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Abstract
In this paper is to introduce a new class of functions called ψω-irresolute functions, strongly ψω-continuous
functions and perfectly ψω-continuous functions in topological spaces and study some of their properties and
relations among them.
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1. Introduction and Preliminaries
N. Levine [9] introduced generalized closed (briefly g-

closed) sets and studied their basic properties. P. Sundaram
and M. Sheik John [16] was introduced ω-closed sets in topo-
logical spaces. Recently I have introduced and investigated
ψω-closed sets in a topological spaces.

In this paper is to introduce a new class of functions called
ψω-irresolute functions, strongly ψω-continuous functions
and perfectly ψω-continuous functions in topological space
and study some of their properties and relations among them.

Throughout this paper (X ,τ) and (Y,σ) and (Z,η) rep-
resent non-empty topological spaces on which no separation
axioms are assumed, unless otherwise mentioned.

We recollect some notations and definitions which are
used in this paper.

Definition 1.1. A subset A of a topological space (X ,τ) is
called a

1. semi open [8] if A⊆ cl(int(A)).

2. α-open [11] if A⊆ int(cl(int(A))).

3. regular open [13] if A⊆ int(cl(A)).

4. pre open [10] if A⊆ int(cl(A)).

The complements of the above mentioned open sets are
called their respective closed sets.

Definition 1.2. A subset A of a topological space (X ,τ) is
called a

1. generalized closed (briefly g-closed) set [9] if cl(A)⊆
U whenever A⊆U and U is open.

2. semi-generalized closed (briefly sg-closed) set [3] if
scl(A)⊆U whenever A⊆U and U is semi-open.

3. generalized semi-closed (briefly gs-closed) set [1] if
scl(A)⊆U whenever A⊆U and U is open.

4. ω-closed set [16] if cl(A)⊆U whenever A⊆U and U
is semi-open.

5. ψ-closed set [12] if scl(A) ⊆U whenever A ⊆U and
U is sg-open.

6. ψ-generalized closed set (briefly ψg-closed) [12] if
ψcl(A)⊆U whenever A⊆U and U is open.

7. a ψω-closed set [6] if cl(A)⊆U whenever A⊆U and
U is ω-open.

The complements of the above mentioned closed sets are
called their respective open sets.

Definition 1.3. A function f : (X ,τ)→ (Y,σ) is called
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1. semi-continuous [8] if f−1(V ) is open in (X ,τ) for
every open set V in (Y,σ).

2. g-continuous [2] if f−1(V ) is g-open in (X ,τ) for every
open set V in (Y,σ).

3. sg-continuous [14] if f−1(V ) is sg-open in (X ,τ) for
every open set V in (Y,σ).

4. gs-continuous [15] if f−1(V ) is gs-open in (X ,τ) for
every open set V in (Y,σ).

5. ω-continuous [16] if f−1(V ) is ω-open in (X ,τ) for
every open set V in (Y,σ).

6. ψ-continuous [12] if f−1(V ) is ψ-open in (X ,τ) for
every open set V in (Y,σ).

7. ψg-continuous [12] if f−1(V ) is ψg-open in (X ,τ) for
every open set V in (Y,σ).

8. ψω-continuous [7] if f−1(V ) is ψω-open in (X ,τ) for
every open set V in (Y,σ).

2. ψω-irresolute functions
Definition 2.1. A function f : X→Y from a topological space
(X ,τ) into a topological space (Y,σ) is called ψω-irresolute
if the inverse image of every ψω-closed set in Y is ψω-closed
set in X.

Theorem 2.2. A function f : X → Y is ψω-irresolute ⇐⇒
the inverse image of each ψω-open in Y is ψω-open in X.

Proof. Assume that f is ψω-irresolute. Let A be any ψω-
open set in Y . Then Ac is ψω-closed in Y . Since f is ψω-
irresolute, f−1(Ac)is ψω-closed in X . But f−1(Ac) = X −
f−1(A) and so f−1(A) is ψω-open in X . Hence the inverse
image of every ψω-open in Y is ψω-open in X .

Conversely, suppose that the inverse image of every ψω-
open set in Y is ψω-open in X . Let A be any ψω-closed in Y .
Then Ac ψω-open in Y . By assumption, f−1(Ac) is ψω-open
in X . But f−1(Ac) =X− f−1(A) and so f−1(A) is ψω-closed
in X . Therefore f is ψω-irresolute.

Theorem 2.3. A function f : X → Y is ψω-irresolute ⇐⇒
it is ψω-continuous.

