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Mixed problem with an pure integral
two-space-variables condition for a third order
fractional parabolic equation
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Abstract

In this paper, we establish sufficient conditions for the existence and uniqueness of a solution, in a functional
weighted Sobolev space, for Caputo fractional differential equations with integral conditions. The proof uses
a functional analysis method presented, which it based on energy inequality and the density of the range of

operator generated by the problem.
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1. Introduction

Fractional differential equations ( FDEs) are generaliza-
tions of differential equations of integer order to an arbitrary
order. These generalization play a crucial role in engineering,
physics and applied mathematics. Therefore, they have gen-
erated a lot of interest from engineers and scientist in recent
years. Since FDEs have memory, nonlocal relations in space
and time , and complex phenomena can be modeled by using
these equations. Indeed, we can find numerous applications
in viscoelasticity, electro-chemistry, control theory, porous
media, fluid flow, rheology, diffusive transport, electrocal net-
work, electromagnetic theory, probability, signal processing,
and many other physical processes.

Problem which combine local and integral conditions for a
second order parabolic equations is investigated by the poten-
tial method by Cannon [12] and kamynin [26], by Fourier’s

method by Ionkin [24] and by energy inequality method in
[30] and [5].

Existence and uniqueness of solution to parabolic fractional
differential equations with integral conditions have been stud-
ied by Ossaif Taki-Eddine and Bouziani Abdelfatah [29].

Mixed problem with an integral two space- variables con-
dition for a third order parabolic equation has been studied by
Ossaif Taki-Eddine and Bouziani Abdelfatah [28].

Our work is a generalization on a third order parabolic
Fractional Differential Equations with the Caputo derivative.

2. Preliminaries and formulation of the
problem

Let I'(.) denote the gamma function. For any positive
integer 0 < o < 1, the Caputo derivative is defined as follow

DXv(x,t) =

t
1 / Iv(x, 1) " 1
0

M—a) o ot g™ @D

In the rectangle Q = (0,1) x (0,T), with T < —+eo, we con-
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sider the third order linear fractional parabolic equation

pu— O ae)2) = Fx0) 2.2)
t axz ) ax - 1) .
with the initial condition
lu=u(x,0)=¢(x), xe(0,1), (2.3)
local boundary conditions
u )
FN =0, i€{0,a,B,1}, t€(0,7T), (2.4)
d%u
— = T 2.
a2, 0, re€(0,7), (2.5)
d%u
- = T 2.
Fra 0, re(0,7), (2.6)
and the weighted integral conditions :
o 1
/ u(xJ)dx—i—/B u(x,t)dx=E({), t€(0,T), (2.7)
0
o 1
/ xu(x,t)dx—i—/ﬁ xu(x,t)dx=G(t), t€(0,T). (2.8)
0

F(x,1), ¢(x) are the known functions and a(x,t), E(¢) and
G(1) satisfy the following conditions :

Condition 1 o
The coefficient a(x, ) is a real-value belonging to C?(Q) such
that

1. co <a(x,t)<cy;

1 da(x,t) )
2. Ea(x,t)f ax ZO’
3. a(x,1) —33“5);’) > 0.

In condition 1 and the rest of the paper, c¢;,i = 1,...,6
denote strictly positive constants

Condition 2

L.LO<a<B<l, a+p=1;
1

2. G(t) = 3

(> +1-B*)E(t) = aE(t) ;

3.l +1-B2=a+1-B=2a.
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In this paper, sufficient conditions for existence and unique-
ness of solution in a functional weighted Sobolev space for
Caputo fractional equations are established.

Since the boundary conditions are inhomogeneous, we
construct a function

—6(a?+1—PAx+4(a®+1- %)

W(X,t)f 4(a3_53)_3(a2_ﬁ2)+1 E(t)
12x—6 G
+4(a3—ﬁ3)—3(a2—ﬁ2)+1 (t)a

and we introduce a new function i(x,t) = u(x,t) —w(x,1).

Then problem (2.2) - (2.8) can be formulated as

J? dii
Om_ _— =
Dii e (a(x,t) ax) g(x,1), (2.9)
li=i(x,0)=w(x), xe€(0,1), (2.10)
dii ,
— =0, i€{0,0,B,1}, t€(0,T), (2.11)
ax |x:i
d%i
ﬁ‘){:o =0, te (O,T), (2.12)
d%ii
L 0, te(0,T), (2.13)
o 1
/ (x, 1) dx + /ﬁ A(x,)dx=0, 1€(0,T), (2.14)
0

a 1
/ xﬁ(x,t)dx—i—/ﬁ xii(x,t)dx =0,
0 .

where
2 dw(x,1)

ox

€(0,T), (2.15)
g(x,t) = F(x,t) —D¥w(x,1) <a(x,t) ) ,
¢ (x) —w(x,0).

