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Coefficient bounds for a class of univalent functions
involving the modified Sigmoid function
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Abstract
New class of univalent functions which are analytic in the open unit disk U= {z ∈ C : |z|< 1} using the modified
Salagean operator involving the modified sigmoid function was defined. Coefficient bounds, the Fekete-Szego
functional and some consequences of the results obtained were established.
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1. Introduction
Let A be the class of functions f (z) of the form

f (z) = z+
∞

∑
n=2

anzn (1.1)

which are analytic in the open disk U = {z ∈ C : |z| < 1}
satisfying the conditions f (0) = 0 and f

′
(0) = 1. Furthermore,

let S denote the family of all functions in A which are univalent
in U.

For two functions f and g analytic in U, we say that the
function f (z) is subordinate to g(z) in U and write

f (z)≺ g(z)

(z ∈ U) if there exists a Schwartz function w(z) analytic in U
with w(0) = 0 and |w(z)|< 1 (z ∈ U) such that

f (z) = g(w(z))

In particular, if the function g is univalent in U, the above
subordination is equivalent to f (0) = g(0) and f (U)⊂ g(U),
[4].

Sǎlǎgean [9] introduced the differential operator Dn f ,n ∈
N0 for functions f (z) belonging to class A of analytic func-
tions in the unit disk U;

Dn f (z) = z+
∞

∑
k=2

knakzk; n ∈ N0

Fadipe-Joseph et al. [2] studied the modified sigmoid
function

G(z) =
2

1+ e−z

and obtained a series form of the modified sigmoid function
as

G(z) = 1+

(
∞

∑
m=1

(−1)m

2m

(
(−1)n

n!
zn
)m
)

The following classes of functions and many others are
well known and have been studied repeatedly by many authors,
namely, Salagean, Abdul Falim and Darus to mention but a
few.

i S0 = { f ∈ A : Re( f (z)/z)> 0, z ∈ U}

ii B(α) = { f ∈ A : Re( f (z)/z)> α, 0≤ α ≤ 1 z ∈ U}

iii δ (α) = { f ∈ A : Re( f ′(z))> α, 0≤ α < 1 z ∈ U}

iv Bn(β ) = { f ∈ A : Re(Dn f (z)β/zβ )> 0, n ∈ N0 β > 0z ∈
U}
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Khalifa Al-Shaqsi et al. [5] established the family of harmonic
functions such that

Re

(
Dn+1 f (z)β

Dn f (z)β

)
> α

β ≥ 1, 0≤ α < 1
Fadipe-Joseph et al. [3] defined the Salagean differential

operator involving modified sigmoid function Dn
γ as

Dn fγ(z) = γ
n(s)z+

∞

∑
k=2

γ
n+1(s)knakzk, (1.2)

where

γ(s) =
2

1+ e−s = 1+
1
2

s− 1
24

s3 +
1

240
s5 . . .

and

fγ(z) = z+
∞

∑
k=2

γ(s)akzk (1.3)

Remark: The function fγ which is analytic and univalent in
the unit disk belongs to the class Aγ . If γ = 1, Aγ = A1 = A.

Ramachandran and Dhanalakshmi [8] investigated coeffi-
cient estimates for a class of spirallike function in the space of
sigmoid function and estimated the relevant connection to the
Fekete-Szego inequality of functions belonging to the class.

More results can be found in Altinkaya and Ȯzkan [1],
Mini and Keerthi [6] , Murugusundaramoorthy and Janani [7],
Singh and Singh [10] and Wang and Wang [11] to mention
just but a few.

Definition 1.1. A function fγ ∈ Aγ is said to be in the class
Sγ(n,λ ,β ), 0 ≤ λ ≤ 1, β > 0 and n ∈ N0 if the following
subordination holds(

Dn+1 fγ(z)β

Dn fγ(z)β

)1−λ (
Dn+2 fγ(z)β

Dn+1 fγ(z)β

)λ

≺ G(z) (1.4)

G(z) is the modified sigmoid function

2. Main Results

Theorem 2.1. Let fγ ∈ Aγ be in Sγ(n,λ ,β ), 0≤ λ ≤ 1, β > 0 and n ∈ N0, then

|aβ+1| ≤
β n+1

2(λ +β )(β +1)n
γ2 (s)

