = (a; —
i=
£,ai+%)and A; = Cla(AnfY(a;— £,a;+%). Here each A;
will be @-compact. It is clear that f € ﬁl (A;,W;) C Ba(f,€).
=

Letge F‘ﬁ (A;,W;) and x € A. Then there exists i such that x €

—_

A;jand f(x) € (a; — §,a;+%). Since g(x) € (a; — §,a; + %),
|f(x) —g(x)| < €. Hence g € B(f, €) and finally we can say
that Cy ,(X) < Co(X). O

Theorem 3.2. For any space X, the family {(A,U) : A €
©(t)}, where U is a bounded open interval in R forms a
subbase for Cy(X).

Theorem 3.3. For any space X, @-compact-open topology is
finer than compact-open topology that is Ci(X) < Ce(X).

Proof. Let (Ay,U) and (A,U) be the subbasis elements for
compact-open topology and w-compact-open topology respec-
tively. Where Ay and A are compact and w-compact subsets
of X, respectively. Let f € (A,U). Then by definition, f(A)
contained in open subset U of R. Since f is continuous, f(A)
is compact in U. This show that f € (A;,U). Therefore,
(A,U) C (Ax,U). Hence Cr(X) < Cp(X). O

For the space X, we can easily prove that topology of
uniform convergence on C(X) is finer than the ®-compact-
open topology that is C,»(X) < C,(X). Hence we can say
that

Theorem 3.4. For any Tyhconoff space, Ci(X) < Cp(X) <
C.(X).

Theorem 3.5. Every closed w-compact subset of X is com-
pact if and only if C¢(X) = C(X).

Proof. For any subset A of X Beya)(f,€) C Ba(f,€). Soif
every closed w-compact subset of X is compact, then we can
say that Cy,(X) < Ci(X). Hence in this case we can say that

0gl0
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Ci(X) = Cy(X). Conversely, let Cx(X) = C(X) and suppose
that A be any closed w-compact subset of X. So set B4(0, 1)
as open lies in C(X). This show that there exists a compact
subset K of X and € > 0 such that Bg(0,€) C B4(0,1). If
possible, let x € A\K. Then this implies that there exists
a continuous mapping g : A — [0,1] such that g(x) = 1 and
g(y)=0forally € K. Now here g € Bx(0,€)\B4(0, 1) which
gives a contradiction. Hence A C K and consequently A is
compact. O

Theorem 3.6. Every space X is @-compact if, and only if
Co(X) =Cu(X).

Proof. Let X be a @-compact space. So, by definition it is pos-
sible for each f € C(X) and € > 0 there exists a set Bx (f, €)
which is basic open in Cy(X). Hence Cy(X) = Cy(X). Let
us suppose Cq,(X) = C,(X). Because a set Bx (0, 1) is a basic
neighborhoods of a constant zero-mapping 0 in C,(X), then
there exists an w-compact subset A of X and € > 0 such that
B4(0,€) C Bx(0,1). With the help of complete regularity of
X it can be shown that X = CI(A). But the closure of an ®-
compact set is also w-compact. Hence X is w-compact. [J

Theorem 3.7. Every closed countably compact subset of X is
compact if and only if C(X) = Cp(X), where X is any normal
Housdorff space.

Further we would like to find conditions when some
spaces for which every closed @w-compact subset is compact.
Following definitions will help to find required conditions.

Definition 3.8. A space X is said to be isocompact if every
closed countably compact subset of X is compact.

Definition 3.9. A space X is said to w-isocompact if every
closed w-compact subset of X is compact.

Theorem 3.10. Every space X is w-isocompact if, and only
if Co(X) = Gu(X).

Theorem 3.11. The space X is isocompact if and only Cg(X)
= Cy(X), where X is a normal space.

Definition 3.12. Let f: (X, 1) — (Y, 0) be a continuous map-
ping. Then a mapping f*: C(Y) — C(X) is said to be the
induced mapping of f if f*(g) =go fforall gin C(Y).

Definition 3.13. Any mapping f: (X,7) — (Y,0) is said to
be an almost onto mapping if f(X) is dense inY, where X is
any nonempty set and Y is any topological space.

In this work, we will study nature of the induced mapping
on C(Y) to C(X), when both are equipped with the @-compact-
open topology.

Theorem 3.14. If : (X, 1) — (Y, 0) be a continuous map-
ping, then the induced mapping of f as f*: Cyp(Y) = Ce(X)
is continuous.
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Proof. Let g € Cy(Y) and B4(f*(g),€) be a basic neighbor-
hood of f*(g) in C,(X). Then this show that f*(B(g,€)) C
Ba(f*(g),¢€) and consequently, f* is continuous. O

Theorem 3.15. If f : (X, 1) — (Y,0) be a continuous map-
ping, then the function f* : Cy(Y) — Cu(X) is one-to-one if,
and only if f is almost onto.

