Malaya Journal of Matematik, Vol. 8, No. 2, 433-444, 2020
https://doi.org/10.26637/MJNM0802/0018

Frequency analysis of Halo orbits in the
Sun-Mercury system
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Abstract

Mercury is the planet which gains maximum radiation pressure from the Sun. On 20th October 2018 Bepicolombo
was launched to do the comprehensive study of the magnetic field, magnetosphere, surface and internal structure
of the Mercury. For this we need to maintain the nominal multi-revolution halo orbits. In this paper, we have
considered the Sun-Mercury-satellite in the model of restricted three body problem with zero eccentricity. Here
continuation method have been used to obtain the halo orbits around the Libration points L; and L, . We observe
that the frequencies remain constant throughout the time interval using wavelet transform. The ridge plot at the
initial guess confirms the periodicity of the halo orbits.
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Contents to the Mercury have become a topic of debate after Mariner
10 and MESSENGER’s exploration. On 20th October 2018,
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1. Introduction

Mercury is the fastest and smallest planet situated in the
innermost region of the Solar system. Interplanetary missions

Three-Body Problem), particularly halo orbits around L1 and
L2. The libration point L;, L, are considered as the bound-
ary point where the gravitational force of the secondary body
exist. Now a days L, L, points are observed as the most
suitable points through which we can transfer interplanetary
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spacecraft with minimum required energy. [3, 4]. Trajectories
around L in the Sun-Mars system in the restricted three-body
problem with photo gravitational effect have been studied by
[5]. They investigated that the radiation pressure makes longer
the halo orbits also the radiation pressure push the halo orbits
towards the sun when we increase its time period. [6] have
also computed halo and Lissajous orbits. They investigated
the Sun-Earth-satellite system with photogravitational effect
of the Sun and oblateness of the Earth. They observed that
radiation pressure and oblateness increases the time period
around L; and decreases around L,. [7] and [8] have nicely
explained the geometry and motions at the collinear points of
the centre manifold. [9] used Lissajous trajectories around L
and L, and evaluated the performance of a Lunar Global Posi-
tioning system. They also checked the applicability of Lunar
global Communication system on both sides of the Moon. As
we all know that there are various chaotic indicators or tools to
investigate the nonlinear dynamical system i.e. the structure
of the phase space. Time-frequency analysis based on wavelet
transform is one of them, which deals the motion in the plane
of time and frequency . Therefore the TFA (time frequency
analysis) is a tool to detect the nature of the motion i.e. peri-
odic or aperiodic. Here we solve a given mathematical model
numerically. We are using time-frequency analysis based on
the extraction of the instantaneous frequency.The extraction
have been done from the phase of the continuous wavelet
transform. The graph plotted using this method is known
as ridge-plot. In ridge-plot, if frequency remains constant
throughout a time interval, then we term that as a periodic
trajectory. CWT (continuous wavelet transform) have two
important base of analysis one is phase and another is am-
plitude.Analysis of frequency with time based on phase of
CWT have been done by Vela-Arevalo and Marsden and also
used by Gupta and Kumar. [10, 11] . Time-frequency analysis
based on the amplitude of CWT can be seen in the work of
Chandre et.al. and also used by Gupta and Kumar[11-13].
Restricted three body problem with zero eccentricity is a very
good mathematical model of asymptotic analytic signal with
phase variation. So for getting better insight of its motion we
can apply time-frequency analysis based on phase of CWT.
[12]. In this paper, our objective was to draw Halo orbits and
analyze its stability through time-frequency analysis. Orga-
nization of this paper are as follows: In Section 2, we have
described the configuration of the Sun-Mercury-satellite in
the restricted three body problem with zero eccentricity. In
perturbation theory, we need to approximate the periodic solu-
tions uniformly which can remove secular terms. For this, we
have used a continuation method for the computation of halo
orbits which are described in Section 3. Analysis of frequency
with time based on the phase of CWT have been explained in
Section 4. In Section 5 we describe the results and discussion
followed with conclusion of the paper in Section 6.
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2. Configuration of Sun-Mercury-satellite
model and Equations of Motion

In our mathematical model we have considered the circu-
lar restricted three body problem consisting of three bodies:
The Sun, The Mercury and an infinitesimal mass (artificial
satellite) with masses mj, mp,and m respectively. Here the
artificial satellite is of negligible mass and is moving under the
gravitational influence of the Sun and Mercury. Let (¥',y',7)
be the coordinates of the satellite in the sidereal system [14].
We have supposed that initially the line along Sun to Mercury
is perpendicular on y’ axis i.e the line along Sun to Mercury
is perpendicular on x'y’— plane.

