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1. Introduction

In Mathematical analysis, general topology and functional analysis the fixed point theory play a very
important role. Many applications of fixed point theory in computer science, engineering field, image processing
and mathematics etc. Banach contraction mapping principle play a crucial role in the fixed poin theory. The
concept of dislocated metric space was first introduced by Hitzler in 2001. He generalized the Banach
contraction mapping principle in the dislocated metric space. The beauty of dislocated metric space that the self
distance between two points need not be necessarily zero. The logical programming, topology, electronic
engineering and computer science etc. these are the fields which the dislocated metric space play a very vital
role. Azam et al. introduced the complex valued metric spaces and proved Banach contraction mapping
principle. So many researchers proved many contraction principle by this complex valued metric spaces. Ozgur
edge and Ismet karaca introduced the complex valued disclocated metric spaces. Now we are going to prove the
complex valued dislocated metric spaces in the fixed point theorem satisfying rational contraction mapping.
Before entering into our main results we shall recall some basic definition and results which are needful.
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2. Preliminaries

We recollect some basic definitions and notions which is useful for proving our main results.
Let C' be the set of complex numbers and vy, v2 € C'. Define a partial order < on C' as follows:
v1 < vg if and only if Re(v1) < Re(va), Im(vy) < Im(va).

Consequently, one can infer that v; < v if one of the following conditions is satisfied:

(1) Re(v1) = Re(va), Im(vy) < Im(vs),

(ii)Re(v1) < Re(v2), Im(vy) = Im(vs),

(ii)Re(v1) < Re(v2), Im(v1) < Im(vq),

(iv)Re(v1) = Re(v2), Im(vy) = Im(vg).

In particular,we write v; < vy if v1 # vo and one of (7), (#4) and (4i%) is satisfied and we write v < vo if only
(i4) is satisfied. Notice that

(2) If 0 < vy < wg, then |v1] < |vgl,

(b) If v1 < vy and vo < w3 then v < wg,

©)Ifp,ge Randp < gthenpv < qu forallv € C.

Now we define a complex valued dislocated metric space

Definition 2.1. Consider 4 be a non void set and define a function v4 : H x H — C satisfies the following
conditions such that for all u,r,w € H

(])fyd(ua T) = ’Yd(ra u)

(2)ya(u,r) = va(r,u) = 0if and only ifu =r

(3)’7d(U7 T) < ’Yd(U, U)) + ’Yd(w’ T)

Then ~q is said to be complex valued dislocated metric space and call (H,~q) is a complex valued dislocated
metric space.

Example 2.2. Consider the function that vq : H x H — C be defined by v4(u,r) = max{u,r} where H = C
then it is called as complex valued dislocated metric space.

Remark 2.3. Every complex valued metric space is a complex valued dislocated metric space but converse need
not be true.

Definition 2.4. Consider (H,~;) be a complex valued dislocated metric space and define a sequence {uy,} in H
foreachu € H

(i)let the sequence {uy} be convergent to w in (H,~q) is said to be complex valued dislocated metric space then
for each € > 0 we can find ng € N such that yq(un, u) < € for each n > ng which is denoted by u,, — u
(ii)Consider the sequence {u,,} be cauchy sequence in (H,~,) is called complex valued dislocated metric space
if limu— 00Yd(Un, Untp) = 0 for each b > 0

(iii)Let (H,7yq) be a complex valued complete dislocated metric space if every complex valued cauchy sequence
in H converges to some u € H.

We state the two lemmas which are useful to prove our main theorem

Lemma 2.5. Consider (H,~vq) be a complex valued dislocated metric space.Let {u,} be sequence in H. Then
{un} converges to u if and only if |yq(tn,u)| — 0 as n — oo

Lemma 2.6. Consider (H,4) be a complex valued dislocated metric space.Let {u,,} be sequence in H. Then
{un} is a complex valued dislocated metric cauchy sequence if and only if |vq(un, Unts)| — 0 asn — oo

3. Main Results

In this section, we prove the theorem by using new rational contraction mapping in complex valued dislocated
metric space.
Now we first define the rational contraction mapping in complex valued dislocated metric space
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Definition 3.1. Let (H,~q) be a complete complex valued dislocated metric space. Consider the function G, T :
H — H which satisfies the rational contraction conditions

vi(Gu, Tr) < al[yqa(u,m)] + 1+ff([3i~(>u+’€:z]:’Tr> + c[va(u, Tr) + va(u, Gu)| for each w,v € H and the non

negativity constants are a, b, c

Theorem 3.2. Let (H,~4) be a complete complex valued dislocated metric space. Consider the function G, T :
H — H which satisfies the rational contraction conditions of (3.1) with 2a + 6b + 3¢ < 1 .Then G has unique
common fixed point.

