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1. Introduction and Preliminaries

N. Levine [9] introduced generalized closed (briefly g-
closed) sets and studied their basic properties. P. Sundaram
and M. Sheik John [16] was introduced @-closed sets in topo-
logical spaces. Recently I have introduced and investigated
ww-closed sets in a topological spaces.

In this paper is to introduce a new class of functions called
yw-irresolute functions, strongly y®-continuous functions
and perfectly y@-continuous functions in topological space
and study some of their properties and relations among them.

Throughout this paper (X,7) and (Y,0) and (Z,n) rep-
resent non-empty topological spaces on which no separation
axioms are assumed, unless otherwise mentioned.

We recollect some notations and definitions which are
used in this paper.

Definition 1.1. A subset A of a topological space (X,7T) is
called a

1. semi open [8] if A C cl(int(A)).
2. o-open [11]if A Cint(cl(int(A))).

3. regular open [13] if A C int(cl(A)).
4. pre open [10] if A Cint(cl(A)).

The complements of the above mentioned open sets are
called their respective closed sets.

Definition 1.2. A subset A of a topological space (X,T) is
called a

1. generalized closed (briefly g-closed) set [9] if cl(A) C
U whenever A C U and U is open.

2. semi-generalized closed (briefly sg-closed) set [3] if
scl(A) C U whenever A CU and U is semi-open.

3. generalized semi-closed (briefly gs-closed) set [1] if
scl(A) C U whenever A CU and U is open.

4. w-closed set [16] if cI(A) C U whenever A C U and U
is semi-open.

5. y-closed set [12] if scl(A) C U whenever A C U and
U is sg-open.

6. y-generalized closed set (briefly yg-closed) [12] if
ycl(A) CU whenever A C U and U is open.

7. a wo-closed set [6] if cl(A) C U whenever A C U and
U is w-open.

The complements of the above mentioned closed sets are
called their respective open sets.

Definition 1.3. A function f: (X,1) — (Y, 0) is called



1. semi-continuous [8] if f~'(V) is open in (X,7) for
every open setV in (Y,0).

2. g-continuous [2] if f~1 (V) is g-open in (X, ) for every
open setV in (Y,0).

3. sg-continuous [14] if f~1(V) is sg-open in (X, 1) for
every open setV in (Y,0).

4. gs-continuous [15] if f~1(V) is gs-open in (X, 7) for
every open setV in (Y,0).

5. -continuous [16] if f~'(V) is w-open in (X,7) for
every open setV in (Y,0).

6. y-continuous [12] if f~'(V) is y-open in (X, 1) for
every open setV in (Y,0).

7. wg-continuous [12] if f~1(V) is wg-open in (X,7) for
every open setV in (Y,0).

8. yo-continuous [7] if f~1(V) is ww-open in (X, 1) for
every open setV in (Y,0).

2. yw-irresolute functions

Definition 2.1. A function f: X — Y from a topological space
(X, ) into a topological space (Y, 0) is called Ww-irresolute
if the inverse image of every W@-closed set in Y is Y@-closed
setin X.

Theorem 2.2. A function f : X — Y is yw-irresolute <>
the inverse image of each yw-open inY is Y-open in X.

Proof. Assume that f is yw-irresolute. Let A be any Y-
open set in Y. Then A is yw-closed in Y. Since f is Y-
irresolute, f~!(A¢)is ww-closed in X. But f~1(A°) = X —
f~1(A) and so f~!(A) is ww-open in X. Hence the inverse
image of every yw-open in Y is y®-open in X.

Conversely, suppose that the inverse image of every yw-
open set in Y is ww-open in X. Let A be any y®-closed in Y.
Then A¢ ww-open in Y. By assumption, £~ (A¢) is w@-open
inX. But f~1(A°) =X — f!(A) and so £~ (A) is yw-closed
in X. Therefore f is yw-irresolute.

Theorem 2.3. A function f : X — Y is yw-irresolute <>
it is Y@-continuous.

Proof. Assume that f is yw-irresolute. Let F' be any closed
set in Y. By Theorem 2.2, each closed set is yw-closed,
F is yw-closed in Y. Since f is ww-irresolute, f~!(F) is
ww-closed in X. Therefore f is y@-continuous.
Conversely, assume that f is ym-continuous. Let F be
any closed set in Y. By Theorem 2.2, each closed set is
y-closed, F is yw-closed in Y. Since f is yw-continuous,
f~U(F) is wa-closed in X. Therefore f is yw-irresolute.

