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Edge magic and bimagic harmonious labeling of
ladder graphs

M. Regees’, L. Merrit Anisha®* and T. Nicholas 3

Abstract

A graph G = (V,E) with p vertices and ¢ edges is said to be edge magic harmonious if there exists a bijection
f:VUE — {1,2,3,...,p+q} such that for each edge xy in E(G), the value of [(f(x)+ f(y))(mod q) + f(xy)] is
equal to the constant k, called magic constant. A bijection f: VUE — {1,2,3,...,p+g¢} is called an edge bimagic
harmonious labeling if [(f(x) + f(y))(mod q) + f(xy)] = ki or k, for each edge xy in E(G), where k; and k, are
two distinct magic constants. A graph G is said to be edge bimagic harmonious, if it admits an edge bimagic
harmonious labeling. Here we prove that the ladder, double ladder are edge bimagic harmonious graphs and
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circular ladder, triangular ladder are edge magic and bimagic harmonious graphs.
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1. Introduction

All graphs in this paper are finite and undirected with p
vertices and g edges without loops or parallel edges. The
graph labeling was introduced by Rosa in 1960 [7]. Magic
labeling was introduced by Sedlacek [9]. In 1970 Kotzig
and Rosa [8] defined a magic valuation of a graph. In 1996,
Ringel and Llado [3] called this labeling as edge magic. Edge
bimagic labeling of graphs was introduced by Babujee [1]
in 2004. Harmonious labeling naturally arose in the study
by Graham and Sloane [4]. Dushyant Tanna [2] introduce
some harmonious labeling techniques. For more annotations,
we utilize dynamic survey of graph labeling by Gallian [7].
Here, we introduce the concept of edge magic and bimagic

harmonious labeling of graphs and proved that ladder, double
ladder are edge bimagic harmonious graphs and circular lad-
der, triangular ladder are edge magic and bimagic harmonious
graphs.

Definition 1.1. [6] The Cartesian product graph G| x Gy of
two graphs G| and G, is defined to be the graph whose vertex
set is Vi X V,, that is every vertex of G X Gy is an ordered
pair (u,v), where u € Vi and v € V, and two distinct vertices
(u,v) and (x,y) are adjacent in G| X Gy if either u = x and
vy € E(Gy) orv=y and ux € E(G). P, x K is called a
ladder.

Definition 1.2. [5] A circular ladder graph is defined as the
cartesian product C, x K, where K, is the complete graph on
two vertices and Cy, is the cycle graph on n vertices.

Definition 1.3. [6] A triangular ladder TL,,n > 2, is a graph
obtained from the ladder P, X K, by adding the edges u;v;
for1 <i<n-—1.

Definition 1.4. [6] The double ladder L,, is the graph P, X P3
with vertex set V. = {u;/1<i<n} U {v;/1<i<n}
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U {wi/1<i<n} and the edge set
E = {ujttip1,vivig1,wiwir1 /1 <i <n—1}0{uv;/1 <i<n}
U{viw;/1 <i<n}.

2. Main Results

Here, we introduce the concept of edge magic and bimagic
harmonious labeling of graphs and proved that ladder, double
ladder are edge bimagic harmonious graphs and circular lad-
der, triangular ladder are edge magic and bimagic harmonious
graphs.

Definition 2.1. A graph G = (V,E) with p vertices and ¢
edges is said to be edge magic harmonious if there exists a
bijection f :V(G)UE(G) — {1,2,3,---,p+q} such that for
each edge xy in E(G), the value of [(f(x) + f(y))(modq) +
f(xy)] = k where k is a constant.

Definition 2.2. A bijection f:V(G)UE(G) — {1,2,3,---,p+
q} is called an edge bimagic harmonious labeling if [(f(x) +
F()(modq) + f(xy)] = ki or ky for each edge xy in E(G),
where ki and ky are two distinct magic constants. A graph G
is said to be edge bimagic harmonious, if it admits an edge
bimagic harmonious labeling.

Definition 2.3. An edge magic harmonious labeling is said
to be super edge magic harmonious labeling if the graph G
has the additional property that the vertex labels are 1 to |V |.

Definition 2.4. An edge bimagic harmonious labeling is said
to be super edge bimagic harmonious labeling if the graph G
has the additional property that the vertex labels are 1 to |V|.

Example 2.5. An edge magic and bimagic harmonious label-
ing of Ki 7 is given in figure 1 and figure 2.