Proof. Let g1 and g2 in C(Y) with f*(g1) = f*(g2) and let
y in f(X). Then for some x € X, y = f(x) and g;(y) =
81(f(x) = f*(81)(x) = f*(82)(x) = g2(f (x)) = g2(»). Since
f(X) is dense in Y, then g; = g». Conversely, let there ex-
ists a y in Y\@CI(f(X)) and p in C[0,1] be a path in R
so that p(0) # p(1). Now the continuous function map-
ping @ CI(f(X)) onto {0} and y to 1 has an extension @ in
C(Y,[0,1]). If g = po @ and c is the constant mapping taking Y
onto {p(0)}, then for each x in X, g(f(x)) = p(0) = c(f(x)).
But then f*(g) = f*(c), so that f* is not one-to-one. O

Theorem 3.16. If f : (X,7) — (Y, 0) be a continuous map-
ping, then if f*: Cy(Y) = Cu(X) is almost onto, then f is
one-to-one.

Proof. Suppose that x; and x, be two distinct elements of X.
So, we have some £ in C(X) such that i(x;) # h(x2), and also
there exist disjoint neighborhoods U and V of k(x;) and h(x)
in R. Suppose that S = [x;,U] N [x2,V], which is a neighbor-
hood of % in Cy»(X). Then since f* is almost onto, there is
some g in C(Y) with f*(g) € S. This show that g(f(x;)) and
g(f(x2)) in U and V, respectively, so that f(x1) # f(xz). O

Definition 3.17. A continuous mapping f : (X,7) — (Y,0) is
called w-covering if given any ®-compact subset A inY, there
exists an @-compact subset C in X such that A C C1(f(C)).

Theorem 3.18. Suppose that [ : (X,t) — (Y,0) be a contin-
uous mapping. If f* : Cy(Y) — Cy(X) is an embedding, then
f is an @-covering map.

Proof. Suppose that A is w-compact subset of Y. Then
F*(B4(0y,1)) is an open neighborhood of the zero function
Ox in f*(Cy(Y)). Now consider an ®-compact subset C of X
such that Ox € B¢(0x,€) N f*(Cu(Y)) C f*(Ba(0y,1)). Now
will prove that A C CI(f(C)). If it is possible, suppose y in
A\ CI(f(C)). This show that there exists a continuous func-
tion g : ¥ — [0, 1] such that g(y) = 1 and g(CI(f(C))) =0,
by definition. Since g(f(C)) =0 and f*(g) € Bc(0x,€) N
S (Cu(Y)) C f*(Ba(Oy,1)). Since g* is an injective map-
ping, g € B4(0y,1). But y € A show that |g(y)| < 1. This is
contradiction and hence A C CI(f(C)). By definition, we can
say that f is w-covering. O

The converse of above result not hold good but next theo-
rem show that under some condition converse of above can
establish.

Theorem 3.19. If a continuous mapping f : (X,7) — (Y, 0)
is w-covering, then f*: Cy(Y) — Cu(X) is an embedding of
f, where every w-compact subset of Y is closed.



Proof. For each a in X, there is possibility to find an -
compact subset C of X such that {a} C f(C). So f is onto.
Hence f* is one-to-one. Now our aim is to show that f* :
Co — f*(Cep(Y)) is an open map. Let Bs(g,€) be a basic
open set in Cy(Y), where A is any @-compact subset in Y
and € > 0. Suppose that & € f*(B4(g,€)). Then there exists
hy € Ba(g,€) such that f*(h;) = h. Since Ba(g,€) is open in
Cy(Y), then there exists an @-compact subset D in Y such that
Bp(h1,8) C Ba(g,€), where 6 > 0. As f is w-covering, there
exists an @-compact set C in X such that D C f(C). Now
we will show that B¢ (h,8) N f*(Cy(Y)) C f*Bp(h1,0). Let
us choose [ € C(Y) such that f*(I) € B¢(h,8) N f*(Cy(Y)).
Since D = f(C) for all d € D, there exists ¢ € f(C) such

that d = f(c). Since f*(I) € Bc(h,d) and |I(d) — h1(d)| =
1(f(c)) —m(f(e)] = [F(D)(c) = f*(h)(c)| = [F*(D)(e) =
h(c)| < 8. So we can say that [ € Bp(h;,0). This show

that f*(I) € f*(Bp(h1,0)). Hence Bc(h,6) N f*(Cy(Y)) C
f*(Bp(h1,8)) € f*(Ba,(g,€)). Consequently, f*(Ba(g,€))
is open in f*(Cy(Y)). O

Definition 3.20. A space (X, 7) is said to be submetrizable
if there is a topology ©* that can be defined on X such that
(X,7*) is a metrizable space and t* C . In other words,
(X, 7) is said to be submitriziable if there exists a continuous
injective mapping f : (X,7) — (Y,d), where (Y,d) is a metric
space and X is a completely regular Housdroff space.