Proof. Let ug be the arbitrary point in H. Now define uy, 11 = Guy,ugyo = Tuy 1, for each k € Z+ Therefore,
Ya (U1, Ukt2) = Ya(Gur, Tup41)
3b[’Yd(“k7TUk+1)]2

< a[’yd(uk’ ukJrl)} + 1+’Yd(uk»uk+1)+')’d(“k+17Tuk+1)+
clva(ur, Tugi1) + va(uk, Guy)]

3b[va (ur,upy2)]’
< afya(uk, wp1)] + 1+’Yd(uk7uk+1)+’)’d(uk+17“k+2)+

c[va(ur, upt2) + va(ur, uks1)]

3b[va (ur upg1)+Ya (g1, ups2)]?
< alya(ur, up+1)] + 14+va (ur,up 1) +va(Upt1,upt2)

c[va(ug, ups1) + va(Ursr, tks2) + va(ur, Upg1)]
[Ya (s, urt2)| < alya(ur, ups1)| + 3b|va(ur, wr1) + Ya(Upr, Urs2)]+
e 2va(ur, uks1) + va(urt1, ugr2)|

Since
114+ d(up, uks1) + d(vpgr, upg2)| > |d(ur, upr1) + d(Ups1, urg2)|
Now
IVa(ukt1, uk+2)| < alya(u, wrs)] + 3blva(u, wpt1)] + 3b[ya(ur+1, urt2)[+
2¢lya(ur, wit1)| + clva(ues1, wkt2)|
Therefore [ya(uk1, wkt2)] < {5 Ya(u, wpt)]
Similarly,
Ya (2, Ukt3) = Ya(Gupg1, Tup2)
3b[va(uk4+1,TUk+2)
= ahd(ulﬂfl’ uk+2>} + 1+7d(uk+17(Zk-fz-3lJrVd€Jk,2+2,Tuk+2)+
clya(ukt1, Tukt2) + Ya(uks1, Gk

]2

3blva (i1 tpts)]®
< alyalur+1, un2)] + 1+'Yd(uk+1>'U4k+2)+"/d(uk+2vuk+3)+

c[ya(urg1, urys) + va(urg1, Urs2

3b[va (ur+1,ut2)+ya(uere,unys)]’
< a[’yd(uk+1’ uk+2)} + 1+va(upg1,Uk42)+Vd (Ukt2,Ukt3) +

c[Va(trs1, uky2) + Va(Urt2, Ukt3) + Ya(Ukr1, Ukt2)]

IVa(t2, wkts)| < alya(uetr, ukt2)] + 3b|va(wrt 1, wet2) + Ya(up2, uk+3)|+
c2va(ur+1, kt2) + Ya(ur+2, tkts)]

Since

|1+ d(urtr, urt2) + d(Upgz, up+s)| > [d(urrr, tpgz) + d(Urr2, tegs)|

Now

[Va(ukt2, ur+3)| < alya(ptr, ukr2)] + 3blva(wpt1, ukt2)] + 3b|va(wrto, ukss)|+
2¢|va(urt1, upt2)] + cva(ur+2, up+s)|

Therefore

[Va(Urt2, ukt3)| < %W(WH,WH)I

e
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Since a + 3b + 2¢ < 1 therefore o = &3b+2¢

1—(3b+c)
Then, we have
IVa(Unt1, unt2)| < alva(tn, tntr)] < o < @™ ya(uo, uy)
Therefore for every m > n we have
|7d(un>unL)| < |7d(un; Un+1)| + |7d(un+17un+2)| F o + |7d(um—1aum)|
|r7d(u'n7u’m)| < [an +an+1 Fo +O(m_1]|’}/d(uO,u1)|