(2.1)

|aβ+2| ≤
β n

4(2λ +β )(β +2)n

[
β

γ2(s)
+

γ(s)A1

4(λ +β )2

]
(2.2)

|aβ+3| ≤
β n

8(3λ +β )(β +3)n

∣∣∣∣ 4β

3γ2(s)
+

A4

36β 2γ2(s)(λ +β )3(2λ +β )
+

A3β

γ(s)(λ +β )(2λ +β )

∣∣∣∣ (2.3)

where,
A1 =−λ

2 +λ +2λβ +4λλ
2 +2β

3

A2 = λ
3 +12λ

2
β

4 +36λ
2
β

3 +24λ
2
β

2 +3λ
2
β −3λ

2 +6λβ
4

−18λβ
3−18λβ

2−3λβ +2λ +6β
5

A3 = 2λ
2
β

2 +2λ
2
β

2−2λ −11λβ
2−6λβ −3β

3

A4 = 4β
2
γ

2(s)(λ +β )3(2λ +β )+2A2(2λ +β )+9λ
4(s)A1A3β

2.

Proof.

Dn fγ(z)β = γ
n(s)β nzβ +

∞

∑
k=β+1

γ
n+1 (s)knakzk

Dn+1 fγ(z)β = γ
n+1(s)β n+1zβ +

∞

∑
k=β+1

γ
n+2 (s)kn+1akzk

Dn+2 fγ(z)β = γ
n+2(s)β n+2zβ +

∞

∑
k=β+1

γ
n+3 (s)kn+2akzk
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Dn+1 fγ(z)β

Dn fγ(z)β
=

γn+1(s)β n+1zβ +∑
∞

k=β+1 γn+2 (s)kn+1akzk

γn(s)β nzβ +∑
∞

k=β+1 γn+1 (s)knakzk

Dn+1 fγ(z)β

Dn fγ(z)β
= γ(s)β

 1+ γ(s)(β+1)n

β n+1 aβ+1z+
(

2γ(s)(β+2)n

β n+1 aβ+2−
γ2(s)(β+1)2n

β 2n+1 a2
β+1

)
z2

+
(

3γ(s)(β+3)n

β n aβ+3−
3γ2(s)(β+1)n(β+2)n

β 2n+1 aβ+1aβ+2 +
γ3(s)(β+1)3n

β 3n+1 a3
β+1

)
z3 . . .


Similarly,

Dn+2 fγ(z)β

Dn+1 fγ(z)β
=

γn+2(s)β n+2zβ +∑
∞

k=β+1 γn+3 (s)kn+2akzk

γn+1(s)β n+1zβ +∑
∞

k=β+1 γn+2 (s)kn+1akzk = γ(s)β
1+∑

∞

k=β+1 γ (s)
(

k
β

)n+2
akzk−β

1+∑
∞

k=β+1 γ (s)
(

k
β

)n+1
akzk−β

Dn+2 fγ(z)β

Dn+1 fγ(z)β
= γ(s)β

 1+ γ(s)(β+1)n+1

β n+2 aβ+1z+
(

2γ(s)(β+2)n+1

β n+2 aβ+2−
γ2(s)(β+1)2n+2

β 2n+3 a2
β+1

)
z2

+
(

3γ(s)(β+3)n+1

β n+2 aβ+3−
3γ2(s)(β+1)n+1(β+2)n+1

β 2n+2 aβ+1aβ+2 +
γ3(s)(β+1)3n+3

β 3n+4 a3
β+1

)
z3 . . .


(

Dn+1 fγ(z)β

Dn fγ(z)β

)1−λ

= (γ (s)β )1−λ


1+ (1−λ )(β+1)n

γ(s)
β n+1 aβ+1z+(

2γ(s)(1−λ )(β+2)n

β n+1 aβ+2−
γ2(s)(1−λ )(β+1)2n(λ+2β )

2β 2+2n a2
β+1

)
z2+(

3γ(s)(1−λ )(β+3)n

β n+1 aβ+3 +
γ3(s)(1−λ )(β+1)3n(λ (λ+1)+6β (λ+β ))

6β 3+3n a3
β+1

− γ2(s)(1−λ )(β+1)n(β+2)n(3β+2λ )
β 2+2n aβ+1aβ+2

)
z3 . . .