Definition 3.21. The diagonal of a space X is the subset of
its square X x X, that is, defined by A = {(x,x) :x € X }.

Definition 3.22. A Gg-set is a set which can be written as
a countable intersection of open set of a space X. If Ais a
Ggs-setin X x X, the space X is said to have a Gg-diagonal.

The properties of Gg-set are as: In metrizable spaces,
every closed set is a Gg-set, the intersection of countably many
Gg-sets is a Gg-set, and the union of finitely many Gg-sets
is a Gg-set, a metric space has Gg-diagonal and all compact
subsets, countably compact subsets and the singletons are
Gg-sets in a submetrizable space. Every metrizable space has
a zero-set diagonal consequently, every submetrizable space
has also a zero-set-diagonal.

Definition 3.23. A space X is called an Ey-space if every
point in the space is a Gg-set. The submetrizable spaces are
Ep-spaces.

Definition 3.24. A completely regular Hausdorff space X is
said to be 6-w-compact if there exists a sequence {A,} of
w-compact sets in X such that X = U Ap. A space X is said
to be almost ¢-w-compact if it has a dense o-w-compact

subset.

Theorem 3.25. If X is any space, then following are equiva-
lent:

1. Cy(X) is submetriziable.

2. Every ®-compact subsets of Cy(X) is a Gg-set in Cyp(X).
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3. Every countable compact subsets of Co(X) is a Gg-set
in Co(X).

Every compact subsets of Coy(X) is a Gg-set in Cp(X).
Co(X) is a Ep-space.
X is an almost 6-w-compact set.

Co(X) has zero set-diagonal.

o N & A

Co(X) has Gg-diagonal.

Proof. By above definitions and properties we can show fol-
lowing implications: (1) = (2) = (3) = (4) = (9).

Here we are going to show that (5) = (6). As given Cy(X)
is an Ep-space so by definition any constant zero function 0
defined on X will be Gg-set. Let {0} = _Gl Ba, (0,¢&,), where

=
A, € o(X) and g > 0. Here we are going to show that
X = CI(GIA,,). Let xo be a arbitrary element in X\l(_qAn).
= 1=

Then there exists a continuous mapping f : X — [0, 1] such
that f(x) =0 forall x in U Ay, and by property of X f(xo) = 1.

Since f(x ) 0 for allxmA and f € By, (0, ¢&,) for all n show
that f € .9IBAn(O’8n) ={0}. So f(x) =0 for all x € X. But

f(x0) = 1. This show a contradiction. Hence X is almost
O-m-compact. O

Theorem 3.26. Let X be an almost 6-w-compact space and
P is subset of Cy(X). Then following are equivalent:

1. & is compact.

2. P is sequentially compact.
3. & is countably compact.
4. & is o-compact.

Proof. Itis easy to prove that (2) = (3) = (4).

From the above Theorem Cg(X) is submetriziable and so &2
will be also. An @-submetriziable space is metriziable hence
it will be compact also. As we know that for a metriziable
space all the above form of compactness are coincides. Hence
we can say that (1) = (2) and also (4) = (1). O

Definition 3.27. A subset S of a space X is said to have
countable character if there is a sequence {W, : n € N} of
open subsets in X such that S CW,, for each n, and if W is
any open set containing S, then W,, C W for some n.

Definition 3.28. A space X is said to be of (pointwise) count-
able type if each (point) compact set is contained in a compact
set having countable character.

Definition 3.29. A space X is said to be a g-space if for every
x € X has a sequence {U;} of neighborhoods satisfying the
condition: If {x;} is an infinite sequence of points in X such
that x; € U; for each i, then {x;} has an accumulation point in
X.



Definition 3.30. A space X is said to be a M-space if it can
be mapped onto a metric space by a quasi-perfect mapping
(a continuous closed mapping in which inverse images of
points are countably compact). This space is stronger than a
g-space.

Definition 3.31. A space X is said to be a hemi-w-compact
space if there exists a sequence of ®-compact sets {A,} in X
such that for any @-compact subset A of X, A C A, holds for
some n € N.

