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A parameter uniform numerical method for a
singularly perturbed initial value problem with Robin
initial condition
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Abstract

In this paper an initial value problem for a singularly perturbed first order differential equation with Robin initial
condition is considered on the interval (0,1]. A numerical method composed of a classical finite difference
scheme on a piecewise uniform Shishkin mesh is suggested. This method is proved to be first - order convergent
in the maximum norm uniformly in the perturbation parameters. A numerical illustration is provided to support

the theory.
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1. The Continuous Problem
Consider the initial value problem with robin boundary

condition on the finite interval [0, 1]

e (x) +a(x)u(x) = f(x) for all x € Q, (1.1

u(0) —eu' (0) =1 (1.2)

where Q = (0, 1], the functions a(x), f(x) € C*(Q) and as-
sume that the singular perturbation parameter € satisfies 0 <
€ < 1. It is assumed furthermore that the coefficient function
satisfies the condition

a(x) > o >0, forall x € Q. (1.3)
The above problem can be rewritten in the operator form

Lu= f on Q (1.4)
with

Bu(0) =1

where the operators L, B are defined by

(1.5)

L=¢eD+a, B=1—¢D
. . . d .
where [ is the identity operator, D = — is the first order
X
differential operator. The reduced problem corresponding to

(1.1) - (1.2) is

(1.6)
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2. Analytical Results

The operator L satisfies the following maximum principle.

Lemma 2.1. Let y be any function in the domain of L such
that By(0) > 0. Then Ly(x) > 0 on (0, 1] implies that y(x) >
0on [0,1].

Proof. Let x* be a point such that y(x*) = miny(x) and
X
assume that y(x*) < 0. For x* = 0, then

Bw(0) = w(0) —ey'(0)

< 0, which is a contradiction.

Therefore, x* # 0.
Suppose x* € (0, 1], then

Ly(x") = ey (x") +a(x")y(x")
<a(x’)y(x’)
< 0, which is a contradiction.

Hence our assumption y(x*) < 0 is wrong. It follows that
y(x*) > 0 and thus that y(x) > 0, for all x € Q, which proves
the lemma. 0

As an immediate consequence of the above lemma the
stability result is established in the following

Lemma 2.2. If y is any function in the domain of L such that
for each x € 0,1], then

W] < max{\IﬁW(O)II%IIWH}

Proof. The following two functions are defined:

o) =max{ | BY(0) . 3 | Ly I} + vl
0 () = M ()

where M = max{|[By(0)||, £ ||Ly||}. Then, it is not hard to
verify that $6*(0) > 0 and L6=(x) > 0 on Q. It follows
from Lemma 2.1 that 6% (x) > 0 on Q. Hence,

Wl < max{[|Bw(O)l, - lLwl}
O

Lemma 2.3. Let u be the solution of (1.1), (1.2). Then, there
exists a constant C such that

) <C{lI LI+ 111}
')l <ce LI+ 171}
W'l < Ce 2 {I LI+ 1 A1+ 171
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Proof. From Lemma 2.2, it is evident that,
1
()l < By O]+ lILwl.
Thus,
lu@)| <IN+ FIT
From (1.1), we get
W' (x) = e~ (f(x) — a(x)u(x)).
Hence, |u' (x)| < Ce™ " (||1[| +[|£1])-
Differentiating once the equation (1.1), we get
e’ (x) +a(x)u' (x) = f(x) — d (x)u(x).
Using the bounds of ' and u
" (x)] < e[ ()l +Ce (I + (111
+C+11£1D]
and hence,
" ()] < Ce2 (1A + 1211+ [1£11-
O

3. The Shishkin Decomposition

The Shishkin decomposition of the solution u of (1.1) is
given by
U=v+w 3.1

where the smooth component v of the solution u satisfies

Lv=fonQ (3.2)
with

Bv(0) = up(0) — €ug(0) (3.3)
and the singular component w is the solution of

Lw(x) =0 on Q (34
with

Bw(0) =1— Bv(0). (3.5)