Proof. Assume that f is ψω-irresolute. Let F be any closed
set in Y . By Theorem 2.2, each closed set is ψω-closed,
F is ψω-closed in Y . Since f is ψω-irresolute, f−1(F) is
ψω-closed in X . Therefore f is ψω-continuous.

Conversely, assume that f is ψω-continuous. Let F be
any closed set in Y . By Theorem 2.2, each closed set is
ψω-closed, F is ψω-closed in Y . Since f is ψω-continuous,
f−1(F) is ψω-closed in X . Therefore f is ψω-irresolute.

Theorem 2.4. Let X ,Y and Z be any topological spaces. For
any ψω-irresolute map f : X → Y and any ψω-continuous
map g :Y→Z, the composition g◦ f : X→Z is ψω-continuous.

Proof. Let F be any closed set in Z. Since g is ψω-continuous,
g−1(F) is ψω-closed in Y . Since f is ψω-irresolute,
f−1(g−1(F)) is ψω-closed in X . But f−1(g−1(F)) = (g ◦
f )−1(F). Therefore g◦ f is ψω-continuous.

3. Strongly ψω-continuous and Perfectly
ψω-continuous

Definition 3.1. A function f : X→Y from a topological space
(X ,τ) into a topological space (Y,σ) is said to be strongly
ψω-continuous if the inverse image of every ψω-open set in
Y is open set in X.

Theorem 3.2. If a function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is strongly ψω-
continuous, then it is ψω-continuous.

Proof. Assume that f is strongly ψω-continuous. Let G be
any closed set in Y . By Theorem 2.2, each closed set is
ψω-closed in Y,G is ψω-closed in Y . Since f is strongly
ψω-continuous, f−1(G) is closed in X . Therefore f is ψω-
continuous.

Remark 3.3. The converse of Theorem 3.2, is need not be
true as seen from the following Example.

Example 3.4. Let X =Y = {a,b,c} with τ = {φ ,X ,{c}} and
σ = {φ ,X ,{c},{a,b}}. Let f : (X ,τ)→ (Y,σ) be an identity
map. Then f is ψω-continuous. But f is not strongly ψω-
continuous, since for the ψω-closed set A= {c} in Y, f−1(A)=
{c} is not closed in X.

Theorem 3.5. A function f : X→Y from a topological space
(X ,τ) into a topological space (Y,σ) strongly ψω-continuous
⇐⇒ the inverse image of every ψω-closed set in Y is closed
in X.

Proof. Assume that f is strongly ψω-continuous. Let F be
any ψω-closed set in Y . Then Fc is ψω-open in Y . Since
f is strongly ψω-continuous, f−1(Fc) is open in X . But
f−1(Fc) = X− f−1(F) and f−1(F) is closed in X .

Conversely assume that the inverse image of every ψω-
closed set in Y is closed in X . Let G be any ψω-open set in
Y . Then Gc is ψω-closed set in Y . By assumption, f−1(Gc)-
closed in X . But f−1(Gc) = X − f−1(G) and so f−1(G) is
open in X . Therefore f is strongly ψω-continuous.

Theorem 3.6. If a function f : X→Y is strongly ψωcontinuous
and a map g : Y → Z is ψω-continuous, then the composition
g◦ f : X → Z is strongly ψω-continuous.

Proof. Let G be any closed set in Z. Since g is ψω-continuous,
g−1(G) is ψω-closed in Y . Since f is strongly ψω-continuous
f−1(g−1(G)) is closed in X . But (g◦ f )−1(G)= f−1(g−1(G)).
Therefore g◦ f is strongly ψω-continuous.

Theorem 3.7. If a function f : X→Y is strongly ψω-continuous
and a map g : Y → Z is ψω-continuous, then the composition
g◦ f : X → Z is ψω-continuous.
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Proof. Let G be any closed set in Z. Since g is ψω-continuous,
g−1(G) is ψω-closed in Y . Since f is strongly ψω-continuous
f−1(g−1(G)) is closed in X . By Theorem 2.2, each closed set
is ψω-closed, f−1(g−1(G)) is ψω-closed. But f−1(g−1(G))=
(g◦ f )−1(G). Therefore g◦ f is ψω-continuous.

Theorem 3.8. If a function f : X → Y from a topological
spaces (X ,τ) into a topological spaces (Y,σ) is continuous
then it is strongly ψω-continuous but not conversely.

Proof. Let f : X→Y be continuous. Let F be a closed set in Y .
Since f is continuous, f−1(F) is closed in X . By Theorem 2.2,
each closed set is ψω-closed, f−1(F) is ψω-closed. Hence
f is ψω-closed.

Remark 3.9. The converse of Theorem 3.8 is need not be true
as seen from the following Example.