< %Wd(uo,mﬂ
Y (s )| < %Wd(uo,ulﬂ — 0asn,m — o
Hence {u,,} is a cauchy sequence. Since H is complete there must exist € H such that {u, } — zasn — oo
Suppose on contrary that x # Gz so v4(z,Gz) =y
Now
Y < va(®, Try2) + valurt2, G)
< ya(z, ugr2) +va(Tupg 1, Go)

3b z,Tu 2
< afya(@, ug1)] + 1+74($»u1£1d1()+7d(2142]17Tuk+1) + cha(e, Tursr) +7a(e, Go)]

2
S ahd(x’ Uk+1)} + 1+’Yd(-”ﬁifl[e1d1()ﬁl’;zzii]+17uk+2) + Chd(z’ uk+2) + 'Yd(f, Gl’)]
lyl < alva(@, wir1)| + 3blva(@, wes1) + Ya(ues1, uer2)| + clyva(@, upsr) + va(urgr, urs2) + valz, Go)
Since
11+ va(z, uks1) + va(urpr1, urr2)| > [va(@, ukr1) + va(Urrr, wrs2)]
Therefore
lyl < alva(@, wis1)| + 3blva(@, wer1)] + 30|va(wrr1, wkr2)| + clya(e, ues1) |+
chaluns s wnse)] + cha(, Ge)
Letting n — oo we have
Iva(z, Go)| < @8E2¢|y ) (1 2)| Since a + 6b + 2¢ < 1
Therefore, we have |v4(x, Gx)| — 0 which is the contradiction.
Hence Gz = x similarly we prove that Tz = z
To prove the uniqueness of common fixed point of G and T, let d € H be the another common fixed point of G
and T, we have
3b[ya(e,Td)]?

’Yd(zv d) = ’Yd(sz Td) < a[ﬁyd(x’ d)] + T+ vq(z,d)+va(d,Td) + C[’Yd(x’ Td) + 7d(177 GI)]

blva(z,d)]?
< alya(w, d)] + e Do+ clya(z, d) + va(w, )]

blya(z,d d,d)]®
< alya(z, d)] + RS D1 CIL 4 clyy (2, d) + yalw, 7)]
[va(z,d)| < alva(w, d)| + 3b|ya(z, d) + va(d, d)| + c|va(x, d) + va(z, z)|

Since |1+ va(z, d) + va(d, d)| > |7a(x, d) + va(d, d)

Now,

[Ya(x, d)| < alya(z, d)| + 3blya(z, d)| + 3blya(d, d)| + cha(z, d)| + clra(z, )]

|Pyd(x7 d)| < 17(a~3kb3b+c) |’7d(dv d)' + 1—(a£3b+c) |'7d(xv -T)‘

Since a + 6b 4 3¢ < 1 therefore we have x = d which shows the uniqueness of common fixed point. |

Corollary 3.3. Let (H,~4) be a complete complex valued dislocated metric space. Consider the function G, T :
H — H which satisfies the rational contraction conditions 4 (Gu, Tr) < a[ya(u, 7)]+c[va(u, Tr)+7vq(u, Gu))
for each u,r € H and the non negativity constants are a, c with 2a + 3¢ < 1 .Then G has unique common fixed
point.

Corollary 3.4. Let (H,~4) be a complete complex valued dislocated metric space. Consider the function G :
H — H which satisfies the contraction conditions vq(Gu™, Gr™) < a[yq(u, )] for each u,r € H and the non
negativity constant a with a < 1.Then G has unique fixed point.

Example 3.5. Let X= C be set of complex numbers.Define f : C x C — Cas follows where z; = x1 + iy1

e
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29 = o + iya .Then (C, f) is a complete complex valued dislocated metric space.

Define G : C — C as

0, ifr,y€qQ.
1426, ifx,ye€Q
G(z) =142 freQyecq

51 ifzeQ,yeqr

Let us consider x = \/3 and y = 0 we obtain,

F(G(V3),L(0)) = f(3,0) =3 < af(v/3,0) = a3

Therefore ,a = /3, which is a contradiction as 0 <a=<1

We notice that G*z = 0 so that 0 = f(G?z1, G%23) < af(21, 22) which shows that G* satisfies the requirement
of Bryant theorem and z=0 is the unique fixed point of T.
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