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Abstract

In this study the definition of bounded linear transformation and continuous linear transformation in a Generalized
Fuzzy normed space is introduced. Also classical principals such as open mapping theorem and closed graph
theorem are established in Generalized Fuzzy settings. Finally we introduce contraction of a linear operator
on Generalized Fuzzy normed space and Banach fixed point theorem is proved in Generalized Fuzzy Banach

space.
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1. Introduction

In 1965 L.A. Zadeh introduced the notion of Fuzzy set [5].
A.George and P.Veeramani defined Fuzzy metric space [2]
in 1994. As a continuation of this Magie Jose defined Fuzzy
normed space and discuss some of its properties in 2000 [6].
Also she established open mapping theorem and closed graph
theorem in Fuzzy context. K A Khan [3] introduced the con-
cept of Generalized normed space in 2014 and Sukanya K
P and Sr Magie Jose introduced generalized E-fuzzy metric
space in 2017 [7]. Using these concept we developed Gener-
alized Fuzzy normed space. In this study, we discuss some
properties of bounded linear transformation and continuous
linear transformation on Generalized Fuzzy normed space.

2. Preliminaries

Some basic definition and results are mentioned here that
are used for further development of this paper.

Definition 2.1. [5]A fuzzy set A in a set X is a function map-
ping the elements of X to the unit interval [0,1].

Definition 2.2. [1]:An operation * :[0,1]x [0,1]—[0,1] which
is binary, is a continuous t-norm if it has the following prop-
erties:

* commutativity and associativity,

* continuity,

e forallac [0,1],ax1 =a,

e foralla, byc,d € [0,1]anda < cand b < d, a*b < c*d

Definition 2.3. [6]: (X,N,x) is said to be a Fuzzy normed
space if X is an arbitrary set, * is a continuous t-norm and N
is a fuzzy set on X x (0, 00) with the following properties:

* N(x,t) is greater than 0,

x,t) =1, ifand only if x =0,

N
N(kx,t) = N(x,t/|k|),

*N
S,

x,.) : (0,00) — [0, 1] is continuous, for all x,y,z € X,

(
(
* N(x,t)*N(y,s) <N(x+y,t+s)
(

t > 0 and k any scalar.



Continuous linear transformations on generalized fuzzy normed spaces — 486/488

Definition 2.4. :For a real or complex linear space X,
(X,GFn,*) is a Generalized Fuzzy normed space if * is a
continuous t-norm and Gry is a function from X3 x (0,0) —
[0, 1] with the following properties:

* Grn(x,y,2,t) is greater than 0,
* Gryn(x,y,2,t) = lifand only ifx=y =z =0,

¢ GFN(xmyaZat) = GFN(P(XJGZ)J): (Symmet"}’) Wherep
is a permutation function,

M GFN(kxaky7kZat> = GFN(xay7zvt/|k

),

* Grn(x,y,2,0)*Gen (XY, 2 ,s) < Gpy(x+X ,y+Y 2+
7, t+s),

* Gry(x,9,2,.) : (0,00) — [0, 1] is continuous,

* Gpn(x+y,0,z,t) > Gpy(x,y,2,t) for all s,t > 0,
x,y,2,x,y',7 € X and k any scalar.

Example 2.5. For a real or complex linear space X, (X,||.,.,|)
is a G-normed space if we define ||., ., .|| : X> — R by ||x,y,z|| =
[IX]| + |yl + ||z]|- Then (X,Gry,*) is a Generalized Fuzzy
normed linear space, if we define a+b = min(a,b) and
GFN(X,y,Z,t) = m

Definition 2.6. In a Generalized Fuzzy normed space X, for
given xo € X,t > 0 and 0 < r < 1, the open ball B(xy,r,t)
is defined as B(xo,r,t) = {y € X : Gpy(x0 — ¥,y — X0,0,) >
1—r}.

Definition 2.7. A sequence (x,) in (X,Gpgp,*) is a General-
ized Fuzzy cauchy sequence if for givenr, 0 <r < 1,t >0>
an integer N such that Ggn(X; — Xy, Xm — Xn, Xn —Xj,8) > 1—r
for everyl,m,n > N.

Remark 2.8. A sequence (x,) in (X,Gry, *) is a Generalized
Fuzzy cauchy sequence if given 0 < r < 1,t >0 > an integer N
such that Gpn (xp — X, Xm — Xn,0,8) > 1 —r for every n,m >
N.

Remark 2.9. A sequence (x,) in (X,Gry,*) is a Generalized
Fuzzy cauchy sequence if for givenr, 0 <r < 1,t >03> an
integer N such that Gpn (Xnt-p — Xn, Xn — Xntp,0,2) > 1 =7 for
everyn > N and p > 0.