Theorem 3.32. For any space X, following are equivalent:
1. Cy(X) is metrizable.
2. Cy(X) is of first countable.

3.

9!

)
)
w(X) is of countable type.
X)) is of pointwise countable type.
)

Co
5. Cy(X) has a dense subspace of pointwise countable
type.

6. Cp(X) is a M-space.
7. Co(X) is a g-space.
8. X is a hemi-w-compact space.

Proof. From the above discussion, we can directly show that
(H)=0B)=4)=(7), (1) = (6) = (7) and also (1) =
(2) = (7). We will prove (4) = (5). As we know that if D
is any dense subset of a space X and A is a compact subset
of D, then A has countable character in D if, and only if A is
of countable character in X. Since Cy(X) is a locally convex
space, it is homogenous. So, with the help of this result and
above discussion we can say that (4) = (5). Next, we will
prove (7) = (8). Let Cy(X) be a g-space So, there exists a
sequence {V,, : n € N} of neighborhoods of the zero-function 0
in Cy(X) such that f, €V, for each n, then the set { f;, : n € N}
has a cluster point in C,»(X). Now for each n, there exists
a closed @w-compact subset A, of X and &, > 0 such that
0 € B4, (0,€,). Let A be w-compact subset of X. Suppose
that A is not subset of A, for any N. Then for each n € N,
there exists a, € A\A,. Hence for each n € N there exists a
continuous function f, : X — [0, 1] such that f,(a,) =n and
fa(x) =0 for all x € A,,. Hence it is clear that f,, € B4, (0, &,).
But the sequence {f,},en does not have a cluster point in
Co(X). If possible, let that this sequence has a cluster point
f € Cy(X). Then for each k € N, there exists a positive integer
ny > k such that f,, € Bao(f,1). So, forall k € N, f(a,,) >
fa.(an, — 1) = ng —1 > k. This show that f is unbounded
on the w-compact set A. Hence the sequence f; cannot have
a cluster point in Cy,(X) and consequently, Cq,(X) fails to
be a g-space. Hence X must be a hemi-@-compact space.
Finally, we will show that (8) = (1). As we know that if the
topology of a locally convex Hausdroff space is generated
by a countable family of seminorms, then it is metrizable.
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Now the locally convex topology on C(X) generated by the
countable family of seminorms {py, : n € N} is metrizable
and weaker than the w-compact-open topology. However,
since for each @w-compact set A in X, there exists A, such that
A C A,, the locally convex topology generated by the family
of seminorms {p4 : A € w(X)}, that is the @-compact-open
topology, is weaker than the topology generated by the family
of seminorms {p4 : n € N}. Hence Cy(X) is metrizable. [

Theorem 3.33. For any space X, the following are equivalent:
1. Cy(X) is separable.
2. Cy(X) is separable, where p is point-open topology.
3. Ci(X) is separable.
4. X has a weaker separable metriziable topology.

Proof. From the Corollary 4.2.2 in [2] that (2), (3) and (4) are
equivalent. Also, since C, C Cy(X), s0 (1) = (2).

We will prove (4) = (1). As we know that if X has a weaker
separable metrizable topology, then X is real compact. Hence
X is w-isocompact. Consequently, Cy(X) = Ci(X). Since
(4) = (3), Cp(X) is separable. O

References

I N. Levine, Semi-open sets and semi-continuity in topo-
logical spaces, Amer. Math. Monthly, 70(1963), 36-41.

(21 R. A. McCoy and 1. Ntanta, Topological properties of

spaces of continuous functions, Lecture Notes in Mathe-

matics, 1315, Springer-Verlag, Berlin, 1988.

S. Mishra, S.M. Kang and M. Kumar, The generalized

pre-open compact topology on function spaces, Inter. J.

Pure and Appl. Math., 114(1)(2017), 1-15.

(41 P, Sundaram and M. Sheik John, Weakly closed sets and
weakly continuous maps in topological spaces, Proc. 82"
session of the Indian Science Congress, Calcutta, 1995,
(P-49).

[5] M. Sheik John, A study on Generalizations of Closed

Sets and Continuous Maps in Topological Spaces, Ph. D.

Thesis, Bharathiyar University, Coimbatore, India (2002).

M. Sheik John and P. Sundaram, On decomposition of

continuity, Bull. Allahabad Math. Soc., 22(2007), 1-9.

3

—

[6

—_

ok ok K ok ok Kk
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
ok ok ok ok ok ok ok k


http://www.malayajournal.org

	Introduction
	Preliminaries
	On -compact Topology on C(X)
	References