Lemma 3.1. The smooth component v, satisfies for x € &,
V)| <C(l+e), V') <C, P <ce .
Proof. The smooth component v is further decomposed into

v=yvy+ €V 3.6)
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where vy is the solution of the reduced problem

)

vo(x) = @. (3.7
The component v; satisfies the following equation

ev) +avy = —vj(x) (3.3)
with

v1(0) —&v}(0) = 0. 3.9

From the expressions (3.7) and using Lemma 2.2, it is found
that for k = 1,2,

WP <c. (3.10)
From (3.8) and (3.10), the following bounds hold:
WO <ce™*, k=12 3.11)

Substitute (3.10) and (3.11) in (3.6), we get
WO @) <ce™ k=1,2
as required.

Bounds on the singular component w of u and its derivatives
are contained in O

Lemma 3.2. There exists a constant C, such that, for each
x€0,1]

ox

wx)| <Ce™ &
W (x)| <Ce e F

W (x)| < Ce 2e™ ¢

Proof. To derive the bound of w, define the two functions
vt (x) = Ce™ € +y(x).

For a proper choice of C, By~ (0) > 0 and for x € Q

(04
Ly*(x) = —Cs;e““/£ + Cae™ /¢ > 0.

By Lemma 2.2, = > 0 on Q and it follows that
lw(x)| < Ce /.

From (3.4) and differentiating (3.4) once, and using Lemma
2.2, it is not hard to see that

W (x)| <Cele e
and
W (x)| < Ce2e™ ¢

as required. O
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4. The Shishkin mesh

A piecewise uniform Shishkin mesh QY = {xj}llv with N
mesh-intervals is now constructed on Q = [0, 1] as follows. A
simpler construction requiring just one parameter T suffices.
The interval [0, 1] is subdivided into 2 sub-intervals [0, T) U
(7, 1]. The parameter T which determine the point separating
the uniform mesh, is defined by

1 ¢
=min< —, —InN 4.1
. mln{z,an} @)
Clearly,
1
0<t< -

2

Then, on each of the sub-intervals [0, 7) and (7, 1], a uniform
mesh of % mesh points is placed.

5. The Discrete Problem

The initial value problem (1.1) is discredited using the
backward Euler scheme applied on the piecewise uniform

fitted mesh Q" = {x j}gl. The discrete problem is

L"U(x;) = eD U (xj) +a(x))U(x)) = f(x;), j=1(1)N(5.1)

U(xo) —eDTU(xo) = L. (5.2)
The problem (5.1) can also be written in the operator form

INU = fon Q" with

BNU(0) =1
where LY = €D~ +a with
BN =1—eD"

and DT, D™ are the difference operators

U(xj) —U(xj-1)
Xj—Xj—1

Uxj1) ~Ux;)

D U(x;)=
(x7) F—

s D+U(Xj) =

Lemma 5.1. Let QN be any mesh on Q. Assume that the
mesh function ®; satisfies Py > 0. Then IN®; >0, for all
1 <i <N, implies that ®; > 0, for all 0 <i < N.

Proof. Let k be such that &, = OminNCD,- and assume that
<i<

@, < 0. Suppose that k = 0, then

ﬁNCD() =&y — 8D+(I)()
< 0, which is a contradiction

Therefore, k # 0.
Suppose ®; € QV, then

LN(I)k =€eD” Dy +ady.
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Then, clearly, ®; —P;_; <0 and so

D, — D
k kl+¢k<0

Vo =g K1
Xk — Xk—1

which is false. Therefore ®; > 0 and hence ®; > 0, for all i,
0 <i <N, as required. O

Lemma 5.2. Let QV be any mesh on Q. Then, for any mesh
function ®, the following estimate holds for all i,0 <i <N,

| < BN N .|.
|Pi < [B ¢0|+0g?g<N|L )

Proof. Consider the two mesh functions
¥ = |@g| + max |[LND;|+P;.
0<j<N
It is not hard to see that BV > 0 and that LVW;* > 0. Ap-

plying the discrete maximum principle (Lemma 5.1) then
gives ‘I’ljE >0, and so

|<I>," < |<I>()| + max ‘LNCI)]'|
0<j<N
as required. O

6. The Local Truncation Error

From the discrete stability result, it is seen that in order to
bound the error U — u, it suffices to bound L™ (U — u). Notice
that, for x; € QV,