Theorem 2.4. Let X,Y and Z be any topological spaces. For
any y-irresolute map f : X — Y and any yo-continuous
map g:Y — Z, the composition go f : X — Z is Y m-continuous.
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Proof. Let F be any closed setin Z. Since g is Y w-continuous,
g '(F) is ww-closed in Y. Since f is yo-irresolute,
g I (F)) is wo-closed in X. But f~!(g7!(F)) = (go
f)~'(F). Therefore go f is y®-continuous.

3. Strongly yw-continuous and Perfectly
yw-continuous

Definition 3.1. A function f : X — Y from a topological space
(X,7) into a topological space (Y, o) is said to be strongly
W w-continuous if the inverse image of every Y®-open set in
Y is open set in X.

Theorem 3.2. If a function f: X — Y from a topological
space (X,7) into a topological space (Y,0) is strongly y®-
continuous, then it is Y @-continuous.

Proof. Assume that f is strongly wm-continuous. Let G be
any closed set in Y. By Theorem 2.2, each closed set is
yw-closed in Y,G is yw-closed in Y. Since f is strongly
yo-continuous, f~'(G) is closed in X. Therefore f is Y-
continuous.

Remark 3.3. The converse of Theorem 3.2, is need not be
true as seen from the following Example.

Example 3.4. Let X =Y = {a,b,c} witht={¢,X,{c}} and

o ={¢.X,{c},{a,b}}. Let f: (X,T) — (Y, 0) be an identity

map. Then f is Wwo-continuous. But f is not strongly y®-
continuous, since for the Ww-closed set A= {c} inY,f~1(A) =
{c} is not closed in X.

Theorem 3.5. A function f : X — Y from a topological space
(X, 1) into a topological space (Y, ©) strongly Wy ®-continuous
<= the inverse image of every yw-closed set in Y is closed
in X.

Proof. Assume that f is strongly y®-continuous. Let F be
any y-closed set in Y. Then F¢ is yw-open in Y. Since
f is strongly we-continuous, f~!(F¢) is open in X. But
fFUF) =X~ f~Y(F)and f~!(F) is closed in X.

Conversely assume that the inverse image of every yo-
closed set in Y is closed in X. Let G be any y®@-open set in
Y. Then G¢ is ww-closed set in Y. By assumption, f~!(G¢)-
closed in X. But f~1(G°) =X — f~1(G) and so f~1(G) is
open in X. Therefore f is strongly W @®-continuous.

Theorem 3.6. If a function f:X —Y is strongly ywcontinuous
and amap g : Y — Z is Wo-continuous, then the composition
gof: X — Z is strongly yw-continuous.

Proof. Let G be any closed setin Z. Since g is Y @-continuous,
¢ 1(G) is ww-closed in Y. Since f is strongly w®-continuous
g 1(G))isclosedin X. But (gof) " (G)=f"(g7'(G)).
Therefore go f is strongly yw-continuous.

Theorem 3.7. Ifafunction f:X —Y is strongly Y ®-continuous
and amap g :Y — Z is Y@-continuous, then the composition
gof:X — Zis yw-continuous.




Proof. Let G be any closed setin Z. Since g is Y ®-continuous,
¢ 1(G) is ya-closed in Y. Since f is strongly w®-continuous
f~Yg (G)) is closed in X. By Theorem 2.2, each closed set
is wo-closed, f~!(g7'(G)) is ww-closed. But f~! (g7 1(G)) =
(go f)~(G). Therefore go f is Ww-continuous.

Theorem 3.8. If a function f : X — Y from a topological
spaces (X, 7) into a topological spaces (Y,G) is continuous
then it is strongly Yy -continuous but not conversely.

Proof. Let f: X — Y be continuous. Let F be a closed setin Y.
Since f is continuous, £~ (F)isclosed in X. By Theorem 2.2,
each closed set is yo-closed, f~!(F) is ww-closed. Hence
f is yw-closed.

Remark 3.9. The converse of Theorem 3.8 is need not be true
as seen from the following Example.

Example 3.10. Ler X = Y = {ab,c} with
©={X,¢,{a}{b,c}} and 6 = {X, ¢ ,{a},{c},{a,c}}. Let
f:(X,7) = (Y,0) be an identity map. Then f is strongly Y-
continuous. But f is not continuous, since for the Yw-closed
set A= {b}inY, f1(A) = {b} is not closed in X.