Again, introducing a new function v = i — ii(x,0) = i — y(x),
problem (2.9) - (2.15) can be formulated as

toa

y(x)

9? d
D¥v — 52 (a(x,t)a;> = f(x,1), (2.16)
lv=v(x,0)0=0, x€(0,1), (2.17)



Mixed problem with an pure integral two-space-variables condition for a third order fractional parabolic equation —

3; =0, iE{0,0Z,ﬁ,l}, t€<OaT)> (2.13)
%
Wlxzo = 0, IS (O,T), (219)
%
3, =0 1€ (0,7), (2.20)
o 1
/ v(x,t)dx—f—/ﬁ v(x,t)dx=0, t€(0,T), (2.21)
0
o 1
/ xv(x,t)dx+/ﬁ xw(x,t)dx=0, te(0,T), (222)
0

where

_ d%a(x,t) dy
f(x7t) _g(x?t)+ 92 g

d%a(x,t) dy  d%a(x,t) dw(x,t)

=Flon+ 0x2  dx ox2 ox ’
dy _9¢ B ow(x,0)
dx  dx ox

Hence, instead of looking for the function u, we seek the
function v. The solution of problem (2.2), (2.3), (2.4), (2.5),
(2.6), (2.7) and (2.8) will be simply given by the formula

u(x, 1) =d(x, t) +wlx, t)
=v(x, 1) +w(x, 1) +i(x,0)
=v(x, 1) +wlx, 1) +y(x)
The solution of problem (2.16) - (2.22) can be considered
as a solution of the operator equation

Lv=f. (2.23)

The operator L maps from E to F, where E is the Banach
space consisting of functions v € L?(Q) such that

dv 9%v v 2%y
o vr v e txi 2
D/'v, % 2 D €L (Q).

The norm in E is defined by

M= [ [ ( / aDto‘vd&)zdxdt
+/OT/B1 </XDf‘vd<§>2dxdt 2
(/0 (5—x) ‘;(3;)) dx  (2.24)

+ sup
0<1<T
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and [ is the Hilbert space with the finite norm

ILv]) = / Fdxdr. (2.25)
Q

Theorem 2.1. Let conditions 1 and 2 be fulfilled . Then for
any fuction v € D(L), we have the inequality

Vlle < cllLv[|p, (2.26)

where c is a positive constant indépendent of v.

Proof. Multiplying the equation (2.16) by

My, 0<x<aq,
Myv={ My, a<x<f,
My, B<x<1
where

o
M1V:4/ D,avdé
X

- (/5 D{fvdn — (1 - é)m%) dE,  (@27)

My =(x—a) /ﬁ DY vd§ + (X—ﬁ)/:D?Vdga (2.28)

JX

I [* 4
M3V:_Z./B Dt Vdé

x (g
7/ </ DYvdn +(1§)D,°‘v) dé&, (2.29)
B \/B
and integrating over QT = (0,1) x (0,T).
1. On the interval (0, ), we denote Qf, = Q4 = (0, &) x

(0,T), we get
[ ftsMivdsdr = [ ot (4 [ oevae
= ([ pevan - - i ) a ) v
L8 ) o)
/ 7 2( 0% )
(o s o

(2.30)

Integrating by parts each term of the right hand-side of

8%
aet“@ﬂ”ﬂ,
(S

260
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(2.30) and using the conditions (2.17)-(2.22), we get
o
/ DYy (4/ DYvd&
Qq X
g4 o
—/ (é D&vdn — (1 — 5)1),%) dg) dxd
X

37 a 2
+§ (/ Df‘vd&) dxdt, (2.31)
JQq x

| % (atwn ) (o [ it
7/; </: Df*vdn — (1~ i)D?v) dé) dxd

o 2
= [ (5—x)a(x,t)D} <§;> dxdt.  (2.32)

Qq

Replacing M;v in (2.30) by its representation (2.27),
we get

[ s [t
_/ (/;D?‘vdn ~(1 —cS)Df‘v> d&)dxdt
:/gaf' (4_/antan§> dxdt
([ (o) g ) avar
“J ()0