and

(
Dn+2 fγ(z)β

Dn+1 fγ(z)β

)λ

= (γ (s)β )λ



1+
λ (β+1)n+1

γ(s)aβ+1z
β n+2 +(

2γ(s)λ (β+2)n+1aβ+2
β n+2 −

γ2(s)λ (β+1)2n+2(−λ+2β+1)a2
β+1

2β 2+2n

)
z2+(

3γ(s)(1−λ )(β+3)naβ+3
β n+1 +

(γ(s))3(1−λ )(β+1)3n(λ (λ+1)+6β (λ+β ))a3
β+1

6β 3+3n

− (γ(s))2(1−λ )(β+1)n(β+2)n(3β+2λ )aβ+1aβ+2
β 2+2n

)
z3



(
Dn+2 fγ (z)β

Dn+1 fγ (z)β

)λ (
Dn+1 fγ (z)β

Dn fγ (z)β

)1−λ

= γ(s)β



1+ (λ+β )(β+1)nγ(s)
β 2+n aβ+1z+(

2γ(s)(β+2)n(β+2λ )
β 2+n aβ+2−

(β+1)2nγ2(s)A1
2β 4+2n a2

β+1

)
z2(

3γ(s)(β+3λ )(β+3)
β 2+n aβ+3+(

γ2(s)(β+1)n(β+2)n(−β 2)(1−λ )(3β+2λ )−λ (β+1)(β+2)(3β+2−2λ )
β 2+2n

+
2βλ (1−λ )(β+2)+2(1−λ )λ (β+1))

β 2+2n

)
aβ+1aβ+2+(

γ3(s)(β+1)3n[β 3(1−λ )(6β (β+λ )+λ (λ+1))+λ (β+1)((β+1)2(6β 2+(λ−1)(6β+λ−2)))]
6β 6+3n −

3β (1−λ )((β+1)(2β−λ+1)−β (λ+2β ))
6β 6+3n a3

β+1

)
z3 . . .


G(w(z)) = 1+

1
2

w(z)− 1
24

w3(z)+
1

240
w5(z) . . .

G(w(z)) = 1+
c1

2
z+

c2

2
z2 +

(
c3

2
−

c3
1

24

)
z3 . . .

then,

γ(s)β

 1+ (λ+β )(β+1)nγ(s)
β 2+n aβ+1z+(

2γ(s)(β+2)n(β+2λ )
β 2+n aβ+2−

(β+1)2nγ2(s)A1
2β 4+2n a2

β+1

)
z2 . . .


= 1+

c1

2
z+

c2

2
z2 +

(
c3

2
−

c3
1

24

)
z3

(λ +β )(β +1)nγ2(s)
β 1+n aβ+1 =

c1

2
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aβ+1 =
c1β n+1

2(λ +β )(β +1)n
γ2 (s)

|aβ+1| ≤
β n+1

2(λ +β )(β +1)n
γ2 (s)

2γ2(s)(β +2)n(β +2λ )

β 1+n aβ+2−
(β +1)2nγ3(s)A1

2β 3+2n a2
β+1 =

c2

2

aβ+2 =
c2β 1+n

4γ2(s)(β +2)n(β +2λ )
+

c2
1β nγ(s)A1

16(λ +β )(2λ +β )(β +2)n

|aβ+2| ≤
β n

4(2λ +β )(β +2)n

[
β

γ2(s)
+

γ(s)A1

4(λ +β )2

]
and

|aβ+3| ≤
β n

8(3λ +β )(β +3)n

∣∣∣∣ 4β

3γ2(s)
+

A4

36β 2γ2(s)(λ +β )3(2λ +β )
+

A3β

γ(s)(λ +β )(2λ +β )

∣∣∣∣

Corollary 2.2. Let fγ ∈Aγ be in Sγ(n,λ ,1), 0≤ λ ≤ 1, β > 0
and n ∈ N0, then

|a2| ≤
1

2n+1 (λ +1)γ2 (s)

|a3| ≤
1

4(2λ +1)3n

[
1

γ2(s)
+

γ(s)A
′
1

4(λ +1)2

]
|a4| ≤

1
8(3λ +1)4n

∣∣∣∣ 4
3γ2(s)

+
A
′
4

36γ2(s)(λ +1)3(2λ +1)