Figure 1
K, ,withk =15.

Figure 2
K, ,withk, =11 and k, = 18.

Theorem 2.6. The ladder L, admits an edge bimagic harmo-
nious labeling for all n > 2.

Proof. Let V(L) {uj,vi/1 < i < n} and
E(L,) = {uittis1,viviq1 /1 <i<n—1}U{uw;/1 <i<n—1}.
Then the graph L, has 2n vertices and 3n — 2 edges.

Case 1: n is odd
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Define a bijection f: VUE — {1,2,3,---,51—2} such that

flu)=i,1<i<n

fvi)=2n
fvi)=n+i—1,2<i<n
f (i) =5n—2i—3,1<i<n—1
fiva)=4n -3

-3
fivig1) =3n—2i—1,2<i< n2
Flvwie)=6n—2i-3,"_~ <i<n—1
f(uv))=3n-3
I

S (upvy) =5n-3
For the edges uju;i11, 1 <i<n—1.

[(f (i) + f (uir1))mod (q) + f (wiuir1)]

=[(i+i+1) mod (3n—2)+5n—2i—3]

=[(2i + 1)+5n—2i—3] =5n—2 =k (say)
For the edge viv;

[(F (1) + £ (v2)) mod (q) + £ (v1v2)]
=[(2n+n+1) mod (3n—2)+4n—3]
=[3+4n—3]=4n=k; (say)
n—3

2
[(f (vi) + f (vig1)) mod (g) + f (vivie1)]
=[((n+i—1)+(n+1i)

mod (3n—2)+3n—2i—1]
=[(2n+2i—1)+3n—2i—1]
—Sn—2=k

For the edges vjv;+1,2 <i <

—1
For the edges vjvi+1, nT <i<n-—1

[(f (vi) + f (vig1)) mod (q) +f (vivigr)]
=[((n+i—1)+(n+i)
mod (3n—2) +6n—2i—3]
=[2i—n+1)4+6n—2i—3|
—Sn—2—k
For the edge u;v;

[(f (1) + f(v1)) mod (q)+ f (u1v1)]

=[(1 + 2n) mod (3n—2)+3n— 13|

=[2n+1)+3n-3]=5n—-2=Kk
For the edges u;jv;,2 <i<n—1

[(f (wi) + f (vi)) mod (q) + f (uivi)]
=[(i+(n+i—1))mod(3n—2)+4n—2i—1]
[(n+2i—1)4+4n—2i—1]=5n—-2=k
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For the edge u,v,

[(f (un) + £ (va)) mod (g) + f (nvn)]
=[(n+2n—1) mod (3n—2)+5n—3]
=[14+5n-3]=5n—-2=k

Here, the edge labels are distinct and there exist two magic

constants for each edge xy € E, [(f(x)+ f(¥))( mod q) + f(xy)]
yields any one of the magic constants k; = 5n—2 and ky = 4n.
Therefore, the ladder L,, admits an edge bimagic harmonious

labeling for odd n > 2.

Case 2: nis even
Define a bijection f: VUE — {1,2,3,---,5n— 2} such that

flw)=i,1<i<n-—1
fv)=n+il1<i<n-—1

fluuip))=5n—-2i—4,1<i<n-—1

4
fivig1) =3n—-2i-3,1<i< n

n—2
2

f(uivi):4n—2i—3,1§i§g

f(viv,-+1):6n72i75, §i§n71

f(uvi) =4n—2i—2,

fwv)=Tn—-2i—4,n—1<i<n

For the edges u;u;j+1,1 <i<n—1
[(f (i) + f (uir1)) mod (q) + f (uiutit1)]

[(i+i4+1) mod (B3n—2)+5n—2i—4]
= [(2i+1)+5n—2i—4] = 5n—3 = ki (say)

n—4
2

For the edges v;vit1,1 <i <

[(F () + £ (v41)) mod (q) + £ (vevie)]
=[((n+i)+(n+i+1))

mod (3n —2) +3n —2i— 3]
=[(2n+2i+1)+3n—2i—3]
=5n—2=ky(say)

n—2
For the edges viv,-+1,T <i<n-—1

[(f (i) + f (vit1)) mod (q) + f (vivi41)]

=[((n + i)+ (n+i+1))
mod (3n—2)+6n—2i—5]
=[(2i—n+3)+6n—2i—5]=5n—-2=k;
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For the edges u;v;, 1 <i < g