Satellite

® —»X
Barycentre Mercury

Sun

Figure 1. A Planar view of synodic coordinates (x, y, z) and
sideral coordinates (x', y', /) of the satellite. The origin is
located at the centre of mass of the sun and Mercury.

Fp

2 i5 the mass parameter and g = 1 — i [15]

Let M= my-+my
as the mass radiation factor accounts the effect of radiation
force in the system. Here the unit of length is assumed such
that the constant separation of two masses is unity. The model
of the problem under consideration is shown in Fig.(1). The
equation of motion of for the considered model as written as
[5, 16, 17]

U
-2y = — 2.1
X—=2y FIE 2.1
J+2 = a—U, 2.2)
dy
., U
Z 727 (23)
2.,.2 _
S B G DL B (2.4)
2 n n
where,
r = (x+u)2—|—y2+22,
S T 2.5)
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3. Continuation method for the halo
orbits

Continuation method or Lindstedt-Poincaré method is an
important technique for uniformly approximating periodic
solutions which remove secular terms arising in the straight-
forward application of perturbation theory to weakly nonlinear
problems with finite oscillatory solutions [18]. By the help
of expansion theorem and the periodicity of the solution, we
find convergent series approximations of periodic solutions.
Here nonlinear terms alter the frequency of the linearized sys-
tem [4]. [19] developed a third order periodic solution using
Poincaré-Lindstedt type of successive approximations. This
third order approximation provides much qualitative insight
but insufficient for the serious study of proper motion near L;
or Ly. [6] computed the halo orbit in the photogravitational
Sun-earth system with oblateness using this method, extend-
ing it to fourth order by translating origin at the Lagrangian
points L; and L,. We have considered only the radiation effect
of the Sun excluding the effect of oblateness, as it is known
that in the case of the Sun-Mercury system the radiation fac-
tors is more dominant.

X=x4+uxy-1, Y=y, Z=z 3.1

Using the above tranlation our equations of motion 2.1-2.3
changed in the following form

L aIQ
rX-20) = =2 G2
. , aIQ
. aIQ
7Z o= 55 G4
_X4Y? (l-p)g |
Q=——+7 " "% (3.5)

and R; and R, changed to following form

Ri =/ (Xy+ 159>+ (P2 + (292,

Ry =\ (XyF )+ (Y92 + (22,

On expanding the non-linear terms of equation 3.5, as in [20]
it reduces to

L (XP4YH) 1 (L —p)gy
Q=y— Fal Ty TH

T )

(2X2—¥2—27%) [ (1- Wy’
Ty {<1y>3}

1| & X
+— Cnp™ Py, () .
St

(3.6)
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So, after some algebraic manipulation, equations of motion
changes in the following form

s

X -2 —(142G)X = Cpp" Py <§> (3.7)

3
WV
w

V42X +(C—1)Y = Cpup" Py <§> . (3.8)

3
WV
w

Z+CZ=

Yo Yo o
 ngk

s

X
Cnp" Py | = ). (3.9
pe(3) - 39

3
WV
@

where,

L[ (=D)"q(1—p)y™!
Cn=13 1
¥ (IFy)™*
where m = 0,1,2,3,.... Considering only linear terms the
solution of linearized equations 3.7-3.9 is

Jr(:l:l)m(u)}, (3.10)

X(t) =Ane* +Ane ™ +Azzcos At

+Agssin At, (3.11)
Y(t)= —K1A11e¥ + K1 Ape™ ™

—K»A338in At + KpAgqcos At, (3.12)

Z(t) = Asscos/Cat + Aggsin/Cat, (3.13)

where A1, A2, A33, Aaa, Ass, and Agg are arbitrary constants

whereas
—(2—C2) +1/9C2 - 8C,
o = 2 N
A (27C2)+\/9C%*8C2
2 b
(2C,+1) —a?
Kl = ———),
20
(2C3+1)+ 22
KK = ——M—F—.
21

In above linearized equations, two roots are real and equal
with opposite signs, which give rise to a saddle point. So we
take Aj; = Az =0 and

A3z = —AxcosP, Ayy = Ax sin ¢,
Ass =Azsiny, and Agg = Azcos y,

to switch off the real modes for bounded solution, and the
linearized equations have solutions of the form [4].