Integrating by parts the last term of the right-hand side
of (2.33), we obtain

/Q (f-/a(l—é)Df‘vdé)dxdz
= [ (r0-0 [“oag ) avar
7/Qaf'/x (/g Dz“vdn) dédxdr.  (2.34)

Substituting (2.34) into (2.33), we obtain

)Davd§> dxdt. (2.33)

o
fMvdxdt = /Q f (4/ D,avdﬁ) dxdt

Qo

+ (f.(1—x)/ap,“vd§> dxd
Qq X
-2 f / ( /5 D vdn) dédxdt.  (2.35)

261
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Integrating by parts the last term of the right-hand side
of (2.35), we

2 gaf'/xa </:D,°‘vdn> dEdxdi
_ 2'/0T (/(;afo‘vdnd§> (/Oaf(x)dx) di
+2/Qa (/jD}"vdé) (/xaf(é)é) dxdi.

(2.36)

Putting, (2.36) into (2.35) and using the Cauchy in-
equality, we can estimate

FMyvdxdt
Q

4 a 2
< — D/vd dxdt
281/ (/ ! 6) 3

48
! / Frdxdt

—i—g (1 —x)2f2dxdt
2 Jo,

1 « o\
— D
+282/Qa (/X ,vd§> dxdt

2

1 T a
+— </ fo‘vdx) dt
€ Jo 0
T o 2
+83/ </ fdx> dt
0 0
Py 2
+e4/ </ fdé) dxdt
Qq x

1 a 2
+ — </ D,O’vdé) dxdt, (2.37)
€4 JQq x

where

/Q < / fd&j) dxdt

<4 / )2 f2dxdi

+2/ </ fdx> dt

<4 / Fdxdt

+2/ </ fdx) dt.



Mixed problem with an pure integral two-space-variables condition for a third order fractional parabolic equation —

Consequently, (2.37) becomes

2

2 o
/ f-Mvdxdt < —/ (/ Df‘vdé) dxdt
Qq &1 JQq X
1 a 2
— D¥vdE | dxdr
28 /Qa <A o é) *
82 T o 2
+2 [ Pavdi+e / ( / fdx) dt
2 Jag 0 0
1 (T o 2 .
4 ( / Df‘vdx) dt + 4e, / Pt
&g Jo 0 Qu
2

T / ra
+2s4/ (/ fdx) dr
Jo \Jo
1 a 2
+— (/ Df‘vd?j) dxdt.
€1.JQ, X

1oe / Fdxdi +
Qq

(2.38)

2. Ontheinterval (o, 8), we denote QE,B =Qup=(a,B)x
(0,T), we get

/ f-Mrvdxdt
Qa.ﬁ

- [, oo (tema) [
+(x—;s)/axngvd5> ddr

e (05)
(- [ o

+(x—B) /:Df‘vdzg> dxdt. (2.39)

Integrating by parts each term of the right hand-side of
(2.39) and using the conditions (2.17)-(2.22), we get

-/S;a,g DXy ((x —a) /xﬁ D*vd&

+(B —x) ./:D,avdé) dxdt

:/ga'ﬁ (/fnﬁmg) (/xﬁv,%d(:) dxdt

+%(B—a)/ (/fo‘vd§>2dxdt, (2.40)

Qa.ﬂ o
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+(B —x) /:Df‘vd§> dxdt
dv

« 2
= /QM3 (B —a)a(x,t)D; (3x> dxdt.
(2.41)

Replacing M,v in (2.39) by its representation (2.28),
we have

/ fMpvdxdt
JQqp

(e [
+(B —x) /a XDf‘vdg) dxdt. (2.42)

By virtue of Cauchy inequality, from (2.42), we obtain

/ f-Myvdxdt
Qaﬁ
1 B 2
< f/ (/ Dtavdé) dxdt
2. Qa.ﬁ Jx
1
+= / (x — o) frdxdt
2 Qup

1 2 2
+2/Qw([3—x) Fdxdr

1 x 2
+*/ (/ Df‘vdﬁ) dxdt.
2 ro,ﬁ a

3. On the interval (f3,1), we denote QE =Qg=(B,1)x
(0,T), we get

(2.43)