[(f (ui) + f (vi)) mod (g) + f (u;vi)]
[(i+(n+i)) mod (3n—2)+4n—2i—3]
[(n+2i)+4n—2i—3]|=5n—-3 =k

2
For the edges u;v;, % <i<n-2

[(f (i) +f (vi)) mod (q) + f (uivi)]
=[(i+(n 4+ i)) mod (3n—2)+4n—2i—2]
[(n+2i)+4n—2i—2|=5n—2=ky

For the edge ujv;, n—1<i<n

[(f (ui) + f (vi)) mod () + f(uivi)]
=[(i+ (n+i)) mod (3n—2)+7n—2i—4]
=[2i—2n+2)+Tn—-2i—4]=5n-2=k;

Here, the edge labels are distinct and there exist two magic
constants for each edge xy € E, [(f(x) + £ (»)) (modq) + f (xy)]
yields any one of the magic constants k;y = 5n—3 and k, =
5n — 2. Therefore, the ladder L,, admits an edge bimagic har-
monious labeling for even n > 2. From cases (1) and (2),
ladder L, admits an edge bimagic harmonious labeling for all
n>2. O

Corollary 2.7. The ladder L,, admits a super edge bimagic
harmonious labeling for all n > 2.

Proof. We proven that the ladder L, admits an edge bimagic
harmonious labeling for all n > 2. The labeling given in
the proof of Theorem 2.6, the vertices get labels 1,2,3,...,2n.
Since the ladder graph has 2n vertices and the 2n vertices have
labels 1,2,3,...,2n for odd and even n > 2, the ladder graph
L, is a super edge bimagic harmonious for all n > 2. O

Example 2.8. Bimagic harmonious labeling of Ly and Ly
are given in figure 3 and figure 4.

8 33 10 0 1

2o B oo ¥ o390 B oy P ok oy
o

2| 31 29| 27 25) 23 21 19 2

u

Figure 3. ladder Lo with k; — 43 and k, — 36.

5 16 43 17 41 18 39 19 37

1n 35 2 =
w Vio

35| 33 31 29| 27] % 24 2 | 4

Figure 4. ladder L, with k; = 47 and k, = 48.

Theorem 2.9. The circular ladder CL,, admits an edge magic
harmonious labeling for odd n.
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Proof. Let vcL,) = A{w,vi/1<i<n} and
E(CLn) = {u,-qu,viviH/l Slgn—l}
U{uvi/1 <i<n}U{ujun,viv,}. Then the graph CL, has
2n vertices and 3n edges.

Define a bijection f: VUE — {1, 2, 3,...,5n} such that

flu)=i,1<i<n
f)=2n
fvi)=n+i—1,2<i<n

wini+1) =5n—2i—1,1<i<n-—1

I
f(unu) 4dn—1
fv)=5n-1
1

fivig1)=3n—2i+1, 2<1<T

1
f(VlVl+l) 6n—21—|—1 <i<n-—1
(VnV) 4n—+1
fuvy) =3n-1
fluw))=4n—2i+1,2<i<n

For the edges uju; 1.1 <i<n—1

[(f (ui) + f (ui 1)) mod (q) + f (uiti +1)]
[((i4+i+1) mod (3n)+5n—2i—1]
=[(2i+1)+5n—2i—1] = 5n = k(say)

For the edge u,u;

[(f (un) + f (u1)) mod (g) + f (unur)]
[(n+1) mod (3n)+4n—1]
=[(n+1)+4n—1]=5n=k

For the edge viv»
[(f (v1) + £ (v2)) mod (g) + f (viv2)]
=[(2n+n+1) mod (3n) +5n—1]
=[1+5n—1]=5n=k

For the edges v;vi 1,

[(f (vi) + f (vig1)) mod (g) + f (vivii1)]
=[((n+i—1)+(n+1i))

mod (3n) +3n—2i+ 1]
=[2n+2i—1)+3n—-2i+1]=5n=k

n+1 .
For the edges v;vi 1, <i<n-1

[(f (vi) + f (vis1)) mod (g) + f (vivii1)]
=[((n+i—1)+(n+1i))

mod (3n) +6n —2i+ 1]
=[(2i—n—1)+6n-2i+1]=5n=k
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For the edge v, v;

[(f (va) + £ (v1)) mod (g) + f (vav1)]

=[((2n—1)+2n) mod (3n) +4n+1]
=[(n—1)+4n+1]=5n=k

For the edge ujv;