LN (u(xj) =U(x))) = LYu(xj) = L"U (x;)

Using integration by parts to reduce the order of differentiation
in the integral, it is not hard to verify that

B d 1 K "
(D _dx> u(xj):m/_ (xj—1—s)u" (s)ds. (6.1)

Xj—1

It follows that

[

Therefore,

IN

.
ﬂ/ ! (s—x;_1)ds

Xj 7)Cj,1 Jxjo

1
< §|M|2(xj*xj—l)'

[ (e (x7) = Ue ()| < [ Sluloloey =0 62)

Analogous to the continuous case, the discrete solution U
can be decomposed into V and W which are defined to be
solutions of the following discrete problems

(LNV)(xj) =€eD V(xj)+a(x;)V(x;) = f(x;j) on oN
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V(0) —eDTV(0) = v(0) — &V/(0)
and
(L"W)(xj) = eD"W(x;) +a(x;)W(x;) =0 on QY
W(0) —eD™W(0) = w(0) — ew'(0).
The error at each point x; € Q" is denoted by U(x;) — u(x;).
Then the local truncation error LY (U — u)(x;) has the decom-
position

LNU —u)(xj) = LN (V =) (x;) + LN (W —w)(x;).

It is to be noted that for any smooth function ¢, the follow-
ing two distinct estimates of the local truncation of its first
derivative hold.

(D™ D) (xy)| < 2max |o/(s) (63)
and
(D™ D)o (xy)| < 2 maxo(5) (64)

where Ij =Xj—Xj—1.
The error in the smooth and singular components are bounded
in the following section.

7. Error estimate

The proof of the theorem on the error estimate is broken
into two parts. First, a theorem concerning the error in the
smooth component is established. Then the error in the singu-
lar component is established.

The following theorem gives the estimate of the error in the
smooth component V.

Theorem 7.1. Let v denote the smooth component of the
solution of (1.1), (1.2) and V denote the smooth component
of the solution of the problem (5.1), (5.2). Then

LMW =) ()| < N
Proof. From the expression (6.4),

IBY(V —v)(0)] < C(x; —x0) max [v"'(s)] (7.1)

s€[xp,x1)
<cN L
From the differential and difference equations
NV —v)=LNv - LNy
=Lv—LNy

e\ D™ d
= —— ).
dx



A parameter uniform numerical method for a singularly perturbed initial value problem with Robin initial condition —

By the local truncation error, we have
[N (V=) (x))] < Ce(xj—xj-1)|v]2

It is to be noted that x; —x;_| < 2N ~1 holds for all choices of
the piecewise uniform mesh the estimate for v obtained above

then yields
LYV —v)()| <N
<CN.

(7.2)

O

The following theorem gives the estimate of the error in the
singular component W.

Theorem 7.2. Let w be the singular component of the solu-
tion of (1.1), (1.2) and W be the singular component of the
solution of the problem (5.1), (5.2). Then

ILN(W —w)(xj)| <CN~'InN.

Proof. The solution argument depends on whether the transi-

. €
tion parameter T= — or T = — InN.
2 o

1
C i)tT=—
ase (i) T 5

N =

1 £
When T = —, the mesh is uniform and it satisfies P InN >
From the expression (6.4)
IBY(W —w)(0)] < Ce(x1 —xp) max [w"(s)]
S€[x0,x1]

<CN 'InN.

(7.3)

The solution argument used above then yields
ILY (W —w)(x))| < Celxj —xj-1)|wa.

Since x; —x;_; <2N ~1, the estimate for |w|, obtained which
gives

Therefore,

2InN
|LN(W —w)(x;)| <CN~'InN, since £' < g

o
(7.4)

€
Case (ii): 7= alnN

In the second case the mesh is peicewise uniform, with the
2(1—1) .
in

27
mesh spacing N in the subinterval [0, 7] and

the subinterval [, 1]. A different argument is used to bound
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|We — we| in each of these subintervals.