/Q My = /Q ﬁ D%, (_i /;D;xvdé
f/l: </; DYvdn + (1 5)[),%) dé) dxdt
/Qﬁ ;722 (a(x,t)grc) (i/ﬁ%,%d&) dxdt
+/Qp ;—; (a(x,t)g:)

x (/ﬁ (/; D&vdn + (1 — é)D,“v) dé) dxdi.
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Integrating by parts each integral of the right hand-side
of (2.44) and using the conditions (2.17)-(2.22), we
obtain

x [
—/ﬁ </ﬁ Df‘udn+(1—§)of‘u)d§>dxdt
3 x 2
_° o
=1, (/ﬁ D! vd§> dxdt
T 1 1
+2/ (/ Dlo‘vdx) (/ fo‘vdx) dt
o \Jp B

17 T .1 2
-5 ( /ﬁ D,“vdx> dt, (2.45)
JO .

92 dv | I
/Q/3 ppl (a(x,t)gx> <4/ﬁ D; vdé)dxdt
92 . dv
+ Qﬁﬁ a(x7 )a
x [/ ré
x (/ﬁ (/ﬁ D?vdn+(1—§)1>f‘v) d&j) dxdt
5 a /v
= QB(Z—X) a(x,t)b? <ax> dxdt.  (2.46)

Replacing M3v in (2.44) by its representation (2.29),
and integrating by parts the terms of the right-hand, we
obtain

1,
oy f-Mszvdxdt = /Qﬁ f (4/13 D¥vd&
_/x </.5 Dtavdn—O—(l—é)Df‘v) dé) dxdt
s \Up

. L
=[,7 <—4/ﬁ D vdﬁ)dxdt
_/g'zﬁf((l —x)/;Df‘vd§>dxdt
f(/;/; D;xvdnd§> dxdt.

(2.47)

Integrating by parts the last integral of the right hand-
side of (2.47), we have

.
—2 f(//D,“vdndij)dxdt
Qp B /B

:—Z/OT (/ﬁlfdx> (/BlDf‘vdx—/;xD,“vdx> dt

+2 b, < /ﬁ Df‘vdé) < /B fd&)dxdt. (2.48)

263
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Substituting (2.48) into (2.47), and using Cauchy’s €—
inequality. Observe that

f-Mzvdxdt
Qp
1 x 2
< / / DEvAE | dxdr
8¢5 Qg B
/ Fdxdt + =2 / x)2 2 dxdt
Qp

1
+— / (/ Davd§> dxdt
2¢&6 Qﬁ
+ & < fdx) dt
Davdx> dt
+eg ( fdx) dt

s U
L) et
(4

Davd§> dxdt
89 Qp

+ & / ( /X fd&j) dxdt. (2.49)

Estimated the last integral of the right hand-side of

(2.49)
X 2 )
/9/3 (/ﬁ fdé) dxdt§4/gﬁ(x—ﬁ)f dxdt

<4 [ fldxdr. (2.50)
Qp

Therefore, by formulas (2.49) and (2.50), we have

FMvdxdr < 3 / Fdxdt
Qp 8 Jay

1 x 2 &6
+— / ( / Df‘vdé;> dxdt + = / fPdxdt
885 Q[g B 2 QB
1 x 2
+£/Q </B Df‘vdﬁ) dxdt
6 /8
T 1 2
2610 / ( / fdx) dt
0 B
9 (T / rl 2
to A (/[3 Df‘vdx) dt
10
1y ¥ 2
+;9 A </ﬁ Df‘vd&) dxdt
B