[(f (1) +f (v1)) mod (q) + f (w1v1)]
= [(1+2n) mod (3n) +3n—1]
[(2n+1)+3n—1]=5n=k

For the edges u;v;,2 <i<n

[(f (i) + f (vi)) mod (q) + f (u;vi)]
=[(i+ (n+i—1)) mod (3n)+4n—2i+1]
=[(n+2i—1)+4n—2i+1]=5n=k

Here, the edge labels are distinct and there exist a magic
constant for each edge xy € E, [(f(x) + f(y)) (mod q) + f(xy)]
yields the magic constant k = 5n. Therefore, the circular
ladder CL,, admits an edge magic harmonious labeling for odd
n. O

Corollary 2.10. The circular ladder CL,, admits a super edge
magic harmonious labeling for odd n.

Proof. We proven that the circular ladder CL, admits an edge
magic harmonious labeling for odd n. The labeling given in
the proof of Theorem 2.9, the vertices get labels 1,2,3,...,2n
Since the circular ladder graph has 2n vertices and the 2n
vertices have labels 1,2,3,...,2n for odd n, the circular ladder
graph CL, is a super edge magic harmonious for odd n. I

Example 2.11. Magic harmonious labeling of CL11 is given
in figure 5.

s 4
Figure 5. Circular ladder CL;; with k = 55.

Theorem 2.12. The circular ladder CL, admits an edge
bimagic harmonious labeling for all n.
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Proof. Let vcL,) = A{w,vi/1<i<n} and
E(CL,) ={uuir1,vivi1 /1 <i<n—1}U{uv;/1 <i<n}U
{ujuy,vivy}. Then the graph CL, has 2n vertices and 3n
edges.

Case 1: nis odd

Define a bijection f: VUE — {1, 2, 3,..., 5n} such that

f(vi) =2n
fv)=n+i—1,2<i<n

—1
f(uiui+1)=3n—2i+1,1§i§nT

1
uiui+1):6n—2i+1,%§i§n—l

Vav1) =2n+3
upvy) =4n+1
uv)) =5n—-2i+3,2<i<n

n—1
For the edges u;ju; 1,1 <i <

((f (ui) + f (ui 1)) mod (g) + f (uiui 41)]
[(i+i+1) mod (3n)+3n—2i+1]
=[(2i+1)+3n—2i+1] =3n+2 = ki (say)

n+1
For the edges u;u;1, <i<n-—1

((f (i) + f (wiy1)) mod (q) + f (wittiy1)]
=[(i+i+1) mod (3n)+6n—2i+1]
[(2i+1)+6n—2i+1] =6n+2 =k (say)

For the edge u;, u;
[(f (un) + f (u1)) mod (q) + f (unter)]

[(n+1) mod (3n)+2n+1]
=[(n+1)+2n+1] =3n+2 =k (say)

For the edge v| v»

[(f (vi) +f (v2)) mod (q) + f (viv2)]
=[(2n+n+1) mod (3n) +3n+1]
—[143n+1]=3n+2=k

—1
For the edges v;viy1,2 <i < nT

[(f (i) + f (vig1)) mod (g) + f (vivig1)]
=((n+i—1)+(n+i)

mod (3n) +4n —2i+ 3]
=[2n+2i—1)+4n—2i+3]
=6n+2=k
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1
For the edges vjvi+1, % <i<n-—1

[(f (vi) + f (vig1)) mod (q) + f (vivie1)]
=[((n+i—1)+(n+i)

mod (3n) +4n —2i+ 3]
= [(2i—n—1)+4n—2i+3]
=3n+2=k

For the edge v, v
[(f (va) + f (v1)) mod (q) + f (vav1)]

= [((2n—1)+42n) mod (3n) +2n+3]
=[(n—1)4+2n+3]=3n+2=k

For the edge u; v;
[(f (u1) + f (v1)) mod (q) + f (urv1)]

= [(142n) mod (3n)+4n+1]
=[2n+1)+4n+1]=6n+2=k

For the edges u;v;,2 <i<n
[(f (i) + £ (vi)) mod (q) + f (uivi)]

[(i+(n+i—1)) mod (3n)+5n—2i+3]
=[2i+n—1)+5n—2i+3|=6n+2=k;

Here, the edge labels are distinct and there exist two magic
constants for each edge xy € E,[(f(x) + f(¥))(modg)
+ f(xy)] yields any one of the magic constant k; = 3n+ 2
and ky = 6n+ 2. Therefore, the circular ladder CL,, admits an
edge bimagic harmonious labeling for odd n.

