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A dominating set or dset of ¢ is called a s-path dset of ¢4 (2 < s < diam¥) if any path of length s € 4 has C
of one vertex in this dset. We indicate a s-path dset by D,,.. The s-path dominaton number or s-path dn of ¢
indicated by 7, (¢) is the minimal cardinality or MC taken over all s-path dsets of ¢. In that paper, we determine
domination number and s-path domination number for the brick product graph B(2n, &2, 2) (&2 = 2) related with
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1. Introduction

For a graph ¥ = (V,E) is a finite, not directed graph,
loopless and non parallel edges. If D C V is called a dset of
@, if every vertex ¢ D is adjoining to few vertex € D. The dn
of & denoted by y(¥¢) is the MC taken over all dset of 4.

A set F of edges € ¢ is called an edge dset if any edge e €
E — F is adjoining to > one edge in F. The edge domination
number ¥ (¢) of ¢ is the MC of an edge dset of ¥.

The open neighbourhood of N(e) is the set of all edges
adjoiningtoe € 4. If e = (u,v) is an edge in ¢, the degree of e
indicate by deg(e) is described as deg(e) = deg(u) +deg(v) —
2. The maximum degree of an edge in graph is denoted by

/

A (9D).

A dset of graph is called a s-path dset of 4 (2 < s <
diam%) if any path of length s € ¢ has C one vertex in this
dset. We indicate a s-path dset by D), .. The s-path dn of &

denoted by 7, (%) is the MC taken over all s-path dsets of
graph.

If any s-path dset is a dset but the converse need not be
accurate . Also we well known that |D| < |D,, |. Therefore
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Figure 1. ¥= (B(9,1,2)), v, (G) =4

The graph ¢= B(9,1,2) in figure , the sets D = {vg,v4}
, {vi,vs} {va,v7}, {v3,v7} etc are dsets. Without loss gen-
erality let us consider the set {vo,v4} as the dset but not a
2-path dset of ¢ since the paths vz —vs —vg , V3 — V5 — V7,



Domination and s-path domination in some brick product graphs — 255/257

v3 —v1 —vg and v — vg — vg of length 2 does not contain ei-
ther vo or v4. But, the set {vo, v3,v4,vg} is a 2-path dset, yp, =
4. If allow that |D| < |Dp,|

Definition 1.1. /3]

Let & ,n and 2 be a positive integers.

Let By, = ap,ay,ay,....,ax,—1,ao denote a cycle order
2n. The (£,2) - brick product of By,, [2] denoted by
B(2n,#,2), is defined in two cases as follows.

as

Wy
N
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Figure 2. The brick product graph B(10,1,5)
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Figure 3. The brick product graph B(10,2,4)

1. If & =1, we make necessary that 2 be odd and > 1.
Then, B(2n, &, 2) is attained from By, by connecting
chords arranyy 9, k = 1,2,...,n, where the computation
is performed modulo 2n.

2. If & >1, we make necessary that & + 2 be even.
Then, B(2n, &, 2) is attained by first taking the dis-
Jjoint union of & copies of By,

namely Bo,(1),B24(2),...,B2,(Z?), where for each i =
1,2,...,m, By,(i) = (i,0)(i,1)...(i,2n). Next, for each
oddi=1,2,..% —1andeachevenk =0,1,2,..2n—2,
an edge (called a brick edge) is drawn to join(a;,ay,) to
(@iy1,ax), whereas, for each eveni=1,2,..., 7 —1 and
eachoddk=1,2,...,2n—1, an edge (also called a brick
edge) is drawn to join (a;,ay) to (aiy1,ax). Finally, for
each oddk =1,2,..,2n— 1, an edge (called a hooking
edge) is drawn to join (a1,ay) to (az,ary9). An edge
in B(2n, 2, 2) which is not either a brick edge nor a
hooking edge is called a flat edge.
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2. Preliminaries

We bring the following result belonging to the dn of a
graph.