+4gg / f2dxdt, (2.51)
Qp
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where €9 = & + &. Qa‘ﬁ, we obtain
B o B "
Substituting (2.31), (2.32) and (2.38) into (2.30), on /Q /a D;'vd¢ / D/vd§ | dxdt
Q,,, we obtain o.p ;
1 X
5 T/ ra 2 e +5(ﬁ—oc)/Q (/a D?vd§> dxdt
,/ (/ Df‘vdx) dt—2/ (/ D,avdx> “f 5
2Jo \Jo Jo \Jo g« (dv
o +(B 706)/ a(x,t)D/} (8) dxdt
X (/ xD,“vdx) dt Qap u
’ 1/ B 2
s /o 2 < / / DEvdE ) dxdr
+= (/ Df‘vd@') dxdt 2¢ Jagp \Jx
2 J0a \Js € 2,0
v a w2 [ - ap v
+/ (S—x)a(x,t)—v—Df‘vdxdt 2 JQg
Qq ox 0x | ; 5
<2g Fdxdt + ZT?’/ , (/ D?vdé) dxdt
Qq Qq,
2 a 2 )
+= ( / D,"‘vd§> dxdt T3 / Jodxdr. (2.54)
1 -Qa X
2 .
1 « With
+— / / DAvdE | dxdt !
28 Ja, \Ux b 2
D/ vd dxdt <
+% / frdxdt /Qaﬁ < / ! 5) =
Qq
B B
TN / ( / Df‘vdi) ( / D,%d&) dxdt. (2.55)
e | [ fax ) ar Qup \Ja x
1 (T a 2 That implies
+— (/ Df‘vdx) dt ,
& Jo 0 B o
T Q 2 /Q / D; Vdg dxdt
Sty / Frdxdi + 264 / ( / fdx) dt Pap \x
Qq Jo \Jo 1 , . 2
: « > +5 —a)/ (/ ngd§> dxdt
+— ( / Df‘vd§> dxdt. (2.52) Qup \Ja
€14 JQq x « /o )
+eol f(x)/ a(x,t)D/? () dxdt
So, we get Qup ox
1 . ﬁ o 2
5 (T o 2 T o < 7/ / D, Vdg dxdt
,/ (/ Df‘vdx) dth/ </ Df‘vdx) 2e Ja, 5 \Jx
240 \do 00 £ 22
o 3 o 2 +§/ (x—00)” f~dxdt
X / xDfvdx | dt + 5 / DYvdE | dxdt Qap
0 2 | . )
0 & Aki—;/“ (/“D?vd§> dxdt
+/Qa(57x)a(x,t)$.$Dt vdxdt € JQqp
)2 f2
< (281 +%+4€4)/Q fPdxdt 2 /aﬁ x)”f dxdt. (2.56)
o

2 1 1 o 2 Combining the same terms of (2.56), we have
Rl i e / / Dfvdé | dxdt
& 286 &) Ja, \Ux | B 2
T / ra 2 (1—)/ (/ D¥vd& | dxdr
+ (& —|—284)/ </ fdx> dt 28 ) Jagp \Jx
0 0

? < (B-a)- ;) (/a Davd§>2dxdt
2

1 T o
+ — (/ Df‘vdx) dt. (2.53)
& Jo 0

a.p
- , Yeo / (B - 3‘( ) dxdi
Substituting (2.40), (2.41) and (2.43) into (2.39), on Qu p

264
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e ¢ ’
<(z+= / Fldxdt. (2.57)
202 Qup

1
Ifo:pU.tE:l7 8/:m+1,
1 1 (B—a)? €
= — B L — d — —
“ (2([3 o) 2e'> 201 B 272"
ok the inequality (2.57) implies
1 B g
- / / DEvdE | dxdr
2 Qaﬁ X
. o /9v\2
— a)D2
+eo /Q (B — a)D, ( ax) dxdi

2
+cl/ </ Dtavdé) dxdt
Qa,ﬁ o

<o / Fdxdt. (2.58)
Qa,ﬁ

Substituting (2.45), (2.46) and (2.51) into (2.44), on Qp, we

have
X 2 T 1 2
3 (/ Df‘vdé) dxdt—g/ (/ Df‘vdx) di
2 Jag \JB 8 Jo \Jp
T/l 1
—|—2/ (/ Dlo‘vdx) (/ﬁ fo‘vdx)dt
+/ ffx/ )g ;Davdtdx
&s 1 x a 2
<3 fddr+8—5/g /ﬁD,vdé dxdt
B
2
X
-|-36 fd dt+2L6/Q </B D,“va’é) dxdt
B
T 2 [T/, 2
+2£10/ (/ fdx> dt+—/ (/ D! vdx> di
0 B €10 Jo B
1 x 2
+— DIvdE | dxdt+4ey | frdxde
t
€ Jog \J/B Qg
: | - 2
s%s /Q P + - /Q ( /ﬁ D,“vdé) dxdt
. B
N 2
/ fddt+2 / (/ﬁ D,“vdcf) dxdt
£
T/ fl 2 2 T/ gl 2
—|—2£1o/ (/ fdx) dt—|——/ (/ Df‘vdx) dt
0 B €10 Jo B
1 x :
+— (/ Df‘vd&) dxdt
& Jog \JpB