Case 2: n is even

Define a bijection f: VUE — {1, 2, 3,..., 5n} such that

flu)=i,1<i<n
fOi)=n+i1<i<n
f(“iui+l):5n*2i*1,1§i§g

2
f i 1) = 5n—2i—2, % <i<n—1

S (uguy) =4n—2
n—2

fwig1)=3n-2i—1,1<i< 5

f (ngu) =5n—1

2

2
f(vivigr) =6n—2i—2, % <i<n-—1

f(vpv1) =5n-2
fluwi) =4n—-2i—1,1 gigg
2
fuvi) =4n—2i, %gign—l

f(ugvy) =5n
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For the edges u;u; 1,1 <i <

NS

((f (ui) + f (i 1)) mod (q) + f (uii 41)]
[(i+i+1) mod (3n)+5n—2i—1]
=[(2i4+1)+5n—2i— 1] =5n =k (say)

2
For the edges u;u; 41, % <i<n-—1

[(f (ui) + f (ui 1)) mod (g) + f (uii +1)]
[(i+i+1) mod (3n)+5n—2i —2]
=[(2i+1)+5n—2i—=2]=5n—1 =k (say)

For the edge u, u;
[(f (un) + f (1)) mod (g) + f (untt1)]
=[(n+1) mod (3n) +4n—2]
=[n+1)+4n—-2]=5n—1=k
n—2

For the edges v;vi41,

[(f (vi) + f (vis1)) mod (q) + f (vivis1)]
=[((n+i)+(n+i+1))

mod (3n) +3n—2i— 1]
= [(2n 2+ 1) +3n—2i— 1] =5n =k

For the edge v%vm

(1) <;>>moj w41 ()]
-[(3 (( )

d (3n) +5n—1]
= [1+5n—1}
:5n:k1

n+2 .
For the edges v;vi1, <i<n-—1

[(f (vi) + f (viz1)) mod (q) + f (vivit1)]
=[((i+i+1)) mod (3n) +6n—2i—2]
=[(2i—n+1)+6n—2i—2]
=5n—1= k2

For the edge v, v1,

[(f (va) + f (v1)) mod (q) + f (vav1)]
=[((2n)+n+1) mod (3n) +5n—2]
=[1+5n-2]=5n—1=k

n
For the edges u;v;, 1 <1< 2

[(f (i) + f (vi)) mod (g) + f (uivi)]
=[(i+ (n+1i)) mod (3n)+4n—2i—1]
=[2i4+n)+4n—-2i—1]=5n—1=k;

n+2
2

[(f (i) + f (vi)) mod (q) + f (wivi)]
[(i+ (n+1i)) mod (3n) 4 4n — 2i]
=[(2i+n)+4n—-2i|=5n=1k

For the edges u;v;, <i<n-1

For the edge u,, v,

[(f (un) + f (va)) mod (q) + f (un V)]
= [(n+2n) mod (3n) + 5n]

= [0+ 5n]

=5n= k1

Here, the edge labels are distinct and there exist two magic
constants for each edge xy € E, [(f(x) + £ (»))( mod q) + f (xy)]
yields any one of the magic constant k; = 5n and k» = 5n— 1.
Therefore, the circular ladder CL, admits an edge bimagic
harmonious labeling for even n.

From cases (1) and (2), circular ladder CL,, admits an edge
bimagic harmonious labeling for all n. O

Corollary 2.13. The circular ladder CL,, admits a super edge
bimagic harmonious labeling for all n.

Proof. We proven that the circular ladder CL, admits an
edge bimagic harmonious labeling for all n. The labeling
given in the proof of Theorem 2.12, the vertices get labels
1,2,3,...,2n. Since the circular ladder graph has 2n vertices
and the 2n vertices have labels 1,2,3,...,2n for odd and even
n, the circular ladder graph CL, is a super edge bimagic har-
monious for all n. O

Example 2.14. Bimagic harmonious labeling of CL1| and
CL1, are given in figure 6 and figure 7.

Figure 6. Circular ladder CL;; with k; = 35 and k, = 68.
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Figure 7. Circular ladder CL; with k; = 60 and k, = 59.

Theorem 2.15. The triangular ladder TL, admits an edge
magic harmonious labeling for all n.