Theorem 2.1. [6] A dset D is a minimal dset < for any vertex
a € D, one of the following condition holds:

1. degree(a) = 0 of dset

2. Javertex b in V— D such that N(b) N\ D is equal to

{a}.

comparable to the theorem 2.1, we have the following
result for a s-path dset.

Theorem 2.2. A dset D, is a minimal s-path dset (s > 2)
< for each vertex u in D), one of the following conditions
holds:

1. degree u =0 of D,
2. avertexv eV —D, suchthat N(v)N\Dp, = {u}

3. If 9 is k- connected, k > 1 and v;,vj € D), then <
D, > is a disconnected graph and each vertex of D), —
{u} belongs to some cycle in 9.

Proof. Let D, be a minimal s-path dset of ¢. Then for every
vertex u € D), if the set D, — {u} is not a s-path dset in
¢, it follows that either degree u = 0 of D), or 3 a vertex
v €V —D, such thatN(v)ND,, = {u}. If 4 is k- connected
and k > 1, then for s > 2, every vertex of D), — {u} belongs
to some cycle in ¢ and we have the following two possible
cases.
Casel: Letv;,v; € D, suchthatd(v;,v;)=1. Then, <D, >
is a disconnected graph with one component as K, and the
remaining components are isolated vertices.
Case2: Letv;,v; € D, suchthatd(v;,v;) > 1. Then <D, >
is a disconnected graph in which all components are isolated
vertices.
Conversely, let D), be a s-path dset satisfying the conditions
above. For the purpose of contradiction, let us assume that
Dy, is not minimal. Then there must exist a vertex u € D),
such that D, — {u} is also a s- path dset. Hence, for atleast
one vertex v € D, — {u}, there must be a path connecting u
and v in ¢, so that {u} cannot be an isolated vertex of D, and
hence condition 1 fails. Also, every vertex in V —D,,_ lies in
some path connecting atleast one vertex in D, — {u} so that
conditions 2 also fails. For condition 3, it is easy to observe
that {u} lies in some cycle of ¢ along with the vertices of
V —(Dp, —{u}). So condition 3 also fails. This contradicts
the fact the D, — {u} also a minimal s-path dset.

Hence the proof. O
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3. Main Results

We provide the results connected to the domination and
the edge dn of some brick product graphs.

Theorem 3.1. Let Y = B(2n,2,2). Then y(¥) = 2[5] for
n >3, where 2=2j, j=1,2,3.4.

Proof. We consider V(¥4)= V; UV,, where V|= {v<17,-)} and
Va={vpy}, i=1,2,3....2n, modulo 2n and E(¥) = & U
SHUEUEUE U S, where 81 = {ei/ei = (v(1,),V(1,i+1)) }>
& = {e;-/e; = (v2,i)»V@,it1))}s i = 1,2,..2n, module 2n, &
={lp/lp = (V(ig)V(it14))}> for every odd i = 1,2..m — 1
and every even k =0,1,2..2n -2, p=1,2,...(n—1), & =
{1,/1, = (V1.0 V2x4n))}. for every odd k = 1,2,...(2n — 1),
& ={c1/er = (v vaam) b G = {e1/¢) = (v veam)}
modulo 2n.

Letn > 3.

Consider the set D = D; UD»,
where D] = {V(174j_2)}, 1 S j S [%—I and D2 = {V(2,4k) U
Voo b 1 <k<[5]—1

The above set D is a minimal dset, for any vertex a € D,
D —{a} is not a dset. consequence, few vertex b € V —DU
{a} is not dominated by any vertex € DU{a}. Ifbe V —D
and b ¢ dominated by D — {a}, but is dominated by D, then b
is adjoining exclusively to vertex a € D, i.e N(a) N D is equal
to {a}.

Therefore |D| = 2[5 ], it follows that y(¥) = 2[5 ].

Hence the proof O

Theorem 3.2. Let 9 = B(2n,2,.2). Theny (9) = 2[ 2] for
n >3, where 2=2,8.