+ 4 / f2dxdt. (2.59)
Qp

265
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Then,

2

3 x 2 17 /T 1
= (/ D,avdé) dxdt——/ (/ Df‘vdx) dt
2 Jap \JB 8 Jo \Jp
T/ ol 1
+2/ (/ D,‘xvdx) (/ fo‘vdx) dt
B
v I
+/ f—x/ )(9 aDvdtdx
111 r o\
<ot t— / /Dtvd.ﬁ dxdt
8es  2¢ & Jog \J/B
T / 1 2
210 / ( / fdx) dt
0 B
2 T 1 2
+— </ Df‘vdx) dt
€10 B

+( + +4£ / F2dxdt. (2.60)

We are adding between (2.53) and (2.60), we obtain

3 o 2

-/ ( / Df‘vdg) dxdt
3 v e\

+ = D vd€ | dxdt
2. Q

2

8/( dx) di
+/ (5-x)a xtDtg(
o (5

) dxdt
+ (f—x %

) dxdt
o 4

< (281 —|—E+484)/ f dxdt

2 1 1 2
- _ _ Da
+< +282+84>/ </ tvdé) dxdt

T
+ (&3 +2¢4) ( fdx) dt
0

2 T 2
( > ( Davdx> dt
&3 €1

+<F§ +4e /fdxdt

1 11 2
+<++)/ (/ D,“vd.‘,‘) dxdt
8e 28 & Qp \J/B

2

+2slo/oT (/ﬂlfdx) dr.
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That implies We are adding between (2.58) and (2.63), we get

o 2
/ (/ Df‘vdé) dxdt
Qq X
3 “pevae ) dvd * ’
5/% / fvds | dxdt + (/ Df‘vd&) dxdr
Qp B

3 o\ . >
+2/§23 (/[3 D; vd§> dxdt + [ (5-xp (gv) dnds

3

8

(] mever) ]
D,“vdx> dt 5 g( )dd
Jo B + Qﬁ X xdt
—|—/ ( Davdé) dxdt
5 g (dv 2 fap
—i—/gﬁ(4—x)a(x,t)D, <8x> dxdt +/ <
Qa.p

< (24 +%+4£4) / Fdxdt

+/ B—a) g(&v) dxdrt
2 1 1 : Qup ox
+<+—|—>/ </ D,avdé) dxdt

€1 26 &4

+ (&34 2¢4) /OT< fdx) dt Cg (/ fzdxdt+/ fldxdt—l—/ (/ fdx)zdt
<g3 € ) T< Da”"x)zd’ + / ( / fdx) dr + /Q y fzdxdt>

Davd ) dxdt

+ (@*?GH )/ frdxdi <es ( / Fdxdi + / Fdxdt + / Fdxdt

R T ) Q " o
* (885+86+89>2/9ﬁ (/ﬁ u Mg) et +/ ((/ fdx> n (/Blfdx)2> di.  (2.64)
2810 /0 ! ( /ﬁ 1 fdx> dt. (2.62)

1
With ¢3 = min (, o, c1> ,ca =max(17,¢p) et cs = —
4 Cc3
Therefore, we get

o 2
/ ( / Df‘vd§> dxd
Qq x
2 " g
1 a DAvdE | dxdt
3 : 2 s opf (2 dua
42 (/ Df‘vd§> dxdt + Q( )07 | 5 | dxdt
8 .Jas \J/p ¢
a (Iv\? + . 3‘( ) dxdt
—I—CO/gza(S x)D/? (ax) dxdt QB
5 g (ov\? + / ( D“vdg) dxdt
+CO/Q/5(4_X)DI (ax) dxdt aﬁ
of (
B

69
<17 / FPdxdi+ 2 / F2dxdi
Qq 8 Qp

Ifwepute =4,6=2,63=8,e4=2,6& =6 =1,6 =2
and €19 =4, we get

Davd ) dxdt
T / ra 2 | 2 +/ (B g(&v) dudt
Ot X
12/0 (/0 fdx) dt+8/0 (/ﬁ fdx> dr.  (2.63) s o
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<cs ( /Q fFPdxdt 2 2
—i—/OT((/Oafdx) dt+(/ﬁlfdx>>dt>

<6 / Fdxdt. (2.65)
Q

where ¢ = 1 +c5.

The right-hand side of (2.65) is independent of 7, hence
replacing the left-hand side by its upper bound with respect
to 7 from O to 7. Thus inequality (2.26) holds, where ¢ =

(ce)?. O
Proposition 2.2. The operator L from EE to I is closable .