Proof. Let V(TL,) {ujvi/1 < i < n} and
E(TL,) = {uittis1,vivis1 /1 <i<n—1}U{uv;/1 <i<n}U
{uvi+1/1 <i<n—1}. Then the graph TL, has 2n vertices
and 4n — 3 edges.

Define a bijection f : VUE — {1,2,3,...

,6n — 3} such that

Sfw)=2i—1,1<i<n
fvi)=2i,1<i<n

f(uum) 6n—4i—3,1<i<n-—1
fvip)=6n—4i—51<i<n-2
fvp—1vy) =6n—4
fluv)=6n—4i—2,1<i<n-—1
f(upvy) =6n—75
fluwis))=6n—4i—4,1<i<n-2
S (up—1vy) =6n-3

For the edges uju;11,1 <i<n—1

[(f (i) + f(uiv1)) mod(q) + f(uitti 41)]
=[((2i—1)+(2i+1))

mod (4n—3)+6n—4i—
= [4i+6n—4i—3] =6n—3=k(say)

For the edges v;ivi11,1 <i<n—2

[(f (i) + f(vi+1)) mod (q)+ f (vivi41)]
=[((2i) + (2i+2)) mod (4n—3)+6n—4i—
= [(4i+2)+6n—4i—5|=6n-3=k

3]

5]

For the edge v,,—1v,
[(f(va=1) + f(va)) mod (q) + f(va—1Vn)]
=[((2n—2)+2n) mod (4n—3) +6n—4]
=[1+6n—4]=6n-3=k%
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For the edges u;v;,1 <i<n—1

[(f (i) + f (vi)) mod () + f (uivi)]

=[((2i—1)+2i) mod (4n—3)+6n—4i—2]
=[4i—-1)+6n—4i—-2]=6n—-3=k
For the edge u,,v,
[(f (un) + f(va)) mod (q) + f(unvn)]
=[((2n—1)+2n) mod (4n—3) +6n—75]
=[24+6n-5]=6n-3=k
For the edges u;jviy1,1 <i<n—2
[(f (i) + f(vi1)) mod (q) + f(uivis1)]
=[((2i—1)+(2i+2))
mod (4n —3) + 6n —4i — 4]
=[(4i+1)+6n—4i—4]=6n—-3=k
For the edge u,—1v,
[(f(un—1) + f(va)) mod () + f(un—1Vn)]
=[((2n—3) + (2n)) mod (4n—3) +6n — 3]
=[0+6n—-3]=6n—-3=k

Here, the edge labels are distinct and there exist a magic con-
stant for each edge xy € E, [(f(x) + f(y))(mod q) + f(xy)]
yields the magic constant k = 6n — 3. Therefore, the triangular
ladder T'L,, admits an edge magic harmonious labeling for all
n. O

Corollary 2.16. The triangular ladder TL,, admits a super
edge magic harmonious labeling for all n.

Proof. We proven that the triangular ladder TL,, admits an
edge magic harmonious labeling for all n. The labeling
given in the proof of Theorem 2.15, the vertices get labels
1,2,3,...,2n. Since the triangular ladder graph has 2n ver-
tices and the 2n vertices have labels 1,2,3,...,2n for odd and
even n, the triangular ladder graph 7L, is a super edge magic
harmonious for all n. O

Example 2.17. Magic harmonious labeling of TL is given
in figure 8.

5 45 7 4 9 3y U 33 13 915
40 36 32 28
38 3

5
24

7 21 1
57
55

53
52
5

3 49

48 44

49 2 34 26|

5T 0 56

Flgure 8. Tr1angular ladder TLlo Wlth k=157.

Theorem 2.18. The triangular ladder TL, admits an edge
bimagic harmonious labeling for all n.
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Proof. Let V(TL,) {uj,vi/1 < i < n} and
E(TL,) = {uinir1,vivip1 /1 <i<n—1}U{uv;/1 <i<n}U
{u;jvi+1/1 <i<n—1}. Then the graph TL, has 2n vertices
and 4n — 3 edges.