Proof. The V(%) and E(¥) are as theorem 3.1.
Letn > 3.
Consider set F = F1UF,

{eqp-2},  n=0(mod3)
where Fi = ¢ {e134-2}, n=1(mod3)
{61731*2} ) {91,2)17] }, n= 2(m0d3)
1SPS23£,1§q§ << ing
{e@3p-1)} n = 0(mod3)
B=q{e3g1}, n = 1(mod3)
{231} U{e22n-1}, n=2(mod3)
1<p< 23—n,1§q§ (2n+4],1§t§ 2n+2

The above set F is a minimal edge dset, for every edge
fi € F, F—{fi} is ¢ an edge dset for neighbourhood of f; €
¢. For every set carry edges < that of F' cannot be a dset of
graph. Also graph is a 3-regular and every edge of ¢ is of
degree 4 and an edge of graph be able to dominate < five
well defined edges of graph inclusive of itself.

Therefore |F| = 2[%1, it follows that y (%) = 2[%]

Hence the proof

Theorem 3.3. Ler 9 = B(2n,2,2). Then ¥ (4) = 2[ 2] for
n >3, where 2= 4,6.
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Proof. The V(%) and E(¥) are as theorem 3.1.
Letn > 3.
Consider set F = F1 UF,

{eqsp-1)},  n=0(mod3)
{e13g-1}U{eran-1}, n = 1(mod3)
{ers-1}U{e1on—3} U{ern—1}, n=2(mod3)

2(n—1)
?j and

where F| =

2 2
1<p<Ti<g<|Tla<i<|

{e@ap-2)},  n=0(mod3)
= q{ex34-2}, n=1(mod3)
{e2z2}U{ernn—1}, n=2(mod3)
2 2n+4 2n+2
lépég,lﬁqé f%hlgzg[ n ]

The above set F is a minimal edge dset, for every edge
fi € F,F —{f;} is ¢ an edge dset for neighbourhood of f; €
9. For every set carry edges < that of F' cannot be a dset of
graph. Also graph is a 3-regular and every edge of ¢ is of
degree 4 and an edge of graph be able to dominate < five
well defined edges of graph inclusive of itself.

Therefore |F| = 2(%], it follows that ¥ () = 2[%"]

Hence the proof O

we provide the results related to the s-path domination of
some brick product graphs.

Theorem 3.4. Let 4 = B(2n,2,2). Then ¥,,(¥) = 2n for
n >3, where 2=12j, j=1,2,3.4.

Proof. The V(%) and E(¥) are as theorem 3.1.

Letn>3

Consider the set D), = V; UV,, where V| = {v;2;_ } and
Va={vx}, 1<i,j<n

The set D), is a minimal 2-path dominating set, for ev-
ery vertex of D), — {u} belongs to some cycle in & and let
vi,vj € D), such that d(v;,vj)=1. Then, < D, > is a discon-
nected graph with one component as K, and the remaining
components are isolated vertices.

Therefore, |D), | = 2n, it follows that ¥, (¢) = 2n.

Hence the proof O

Theorem 3.5. Let ¥ = B(2n,2,2). Then Y,,(¥) = 2n for
n >3, forn >3, where 2=2j, j=1,2,3.4.

Proof. The V(%) and E(¥) are as theorem 3.1.

Letn>3

Consider the set D), = V; UV,, where Vi = {v;2;_1 } and
Va={vu 2}, 1<i<n 1 <j<[5]

The set D, is a minimal 3-path dset, for any a € D,,
Dy, —{a} is ¢ a 3-path dset and also, some b € V —D,,
is not dominated by any vertex in D,, U{a}. Hence, either
a=b or b €V —D,,. But, degree a of D, if a=b, and, if
b €V —Dp, and b is not dominated by D), — {a}, but is
dominated by D,,, then b is adjoining exclusively to vertex
a € Dp,,i.e. N(a)ND,, is equal to {a}.

Therefore, |D,,| = 2n, it follows that y,,,(¢) = 2n.

Hence the proof.
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4. Conclusion

In this paper, the vertex domination number y(¥) and edge
domination number )/ (%) , also s-path domination number

Yy, (¢) associated with the brick product graphs of even cycles
B(2n,#,2) (£ =2) are determined.
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