Example 3.10. Let X = Y = {a,b,c} with
τ = {X ,φ ,{a},{b,c}} and σ = {X ,φ ,{a},{c},{a,c}}. Let
f : (X ,τ)→ (Y,σ) be an identity map. Then f is strongly ψω-
continuous. But f is not continuous, since for the ψω-closed
set A = {b} in Y, f−1(A) = {b} is not closed in X.

Definition 3.11. A function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is said to be
perfectly ψω-continuous if the inverse image of every ψω-
closed set in Y is both open and closed in X.

Theorem 3.12. If a function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is perfectly ψω-
continuous then it is strongly ψω-continuous.

Proof. Assume that f is perfectly ψω-continuous. Let G be
any ψω-closed set in Y . Since f is perfectly ψω-continuous,
f−1(G) is closed in X . Therefore f is strongly ψω-continuous.

Remark 3.13. The converse of Theorem 3.12 is need not be
true as seen from the following Example.

Example 3.14. Let X = Y = {a,b,c} with τ = {X ,φ ,{a}}
and σ = {X ,φ ,{a},{b},
{a,b}}. Let f : (X ,τ)→ (Y,σ) be an identity map. Then
f is strongly ψω-continuous. But f is not perfectly ψω-
continuous, since for the ψω-closed set A = {b,c} in
Y, f−1(A) = {b,c} is not closed in X.

Theorem 3.15. A function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is perfectly ψω-
continuous ⇐⇒ the inverse image of every ψω-closed set in
Y is both open and closed in X.

Proof. Assume that f is perfectly ψω-continuous. Let F be
any ψω-closed set in Y . Then Fc is ψω-open in Y . Since f is
perfectly ψω-continuous, f−1(Fc) is both open and closed in
X . But f−1(Fc) = X−F−1(Fc) and so f−1(F) is both open
and closed in X .

Conversely assume that the inverse image of every ψω-
closed set in Y is both open and closed in X . Let G be any
ψω-open in Y . By assumption f−1(Gc) = X− f−1(G) and so

f−1(G) is both open and closed in X . Therefore f is perfectly
ψω-continuous.

Theorem 3.16. If a function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is strongly ψω-
continuous then it is ψω-irresolute.

Proof. Let f : X → Y be strongly ψω-continuous function.
Let F be a ψω-closed in Y . Since f is strongly ψω-continuous,
f−1(F) is closed in X . Each closed set is ψω-closed, f−1(F)
is ψω-closed in X . Hence f is ψω-irresolute.

Remark 3.17. The converse of the Theorem 3.16, is need not
be true as seen from the following Example.

Example 3.18. Let X = Y = {a,b,c} with τ = {X ,φ ,{c}}
and σ = {X ,φ ,{a},{b},
{a,b}}. Let f : (X ,τ)→ (Y,σ) be an identity map. Then
f is ψω-irresolute. But f is not strongly ψω- continuous,
since for the ψω-closed set A = {c} in Y, f−1(A) = {c} is not
closed in X.

Theorem 3.19. If a function f : X → Y from a topological
space (X ,τ) into a topological space (Y,σ) is perfectly ψω-
continuous, then it is ψω-irresolute.

Proof. Let f : X → Y be perfectly ψω-continuous function.
Let F be a ψω-closed set in Y . Since f is perfectly ψω-
continuous, f−1(F) is both closed set is both open and closed
in X . Then f−1(F) is ψω-closed in X . Hence f is ψω-
irresolute.

Remark 3.20. The converse of Theorem 3.19, is need not be
true as seen from the following Example.

Example 3.21. Let X =Y = {a,b,c}with τ = {X ,φ ,{a},{b},
{a,b}} and σ = {X ,φ ,{b},{a,b},{b,c}}. Let f : (X ,τ)→
(Y,σ) be defined by f (a)= {b}, f (b)= {c}, f (c)= {a}. Then
f is ψω-irresolute. But f is not perfectly ψω-continuous,
since for the ψω-closed set A = {c} in Y, f−1(A) = {c} is
open in X but not closed in X.

4. Conclusion
One must be in ”love” with Mathematics is the intrinsic

nature and beauty of Mathematics. As a result, the nature of
inquisitiveness in a person gets always enkindled and triggered
by new theorems, axioms, even if it is mighty small in its
nature or incredibly big.

General topology is applied to many fields such as Mathe-
matics, Physics, Chemistry, Biology, Engineering and so on.
This theory is definitely an eye opener for new research works.
We can apply these findings into other research areas of gen-
eral topology such as Fuzzy topology, intuitionistic topology,
digital topology, nano topology and so on.
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