Define a bijection f: VUE — {1,2,3,...,6n— 3} such that

fw)=2i—1,1<i<n
fvi)=2i,1<i<n

Suui 1) =6n—4i, 1 <i<n-—1
flvip)=6n—4i—2,1<i<n-2
S (vp1vy) =2n+2
fluwi)=6n—-4i+1,1<i<n—1
fupvy) =2n+1
flupip)=6n—-4i—1,1<i<n-2
S (up—1vy) =2n+3

For the edges u;juir1,1 <i<n—1

((f (i) + f (i 1)) mod (g) + f (wiui 41)]
=[((2i—1)+ (2i+1)) mod (4n—3) + 6n —4i]
= [4i+6n—4i] = 6n = k| (say)

For the edges vjvi11,1 <i<n—2

[(f (vi) + f (vi+1)) mod (q) + f (vivi+1)]

=[((2{)+ (2i+2)) mod (4n—3)+6n—4i—2]
=[(4i+2)+6n—4i—2]=6n=k

For the edge v,—1v,
[(f (va—1) + f (va)) mod (q) + f (Va—1Vn)]
=[((2n—2)+2n) mod (4n—3)+2n+2)
=[142n+42]=2n+3 =k (say)

For the edges u;v;, 1 <i<n—1
[(f (ui) + f (vi)) mod (q) + f (u;vi)]
=[((2i—1)+(2i))

mod (4n —3) + (6n —4i+1)]

= [(4i—1)+6n—4i+1]
=6n= k]

For the edge u,v,
[(f (un) + f (va)) mod (q) + f (unvn)]
=[((2n—1)+ (2n)) mod (4n—3)+ (2n+1)]
=242n+1]=2n+3=k

For the edges u;jvi+1,1 <i<n—2

[(f (i) + f (vit1)) mod (q) + f (wivit1)]
=[((2i-1)+(2i+2))

mod (4n —3)
=[(4i+1)+6n—4i—1]

+ (6n—4i—1)]
=6I’l=k1
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For the edge u,—1v,

[(f (1) + f (v)) mod (q) + f (tn—1vn)]
=[((2n—3) +2n) mod (4n—3)+ (2n+3)]
=[0+2n+3]=2n+3=k

Here, the edge labels are distinct and there exist two magic
constants for each edge xy € E, [(f(x)+ f(¥))( mod g) + f (xy)]
yields any one of the magic constant k; = 6n and k, = 2n+ 3.
Therefore, the triangular ladder 7'L,, admits an edge bimagic
harmonious labeling for all n. 0

Corollary 2.19. The triangular ladder TL, admits a super
edge bimagic harmonious labeling for all n.

Proof. We proven that the triangular ladder TL,, admits an
edge bimagic harmonious labeling for all n. The labeling
given in the proof of Theorem 2.18, the vertices get labels
1,2,3,...,2n. Since the triangular ladder graph has 2n ver-
tices and the 2n vertices have labels 1,2,3,...,2n for odd
and even n, the triangular ladder graph TL, is a super edge
bimagic harmonious for all n. 0

Example 2.20. Bimagic harmonious labeling of T Ly is given
in figure 9.

52
Sl
&

5 48 7 4
47 43
45 a1

40
&)

1l 3% 1
35
33

R L
31

35

57| 53 37 29

v

0

Figure 9. Triangular ladder 7L with k; = 60 and k, = 23.

Theorem 2.21. The double ladder P, X P3 admits an edge
bimagic harmonious labeling for odd n.

Proof. Let V(P, x P3) = {u;,vi,w;/1 <i<n} and E(P, x
P3) = {uiuiH ,Vivig] ,W,‘WH]/I <i<n— I}U{uivi,viwi/l <
i <n}. Then the graph P, x P; has 3n vertices and 5n — 3

edges.

Define a bijection f: VUE — {1,2,3,...,8n—3} such that

f(u-):i 1<i<n
Vi) =

)—n—l—l—l 2<i<n
wi)=2n+i,1<i<n

ui; 1) =8n—2i—51<i<n—1
vivy) =5n->5
vivig1) =6n—2i—-3,2<i<n-—1

-5
4n —2i —

f(
(v
(
(
(
(
(w

Wl+1) 47

[\

n—73

In—-2i-17
n—2i 5

<i<n-—1

iWi1) =
6n—>5
Tn—2i—3,2<i<n
viw))=Tn—1forn=3
=4n—4forn>3

uvy) =

uv;) =

~ = \ \ \\\\\

(w
(
(
(
(

viwy)
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~1
flvw)=5n—2i—3,2<i< ”T

1
F(viwi) =5n—2i—2, % <i<n-—2

flviw;)=10n—-2i—5n—-1<i<n
For the edges uju;j11,1 <i<n—1,

[(f (i) + f (uiv1)) mod (q) + f (uitti11)]
[(i+i+1) mod (Sn—3)+8n—2i—5]
[(2i+1)+8n—2i—5] =8n—4 =k (say)