+
A
′
3

γ(s)(λ +1)(2λ +1)

∣∣∣∣
where,

A
′
1 = 2+7λ −λ

2

A
′
2 = λ

3 +72λ
2−31λ +6

A
′
3 = 4λ

2−19λ −3

A′4 = 4γ
2(s)(λ +1)3(2λ +1)+2A

′
2(2λ +1)+9γ

4(s)A
′
1A
′
3

Corollary 2.3. Let fγ ∈ Aγ be in S1(n,λ ,1), 0 ≤ λ ≤ 1 and
n ∈ N0, then

|a2| ≤
1

2n+1 (λ +1)

|a3| ≤
1

4(2λ +1)3n

[
1+

A
′
1

4(λ +1)2

]

|a4| ≤
1

8(3λ +1)4n

∣∣∣∣43 +
A
′′
4

36(λ +1)3(2λ +1)

+
A
′
3

(λ +1)(2λ +1)

∣∣∣∣

where,
A
′
1 = 2+7λ −λ

2

A
′
2 = λ

3 +72λ
2−31λ +6

A
′
3 = 4λ

2−19λ −3

A′′4 = 4(λ +1)3(2λ +1)+2A
′
2(2λ +1)+9A

′
1A
′
3

Corollary 2.4. Let fγ ∈ Aγ be in S1(0,λ ,1), 0≤ λ ≤ 1, then

|a2| ≤
1

2(λ +1)

|a3| ≤
1

4(2λ +1)

[
1+

A
′
1

4(λ +1)2

]

|a4| ≤
1

8(3λ +1)

∣∣∣∣∣ 43 +
A
′′
4

36(λ +1)3(2λ +1)
+

A
′
3

(λ +1)(2λ +1)

∣∣∣∣∣
where,

A
′
1 = 2+7λ −λ

2

A
′
2 = λ

3 +72λ
2−31λ +6

A
′
3 = 4λ

2−19λ −3

A′′4 = 4(λ +1)3(2λ +1)+2A
′
2(2λ +1)+9A

′
1A
′
3

Corollary 2.5. Let fγ ∈ Aγ be in S1(0,0,1), 0≤ λ ≤ 1, then

|a2| ≤
1
2

|a3| ≤
3
8

Next, we define the Fekete-Szego Inequality for the class
Sγ(n,λ ,β ).
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Theorem 2.6. Let fγ ∈ Aγ be in Sγ(n,λ ,β ), 0≤ λ ≤ 1, β > 0
and n ∈ N0, then

|aβ+2−µa2
β+1| ≤

max

∣∣∣∣∣∣1,
β 1+n

4γ2(s)(β+2)n(β+2λ )
+ β nγ(s)A1

16(λ+β )(2λ+β )(β+2)n

−µ
β 2n+2

4(λ+β )2(β+1)2n
γ4(s)

∣∣∣∣∣∣
Proof.

aβ+1 =
c1β n+1

2(λ +β )(β +1)n
γ2 (s)

and

aβ+2 =
c2β 1+n

4γ2(s)(β +2)n(β +2λ )

+
c2

1β nγ(s)A1

16(λ +β )(2λ +β )(β +2)n

then,

aβ+2−µa2
β+1 =

c2β 1+n

4γ2(s)(β +2)n(β +2λ )
+

c2
1β nγ(s)A1

16(λ +β )(2λ +β )(β +2)n−

µ
c2

1β 2n+2

4(λ +β )2 (β +1)2n
γ4 (s)

|aβ+2−µa2
β+1| ≤

max

∣∣∣∣∣∣1,
β 1+n

4γ2(s)(β+2)n(β+2λ )
+ β nγ(s)A1

16(λ+β )(2λ+β )(β+2)n

−µ
β 2n+2

4(λ+β )2(β+1)2n
γ4(s)

∣∣∣∣∣∣

Corollary 2.7. Let fγ ∈ Aγ be in the class Sγ(n,λ ,1), 0 ≤
λ ≤ 1, then

|a3−µa2
2| ≤

max
∣∣∣∣1, 1

4γ2(s)3n(1+2λ )
+

γ(s)A′1
16(λ +1)(2λ +1)3n

−µ
1

22n+2 (λ +1)2
γ4 (s)

∣∣∣∣.
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