Proof. Suppose that v, € D(L) is a sequence such that

v 2570 in E, (2.66)

Lv,"25° f in F, (2.67)
We must show f = 0. Equation (2.66) implies that

v "25°0 in D'(Q). (2.68)

By vertue of the continuity of derivation of D' (Q) in D' (Q),
we have

n——+oo

Zv," 250 in D(Q).

We see via (2.67) that

(2.69)

n—+

Lv," 5 f in Ly(Q), (2.70)

then

Zv," 25X F in D(Q). (2.71)
By virtue of the uniqueness of the limit in D' (), (2.69) and

(2.71) imply that f = 0. O
Definition 2.3. A solution of the equation

Iv=f, 2.72)

is called a strong solution of problem (2.16), (2.17), (2.18),
(2.19), (2.20), (2.21) and (2.22).

Since points of the graph of L are limits of sequences of
points of the graph of L, we extend (2.26) to apply to strong
solutions by taking the limits.

Corollary 2.4. Under the conditions of Theorem 2.1, there is
a constant C > 0 independent of v such that

Ve < |Ivlle,  veD(Q). (2.73)

Corollary 2.5. Assert that, if a strong solution exists, it is
unique and depends continuously on f, if v is considered in
the topology of E and f is considered in the topology of F.

Corollary 2.6. The rang R(L) of the operator L is closed in
IF and R(L) = R(L), where R(L) is the range of L.
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3. Solvability of the problem

To show the existence of solutions, we prove that R(L) is
dense in F for all v € D(L) and for all arbitrary f € F.

Theorem 3.1. Suppose the conditions of Theorem 2.1 are
satisfied. Then the problem (2.16)-(2.22) admits a unique
strong solutionv=1L" f L- 1f

Proof. First we prove that R(L) is dense in F for all v €
D(L). O

Proposition 3.2. Let the conditions of Theorem (3.1) be sat-
isfied, if, for @ € L*(Q) and for all v € D(L), we have

/ Lvodxdt =0, 3.1
Q
then @ vanishes almost everywhere in Q
Proof. The scalar product of I is defined by
(Lv, o)p = / Lvodxdt, (3.2)
Q

then, equality (3.1) can be written as

/D“wddt—/a—z (z)a odxdt.  (3.3)
QtV X 7an2 a\x a Xdr. .

If we put

v =Bz, 7)) = /O (D),

where

2

9 (e D) g

2 X
5 (an BEED ) ¢ 120,

As a result of (3.3), we obtain

/ DO (2(x, 7)) wdxdt

7/ 2 < 83’(()& )))wdxdt.

In terms of the given function @, and from the equality (3.4)
we give the function @ in terms of z as

(3.4)

o1, 0§x§0€,

o= o, a<x<p, (3.5)
m, B<x<I1,
where
a &
- / /0 Fi(2(n,©)dndé, (3.6)
B &
= / /a Fi(2(n,7)dndé, 3.7)
1 g
w3=/ /ﬁ Gi(z(n,7))dndé. (3.8)
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So, w € L*(Q), and z satisfy the same conditions of the func-
32
0,

tion v and Ep 2|x g=0

<
b=

Replacing w in (3.4) by its representation (3.5) and inte-
grating by parts each term of (3.4) with the use of conditions
of z, we obtain

e On the interval Qy = (0, ) x (0,T), we have

/Q DI, (2(x, 7)) dxdr

92 0 ,
= /Qa E) <a(x,t)&(§(;r))> wdxdt.
(3.9)

Integrating by parts each integral of (3.9) and by using
the conditions of the function z, we get

/Q DO, (2(x, 7)) @1 dxdt =

/ (‘5(/ Si(z xrdé)))zdxdt, (3.10)

[, 5 (22520
><< / / St(z(n,r))dnd§>dxdt

— 5 [ aleE )2 g

+%, g;a % (3:(2(&,7)))* dxdt

g/()(i a“)( (&) e G

Substituting (3.10) and (3.11), we have

/Qa (Dtg (/X&(Z(x, T)dé)))zdxdt

< /OT(—;H )(&( Eo)Pd. (312)

da(x, t)
dx

L (oF ([sitetn T)dé))>2dxdt <o,

(3.13)