For the edge v,

[(f (v1) + £ (v2)) mod (g) + f (viv2)]
[(2n+n+1) mod (5n—3)+5n— 73]
[(Bn+1)+5n—5]=8n—4=k

For the edges vivi+1,2 <i<n—1,

[0+ (v551)) mod () + f (vvis1)]
= [((n+i= 1)+ (n+0)

mod (5n—3) +6n—2i—3]
= [(2n+2i— 1) +6n—2i—3]
—8n—d=k
n—>5

2

[(F (i) + £ (wisr)) mod (g) -+ F (wiwis )]
— [(@n+i)+ @n+i+1))

mod (5n—3)+4n—2i — 4]
=[(4n+2i+1)+4n—2i—4]
=8n—3 =k (say)

For the edges wiw;y1,1 <i <

n
For the edges wiw;y1, - <i<n-—1

[(f (i) + f (Wit1)) mod (q) + f (wiwig1)]
=[((2n+i)+(2n+i+1))
mod (5n—3)+9n—2i—7]
= [(2i—n+4)+9n—2i—7]
=8n—-3= k2
For the edge u;v;

[(f (1) + f (v1)) mod (g) + f (urv1)]
[(142n) mod (5n—3) +6n—5]
[(2n+1)+6n—5]=8n—4=k

For the edges u;v;,2 <i<n

((f (ui) + f (vi)) mod (q) + f (w;vi)]
=[(i+(n+i-1))

mod (57— 3) +7n—2i—3]
= [(n+2i—1)+7n—2i—3]
—8n—4=k
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For the edge viw; for the graph n =3

[(f (V1) +f (w1)) mod (g) + f (viw1)]
[((2n) 4+ (2n+1)) mod (5n—3)+7n—1]
=[(n—-2)+Tn—11=8n—-3=k

For the edge viw; for the graph n > 3

[(f (v1) + £ (w1)) mod () +f (viw1)]
=[((2n)+(2n+1))

mod (5n —3) +4n—4]
=[(4n+1)+4n—4]
=8n—3=k

n—1

For the edges viw;,2 <i <

[(f (vi) + f (wi)) mod (q) + f (viwi)]
=[((n+i—1)4+(2n+1i))
mod (5n—3) +5n—2i—3]
=[Bn+2i—1)+5n—2i—3]
=8n—-4=kK
For the edges v;w;, u <i<n-2

[(f (vi) + f (wi)) mod () + f (viwi)]
=[((n+i—1)+(2n+1i))

mod (5n—3)+5n—2i —2]
=[(3n+2i—1)+5n—2i-2]
=8n—3:k2

For the edges viw;,n—1<i<n

[(F () + f () mod () + 1 (viwo)]
=[((n+i—1)+2n+1i))

mod (5n—3)+10n —2i — 5]
= [(2i—2n+2) + 10n —2i — 5]
—8n—3—k

Here, the edge labels are distinct and there exist two magic
constants for each edge xy € E, [(f(x) + f(y))(mod ¢q) +
f(xy)] yields any one of the magic constant k; = 8n — 4 and
k, = 8n — 3. Therefore, the double ladder P, x P; admits an
edge bimagic harmonious labeling for odd . O

Corollary 2.22. The double ladder P, X P3 admits a super
edge bimagic harmonious labeling for odd n.

Proof. We proven that the double ladder P, X P; admits an
edge bimagic harmonious labeling for odd n. The labeling
given in the proof of Theorem 2.21, the vertices get labels
1,2,3,...,3n. Since the double ladder graph has 3n vertices
and the 3n vertices have labels 1,2,3,...,3n for odd n, the
double ladder graph B, x P; is a super edge bimagic harmo-
nious for odd n. O
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Example 2.23. Bimagic harmonious labeling of Py X P3 is
given in figure 10.

9 30 20 23 21 63 22 g6 23 4 28 62 25 60 26 58 27

Vi v
s 20 Pio a7 Z1 45 |1z 43 13 4 |F I 7t Y

49 5¢ 54 52| 50 48| 45| 44 )

Figure 10. Double ladder Py x P; with k; — 68 and k» — 69.

3. Conclusion

Here we proven that the ladder L,,, double ladder P, x P3
are edge bimagic harmonious graphs and circular ladder CL,,,
triangular ladder T'L,, are edge magic and bimagic harmonious
graphs.
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