X(t) = —Axcos(At+¢),
Y(t) = kAx sin(At + @),
Z(1) = Azsin(\/Cat + ),
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where Ay and Az are the amplitudes, A and C; are the frequen-
cies, ¢ and y are the phases of the in plane and out of plane
motions respectively. The two frequencies A and /C; are re-
sponsible for the halo orbits. To obtain a halo orbits we have
to equate these two frequencies by introducing a frequency
correct relation A = A2 — C,. However, we compute the orbits
upto fourth order approximation with radiation pressure. To
avoid secular terms which appear as a result of the successive
approximation procedure, a new independent variable T and
a frequency connection @ are introduced through, 7 = @t
and truncating the equations of motion (3.7)-(3.9) at degree 4.
Then the equations are written in terms of new independent
variable 7 as given in [6].

3
0’ X" —2noY' — (1 +2C5)X = 563 (2x?

—Y2 7% +2C4(2X2 —3Y* —37%)X + %Cs

[8X2{X? —3(Y2+Z%)}+3(Y?*+2Z%)?], (3.15)
@*Y" 4+ 2nwX' 4 (C, —n?)Y = —3C3XY
—%C4(4X2 —Y2-7%y - %CSXY(@(2

—3y2-37%), (3.16)

3
0?7 +A*Z = -3C3XZ — §C4<4X2 —Y?-7%)z

5

—Ecsxz(au(2 —3y2-37%) 4+ AZ. (3.17)

where, A = A2 — C,, which is quite small and used for the
frequency correction to get the halo orbit. We need to use the
perturbation technique of Lindstedt-Poincaré. Here approxi-
mate solution of the non-linear problem in a neighbourhood
of the equilibrium point is to be obtained. In this technique,
higher order terms of the equations of motion are considered
and we produce a formal series expansion of the solution of
the equations of motion which have higher accuracy and then
assuming the solutions for equations (3.15), (3.16), and (3.17)
in the form of perturbation,

X(1) = X1 (1) + X (1) + 3X3(7) + €* X4 (1) +...(3.18)
Y(1) =&Yy (1) +€*Ya(1) + £’13(1) + ¥y (1) +...(3.19)
Z(t) = €2, (1) + €22 (1) + € Z3 (1) + £*Z4 (1) + .. .(3.20)

and

0o=1+e0,+mn+w3+erou+.... (3.21)
Using this substitution in equation (3.15), (3.16), and (3.17)
and equating the terms of O(¢), 0(e?), O(e?), and O(e*) to
obtain the first, second, third, and fourth order equations,
respectively as [6, 20] with some modifications. We solve
our model considering radiation pressure only whereas [6]
considered radiation pressure and oblateness both.
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3.1 First order equations

Now, by introducing the frequency correction term A, and
collecting the O(e!) from equations (3.15-3.17), the first order
equations of motions are

X/ =2¥{ - (1+2G)X; = 0, (3.22)
Y/ +2X{+ (G —1)Y; = 0, (3.23)
Z'+A*2; = 0. (3.24)

The periodic solutions of the above equations are:
Xi(t) = —Axcos(AT+9), (3.25)
Yi(t) = KAxsin(At+9), (3.26)
Zi(t) = Agzsin(At+vy). (3.27)

3.2 Second order equations
Similarly, collecting the 0(82) and using the values of Xj, Y1,
and Z;, we get

Xz// —2Y2/— (14+2C)X; = 2wAAx(Kk—A)cosT

40t + 71 cos 27T

+75c0821s, (3.28)
Y 42X+ (Co— 1), = 20 AAx(k A —1)sinT

+B1sin27y, (3.29)