In the subinterval [t, 1], with no boundary layer, both W,
and w, are small, and because |We — we| < |Wg|+ |wg|, it suf-
fices to bound w, and W, separately.

Sub - case (i): For the subinterval [0, 7].

Since the mesh is peicewise uniform, with the mesh spacing

2
NT in the subinterval [0, 7]. It is to be noted that
IBY(W —w)(0)] = W(0)—eD"W(0)—w(0)+eD w(0)

e [D* - ﬂ w(x0)

< 8C(x1—x0)|w|2
27T ox
< eC=—Ce % &
N
€
< Cce'N'ZmN
o
< CN 'InN.

The classical argument leads, to the following estimate of the
local truncation error

YW —w)(x)] < E(g—x)wh

2
€27 ax
< EWC&‘_ze_T

€
< CN_llnN, since T = alnN.
The above estimates show that, in the interval [0, 7]
[(W —w)(x;)| <CN"'InN. (7.5)

Sub - case (ii): For the subinterval [t,1]

From Lemma 2.2 it is not hard to see that
lw(x;)| <CN~! for j > g

Consider the barrier function
¥ (x) = CBY(x;) £W(x;), 0<j<N.

where

oh; -
BN(xj):H<l+ c )
By applying Lemma 5.2, it can be show that
LNy*(x)) = D™ y(x)) +alx;) y(x;)
=eD BY(xj) +a(x;)BN (x;) £ LYW (x;)
=eD B"(xj) +a(x;)B" (x;)
= —aB"(xj-1) +a(x;)B"(x))
—aBY (xj_1)+a(x;)BN (x;—1)
0.

(AVARYS
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It is not hard to find that

By (0) = CBY (BY (x0)) £ BY (W (x0))
=BV(x) — ¢ [BN(XI) _BN(XO)]

X1 — X0
>0.

Hence, LN y* > 0 and ¥ y* > 0, by applying Lemma 5.1
we have y*(x;) >0, 0< j<N.

Hence,

—1

IN
=

as required. O

Theorem 7.3. Let u be the solution of the continuous problem
(1.1), (1.2) and U be the solution of the discrete problem (5.1),
(5.2). Then

IU—ul| <CN7!

Proof. From Lemma 5.2, it is clear that, in order to prove the
above theorem it suffices to to prove that ||(LN (U —u))|| <
N But, [|(L¥(U — )] < [[(N(V — )|+ [N (W —
w))||- Hence using theorems 7.1 and 7.2, the above result is
derived. O

8. Numerical lllustration

The numerical method proposed above is illustrated through
an example presented in this section.

Example 8.1. Consider the initial value problem

e (x) + (1 +x)u(x) =5, Vxe (0,1] with

u(0) —eu' (0) = 2.

The numerical solution obtained by applying the fitted
mesh method (5.1) and (5.2) to the Example is shown in
Figure 1. The order of convergence and the error constant are
calculated and are presented in Table 1.

419/420

Table 1. Values of DY, DV, pV. p* and Cg* generated for

the example

Number of mesh points N
" Ep o 756 512
0.100E+01 0.193E+00 0.145E+00 0.781E-01 0.405E-01 0.206E-01
0.125E+00 0.159E+00 0.109E+00 0.694E-01 0.420E-01 0.245E-01
0.156E-01 0.156E+00 0.107E+00 0.680E-01 0.411E-01 0.240E-01
0.195E-02 0.156E+00 0.107E+00 0.678E-01 0.410E-01 0.240E-01
0.244E-03 0.156E+00 0.107E+00 0.678E-01 0.410E-01 0.239E-01
Pl 0.193E+00 0.145E+00 0.781E-01 0.420E-01 0.245E-01
P 0.411E+00 0.895E+00 0.895E+00 0.776E+00
Cp] 0.324E+01 0.324E+01 0.232E+01 0.166E+01 0.129E+01
The order of ¢ -uniform convergence p* — 0.411E + 00
Computed £ -uniform error constant, CI yx = 0.324E 401

4.5

35

2.5

(11

[2]

[31

(41

[51

[6]

[71

(8]
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Figure 1
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