Definition 3.11. A function f: X — Y from a topological
space (X,7) into a topological space (Y,0) is said to be
perfectly W@-continuous if the inverse image of every Y-
closed set in Y is both open and closed in X.

Theorem 3.12. If a function f : X — Y from a topological
space (X, 7T) into a topological space (Y, ) is perfectly yo-
continuous then it is strongly Y @-continuous.

Proof. Assume that f is perfectly y®-continuous. Let G be
any yo-closed set in Y. Since f is perfectly wm-continuous,
f~Y(G) is closed in X. Therefore f is strongly w®-continuous.

Remark 3.13. The converse of Theorem 3.12 is need not be
true as seen from the following Example.

Example 3.14. Let X =Y = {a,b,c} with 1 = {X,¢,{a}}
and 6 ={X,¢,{a},{b},

{a,b}}. Let f:(X,t) — (Y,0) be an identity map. Then
f is strongly yw-continuous. But f is not perfectly Y-
continuous, since for the yo-closed set A = {b,c} in
Y,f~1(A) = {b,c} is not closed in X.

Theorem 3.15. A function f : X — Y from a topological
space (X, ) into a topological space (Y, o) is perfectly yo-
continuous <= the inverse image of every Y-closed set in
Y is both open and closed in X.

Proof. Assume that f is perfectly y@-continuous. Let F be
any yo-closed setin Y. Then F¢ is yw-openin Y. Since f is
perfectly w@-continuous, f~! (F€) is both open and closed in
X.But f~1(F¢) =X — F~!(F¢) and so f~!(F) is both open
and closed in X.

Conversely assume that the inverse image of every ym-
closed set in Y is both open and closed in X. Let G be any
ww-open in Y. By assumption f~!(G¢) =X — f~!(G) and so

452

On some strong forms of yw-continuity — 452/453

f~Y(G) is both open and closed in X. Therefore f is perfectly
Y ®-continuous.

Theorem 3.16. If a function f : X — Y from a topological
space (X,7) into a topological space (Y,0) is strongly yo-
continuous then it is Y-irresolute.

Proof. Let f : X — Y be strongly y®-continuous function.
Let F be a yw-closed in Y. Since f is strongly y@-continuous,
f~Y(F) is closed in X. Each closed set is wo-closed, f~!(F)
is ww-closed in X. Hence f is y-irresolute.

Remark 3.17. The converse of the Theorem 3.16, is need not
be true as seen from the following Example.

Example 3.18. Ler X =Y = {a,b,c} with T = {X,¢,{c}}
and 6 ={X,¢,{a},{b},

{a,b}}. Let f:(X,t) — (Y,0) be an identity map. Then
f is yw-irresolute. But f is not strongly Y- continuous,
since for the yo-closed set A= {c} inY, f~1(A) = {c} is not
closed in X.

Theorem 3.19. If a function f : X — Y from a topological
space (X, 7T) into a topological space (Y, G) is perfectly yo-
continuous, then it is Y@-irresolute.

Proof. Let f : X — Y be perfectly yw-continuous function.
Let F be a ww-closed set in Y. Since f is perfectly yo-
continuous, f~!(F) is both closed set is both open and closed
in X. Then f~!(F) is yo-closed in X. Hence f is yo-
irresolute.

Remark 3.20. The converse of Theorem 3.19, is need not be
true as seen from the following Example.

Example 3.21. Let X =Y ={a,b,c} witht={X,¢,{a},{b},
{a,b}} and o0 ={X,9,{b},{a,b},{b,c}}. Let f:(X,7) =
(Y,0) be defined by f(a) ={b}, f(b) ={c}, f(c)={a}. Then
f is yw-irresolute. But f is not perfectly y-continuous,
since for the ww-closed set A = {c} in Y, f~1(A) = {c} is
open in X but not closed in X.

4. Conclusion

One must be in ’love” with Mathematics is the intrinsic
nature and beauty of Mathematics. As a result, the nature of
inquisitiveness in a person gets always enkindled and triggered
by new theorems, axioms, even if it is mighty small in its
nature or incredibly big.

General topology is applied to many fields such as Mathe-
matics, Physics, Chemistry, Biology, Engineering and so on.
This theory is definitely an eye opener for new research works.
We can apply these findings into other research areas of gen-
eral topology such as Fuzzy topology, intuitionistic topology,
digital topology, nano topology and so on.
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