20)112142 sin T
+0 Sil‘l(fl + 172) +6;
(3.30)

N +2A°7, =

Sin(Tz — T ),
where coefficients are given in Appendix I
T =AT+9,

To find the bounded solution we required to eliminate the
secular terms sin 7y, cos Ty, and sin 7, by setting @; = 0. As
the bounded homogeneous solution is incorporated from first
order solution of equations (3.25), (3.26), and (3.27), so we
have to find only particular solution of equations (3.28), (3.29),
and (3.30), which is found as

T =AT+V,

X>(7) 020 + P21 €O82T| + P22 €OS2T2, (3.31)
Y2(T) = 021sin27 + 02 8in21, (3.32)
Zr(t) = xosin(t + ) + kpsin(n —11), (3.33)

where coefficients are given in the Appendix I.

3.3 Third order equations
Again, collecting the O(&?) setting | = 0, using the values
of X1, Y1,Z1, X5, V>, and Z,, we have

X§ —2Y{ — (142C)X3 = [vi +2@pAx A (kK — )]

cos T + Y3¢08 Ty + Yacos(27 + 71)

+% COS(2T2 - Tl), (3.34)

Yy 42X+ (Cr — 1)Y3 = [va + 2anAAx (A — 1)]
sin Ty 4 B3sin37; + Basin(1) +212)

+Bssin(2m, — 11), (3.35)

"
o020

00 7.
S5042%7

v

AW
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A
Zng/'Lng, = |:V3 +Az (2(!)212 + 82>} sin Ty

+85in37) + 04 Sin(ZTl + Tz)

—1—65 sin(21’1 — Tz), (3.36)

where coefficients are given in the Appendix I.

In this case we cannot remove the secular term by setting
the value of @, to remove the secular term from equations we
adjust the phases of 7, and Ty, so that sin(27] — 7,) ~ sin
which is done by setting the phase relation as

l/l=¢+pg; where p=0,1,2,3, (3.37)
by doing so, we can remove the secular term from (3.36) for
the bounded solution if

A
[V}. +Ay <2(L)27Lz + 82) + C&} = 0, (3.38)
where { = (—1)P. Equations (3.34) and (3.35) will be also
affected by the above phase condition. Then the secular terms
from both equations can be removed by finding a single con-
dition from their particular solution as

(Vi +20AAx (kK —A) + 8y5) — K(Va + 2004

Ax(kA—=1)+CBs) = 0, (3.39)
from the above relation, we get
Vi— KV2 4+ E(¥5 — kPs) (3.40)

Ax (A2 +1)—2K)

assuming these conditions the third order equations reduces
to,

X3 —2Y; — (1+2C2)Xs = ks cos Ty

+(y3+ &) cos3ty, (3.41)

Y3 +2X5+4 (Co—1)Y3 = Besinti + (B3 + {Ba)
sin37y, (3.42)
201022y = (—1)"7 (8 — &)cos3Ty,  (3.43)

where s = Vo +2w0AAx (kA —n) + {Ps. The solution is
given by

X3(‘L') = p31c0s37y, (3.44)
Y3(t) = 0315037 + O3psin 7y, (3.45)
Z(1) = (=1)" kycos3m, (3.46)

where coefficients are given in the Appendix I.

3.4 Fourth order equations

In order to find the fourth order approximation, we first collect
the O(&*) and incorporating all the above conditions which
has been used upto third order approximations, we get
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X —=2Y,— (142C)Xs = o +2Ax A3 (K — A)
c0s T + Y5 cos 2T + ¥ cos411(3.47)
Yy +2X,+ (Co—1)Yy =2Ax Az (kA — 1)
sin Ty + B7sin27; + PBgsin4 1y, (3.48)
Zi+ A2Z4 = 03 + 212 Az @3 cos T) + 86 cos 2T
+687 cos4Ty, (3.49)

In the above equations the coefficients are different for
different phase relation defined as y = pZ + ¢. Here in our
case we have taken p = 1 for simplicity. These coefficients
are given in Appendix I. Here we remove the secular terms
sin Ty, and cos Tj by setting @3 = 0, and assuming this we get
solutions as

X4(T) = pao + pa1 cos27) + papcosdty,  (3.50)
Y4(T) = 041 8in27) + Oup sind1y, (3.51)
Z4(T) = K40 + Kq1 €O827T) + Kypcosdty,  (3.52)

where coefficients are given in the Appendix 1.