1
Since —Ea(x, 1)+ <0, we have

e On the interval Q, g = (o, ) x (0,T), we obtain

/ DEF, (2(x, 7)) rdxdt =
Qup

22 3% (z(x, 7))
/Qaﬁ 52 (a(x,t)ax ) andxdt.
(3.14)
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Integrating by parts each term of (3.14) and taking ac-
count conditions of the function z

/ DO, (2(x, 7)) wndidr
. Qa‘ﬁ

:L Dta (S"[(Z(nar)))
af

8 (/XB /j Sr(Z(TM))dnal§> dxdt
= '/S.Za.g <Dtg (/:St(z(x, r)d&)))zdxdt_

(3.15)

Then

/ D5 (z(x, 7)) wadxdt =
Qa‘ﬁ

/Qaﬂ (Dtg (/: Si(zlx, r)d§)> ) " g, (3.16)

L& ()
« ( / / s,(z(n,r))dndz;> dxdt

= (@@ )

2
+3 /Q e )

Combining the above expression and (3.16), we arrive

at
/Q <Dtg (/x&(z(x, T)dé)))zdxdt

O @ (3(a(&, )2 (Bt

)
a 2
—1-2/Qaﬁax(&(z(§,’c))) dxdt. 317

Estimated the right-hand side of (3.17), we get

./;m.l3 (ng (/ax 5 (z(x, r)d§)> ) ’ dxdt

:_é "4 (@&, 1) [
0

1 da

+ 5 s I (St(z(é»f)))zdxdf

< %/OT (a+33j) (3/(z(€,7)))*dr. (3.18)

o
00,
S5272
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Hence, if a(x, 1) —3 9a(ax, 1) 50, we have By combining (3.21) and (3.24), we arrive at
X =
2
a X 2 “ .
/ <Dt2 </ el T>d§)>> dxdt < 0. /QB <Dt2 </ﬁ B (z(x, r)di))) dxdt
'Qa,B o
< [[(-30+ 5) G ontan G2s)

e On the interval Qg = (B, 1) x (0,7), we obtain

. 1 da(x, t) .
/ DY, (2(x, 7)) ndlxd — Us%ng that Ea(x, ) — > 0, we have following
Qg estimated
92 d
/ L <a(x7t)gt(z(x’f))> wsdxdr. (3.20) o[ 2
o O Ix /Q D; /ﬁ (2, 1)dE) | ) ddr <o0.
B
Integrating by parts each term of (3.20) and using the (3.26)

conditions of the function z, we have

/Q DY, (2(x, 7)) scldt — /Q D% (§,((n, 7)) A summation of (3.13), (3.19) and (3.26) leads to
B B

([ i (01, ) an, L (o ([ st r)dé)))zdxdr
hence +/aﬁ <D, </ Be(z(x,7)d&) >> dxdt

D5 (z(x, 7)) w3dxdt = u
/Qﬁ 2 + ( 2(/ 3z ”d:;—)» dxdt <0. (3.27)

/S;B <D,g ( /ﬁx&,(z(x,r)dé))) dxdi. (321 -

/gﬁ o ( ag,(a(x))) /Q a (D,g ( /a "3, r)d&)))zdxdt
x (/ / Sr(z(n,r))dnc@) dxdt +/Qaﬁ (Dtg (/:S;(z(x, T)d&)))zdxdt

1 o x 2
=5 | a@(=(&, 1)) [iZpdr +/ (D; (/ﬁ 5z, r)d&))) dxdt =0, (3.28)
Q
aa b
3 [ L@l ) (62) |
2 Jaz dx we conclude that z =0 ; hence @ = 0, which ends the proof
We now estimate the right-hand side of (3.22) as follows of the proposition 3.2. -
1 ( Fi(2(E, 1)) izlli dt We return to the proof of Theorem 3.1. We have already
T noted that it is sufficient to prove that the set R(L) is dense in
2 F.
dxdt
3/, 20 (&)
T/ 1 da ) Suppose that, for some @ € R(L)* and for all v € D(L),
S/o <—2a+>( (z(8,7)))7dt. (3:23) e have
Thus we have, by virtue of (3.22) (Lv, ®) 2@ / Lvwdxdi — 0.
/ ( 9% (z(x,7)) )
Qg 9x2 dx Hence Proposition 3.2 implies that @ = 0.
We have just proved that R(L)* = {Op}, then R(L) is dense
x (/ / 5i(z(n r))dndg) dxdt inF.

IN

/Of <;“ + 33) (3:(2(€,7)))7dr.  (3.24)
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