3.5 The final approximation

Finally, we combine all the solutions considering the map-
ping as Ay — ATX and Az — A?Z to remove € from all the
solutions of equations upto fourth order approximations. Com-
bining all solutions components wise in (3.18), (3.19), and
(3.20), we get

X(t) = (P20+p31+pao) —Axcost + (P21 +Epn
+p41)cos27i cos3T) + paycosdty, (3.53)
Y(1) = (xAx+032)sint + (0621 + 0641 + {02p)sin27;
4031 8in37] 4 042 8in4 7y, (3.54)

Z(T) = (—1)%71A2COS’L'1+(—1)%(K2100811+K22

+K32c0837T1 ) + K0 + Ka1 COS27T)

+K4p c0s47]. (3.55)
4. Time-frequency analysis based on

phase of continuous wavelet transform

In this method, we extract instantaneous frequency using
phase method. Details of this method can be seen in the work
of [11, 21]. The wavelet transform is defined in terms of a
function y, called the mother wavelet, in the following way

t—>b

)dt “.1)
a

Lufla.b) = — [ 0%

We have chosen mother wavelet as Morlet Grossman wavelet
for this computation. It can be expressed as

1 . _2
W(t) = ——¢?Ml e 202
) o211
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The wavelet transform depends on two parameters: (a,b)
where a is called the scale and is the multiple of the inverse
of the frequency and b is the time parameter that slides the
wavelet as a time window. The transform depends on 1] which
is the center frequency of the wavelet:

17 5
— ) 4.
n 2ﬂ/wll//(,h(co)l do 4.3)

where y,;(1) = b7 (l//(t;ba) and  denotes the Fourier trans-
form of y. The time frequency representation is obtained by
the relation between the scale a and the frequency & = %. The
wavelet transform produces a common surface between a and
b known as normalized Scalogram is expressed as

Bof(@§= 1) = L IWf(ab)P @4
Also we observe that P, f(a,—&) = P,,f(a,&). Thus for the
computation of wavelet decomposition, we consider the posi-
tive frequency part of the time -frequency plane.

Note: The parameter 1) and ¢ can be tuned to improve the
resolution. In our case 1 = 0.8 and o = 1 serves the pur-
pose. Here due to the part (%) the length of the window
in wavelet transform change according to frequency. Due to
this unique feature i.e. the capability of adaptation of time
window according to frequency range gives better localization
in frequency and time.

The wavelet transform of f provides the expansion in terms
of basis function. Let ¥, be the basis function constructed
from dilations and translations of the mother wavelet \¥:

¥, = \}aZf(z)‘P (t;b> di beR,a>0.
s = (1) = [ roe (S0 )a

Let f(t) =Ayf(t)exp|i®y (r)] be an analytic signal. If the
wavelet W is an analytic itself, then it can be expressed as

W (1) = Aw (1) exp[i®y (1)]

Thus
Lof(ab) = % / Moy (1) explido, (1)]dt.

where

4.5)
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Let #) be a unique point such that ®, () = 0 and &, # 0.
to is called stationary point. By using stationary phase ap-
proximation method, the asymptotic expression for Ly f (a,b)
as

21
[©a (10) |

Luf(a,b) ~ \}af(to)li'<toab>

o Pa(10) (4.6)

Also o (a,b) = b gives a curve in the time scale plane. Here
we define the ridge of wavelet transform. The ridge of wavelet
transform is the collection of points for which #y (a,b) = b.
From the equation @, (fo) = 0, we have

. . 1. to—b
q)ab(to):q)f(t())_aq)‘l‘(oa )ZO

Then points on ridge satisfy

Therefore instantaneous frequency & ¢ (b) of the function f
can be obtained from this equation once we have the ridge of
the wavelet transform. We use the ridge extraction programs
based on the phase of continuous wavelet transform given in
Wavelab Package [22].

Ridge-extraction based on the phase of continuous wavelet
transform can be studied in [23]. As we know, in case of
Circular Restricted Three-Body Problem motion along z-axis
is oscillatory, and it is totally governed by the motion along
the x — y-axis. So, the instantaneous frequency ; () extracted
from the signal made from z-coordinate and the instantaneous
frequency @;(t) extracted from the signal made from x,y
coordinates in synodic frame are exactly same.

Z1(t) = X1 (1) + 11 (£) = exp ™) (x1 (t) + 1y1(¢)) (4.7)

Zo(t) =X (t) + 1Y (t) = 21 (¢) +1H (21 (1)) (4.8)

where H represents Hilbert transform of z(t) [10].

5. Results and Discussion

After making this signal we apply phase method to extract
o (¢) from Z(¢) and @, () from Z,(t). We can decide the
behaviour of signal once ridge plot is obtained. If frequency
remains constant throughout the time interval then the orbit is
periodic otherwise it is aperiodic.
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0 2000 4000
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6000 8000

o 2000 4000

Time t
Figure 2. Ridge plot of the periodic trajectory at initial
condition (0.994315, 3.82657 x 10724, 0.00101036, 0,

8.37179 x 10712, 0).

6000 8000

The halo orbits for the classical case upto third order ap-
proximation in the Sun-Earth system are discussed by [20]
and [4]. However, here we find the halo orbits for the classical
case and considering the Sun-Mercury system with radiation
pressure upto fourth order approximation using Lindstedt-
Poincaré method. Using the above equations (3.53), (3.54),
and (3.55) and here we take the amplitudes, Ax = 200000km
and Az = 110000km. The 3D-halo orbits for classical case,
when g = 1 with black color (Fig.3), time period for the mo-
tion around L; is 42.34days and in 5 the black color orbit
around L, is 42.57days. The other orbits with blue to red col-
ors shows the 3D-halo orbits, when g = 0.99, 0.98, 0.97, 0.96
and 0.95 respectively. The red color orbit in both the Figs.3
and 5 shows when g = 0.95. The variation of some parameters
and time period with radiation factor ¢ for the motion around
L) and L, are given Tables 1 and 2 respectively. The time pe-
riod of the halo orbits around L increases whereas decreases
in the case of L, with the increase in the radiation factor. The
effect on the halo orbit due to radiation pressure of the Sun are
clearly visible in Fig.3-5, that the orbits are shifting towards
the Sun position. Fig.4 indicates that the eccentricity of orbit
increases around L; with increase in radiation factor whereas
in case of orbits around L it decreases as shown in Fig.6.
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1.000
Figure 3. Halo orbit around L

1.000

Figure 4. Halo orbit around L; showing the increase in
eccentricity due to radiation pressure
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Figure 5. Halo orbit around L,

Figure 6. Halo orbit around L, showing the decrease in
eccentricity due to radiation pressure

6. Conclusion

We have analytically computed halo orbits in Sun-Mercury-
satellite system. Here we have analyzed the effect of radiation
pressure on the orbits at different values on the line shown by

[6].

The result shows that the radiation pressure increases the
time period of the orbits around L; and increases the eccen-
tricity of the orbits around L. With the effect of radiation
pressure the halo orbits shifting towards the Sun.

Similarly, we have observed that the radiation pressure
decreases the time period of the orbits around L, but de-
creases the eccentricity of the orbits. With the radiation effect,
the orbits shift towards the Sun. Sometimes it preferred to
have the numerical justification of the results obtained ana-
lytically. Therefore the time-frequency analysis method is
implemented to confirm the results obtained. In this case, We
have considered initial condition of an halo orbit obtained by
the Lindstedt-Poincaré method (0.994315, 3.82657 x 10724,
0.00101036, 0, 8.37179 x 10712, 0). At this initial condition,
we numerically integrate the equations of motions and finally
make a signal with the help of solutions as illustrated earlier.

In Fig. 2. We have presented the ridge-plot. In ridge-plot
it evident that instantaneous frequency is constant throughout
the time interval considered. Thus we conclude that the orbit
is periodic.

The behavior of ridge plot is in confirmation with the
result obtained analytically. We have two halo orbits, but we
have shown one plot to avoid redundancy.
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