Definition 2.10. A Generalized Fuzzy normed space
(X,GFn, ) is said to be complete if every Generalized Fuzzy
cauchy sequence in X converges in X.

Definition 2.11. A complete Generalized Fuzzy normed space
is called a Generalized Fuzzy Banach space.

3. Main Results

Generalized Fuzzy bounded linear transformation and
Generalized Fuzzy continuous linear transformation are de-
fined. Also we have established boundedness imply continu-
ity for a linear transformation in Generalized Fuzzy normed
space.
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Definition 3.1. A linear transformation F : (X,Gpy,*) —
(Y,Gppr, %) is said to be bounded if there exists k > 0 such
that GFN’(F(X)vF(y)7F(Z)7t) > GFN(xayaZ7t/k) ’ anyaz €X
andt > 0.

Definition 3.2. A linear transformation F : (X,Gpy,*) —
(Y,Gppr, %) is said to be continuous at x if given ry,t; > 0,
0 < ry <1 there exists ry,tp >0, 0 < ry < 1 such that
Grn(x—y,y—x,0,) >1—r

— G (F(x) = F(3), F(y) — F(x),0,11) > 1 =y ¥y € X

A linear transformation F is continuous on X if it is con-
tinuous at every x € X.

Theorem 3.3. A linear transformation F : (X,Gpy,*) —
(Y,Gppr, %) is continuous at xo € X if and only if the sequence
(F(xn)) converges to F(xg) in Y for every convergent sequence
(xn) converges to xg in X.

Proof. Suppose F is continuous at xo and (x,) converges to
xo. Then given r,t; >0,0<r; <13m,nb>00<rn <1
such that Gy (y — x0,%0 — ¥,0,81) > 1 —ry

= Gpn(F(y)—F(x0),F(x0) —F(Y),0,t0) >1—rp,y€Y.
Since x, — xp, for this r, and #;, 5 n such that Gry(x, —
X0,%0 — X,0,t2) > 1 —ry Yn > N. This implies Gpy (F (x,) —
F(x0),F(x0) —F(x),0,t;) >1—r,Vn >N = F(x,) —
F(xp).

Conversely, let the sequence (x,) — xo0 = (F(x,) — F(x)
and F' is not continuous at xo. Then 2 r1,1; > 0,0<r; < 1
such that for any r, > 0,0 < r, < 1 there exists x € X
such that GFN(X() —x,x—xo,(),tz) > 1—ry, but Gy (F(XO) —
F(x),F(x) —F(x),0,¢;) < 1—r;. Take r, = 1/nand t, =
1/n where n € N. Then for each n there exists an x,, € X such
that Gry (X0 — Xu, X, —x0,0,1/n) > 1—1/n, but Ggyr (F(x9) —
F(x),F(x;) — F(x0),0,71) < 1—ry. Thus F(x,) does not
converges to F(xp) whereas x, converges to xo. This is a
contradiction. Hence the result. 0

Theorem 3.4. Let F be a linear transformation from
(X,GFn,*) to (Y,Gpyr,%) . Then F is continuous on X if
and only if F is continuous at a point xg in X.

Proof. Let F is continuous on X, then it is continuous at ev-
ery point in X. Conversely, let F is continuous at a point xp
€ X. Lety € X is arbitrary. Then from our assumption, given
ri,t; > 0,0 < r <1 there exists rp,1, > 0,0 < rp < 1 such that
Gryn(x—x0,%0—x,0,t1) >r1 = Gpy(F(x)—F (x0),F(x0) —
F(x),0,12) > ry Vx € X. Replacing y by x+xo —y, we get
GFN(X—}@_Y—X,O,I]) >r = GFN’(F(x) _F(y)vF(y) -
F(x),0,t2) > ra Vx € X. Implies F is continuous at y € X. As
this y € X is arbitrary, we have the result.

O

Theorem 3.5. Every bounded linear transformation from
(X,GFn, %) to (Y,Gppr, %) is continuous.

Proof. Let F : X — Y be a bounded linear transformation.
Then there exists k > 0 such that Gpy/ (F (x),F (y)F(z),t >
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Grn(x,y,2,t/k) Vx,y,2€ X ,0<r < 1.
Choose r; < rand t; =t /k. Then
GFN’(F(X)fF(y)vF(y)7F(x)voat)

= GFN’(F(x_y)aF(y_x)aOat)

> GFN(x—y,y—x,0,t/k)

> Grn(x—y,y—x,0,11)

>1—r,
whenever Gpy(x—y,y—x,0,t1) > 1 —r,Vy € X.
That is F is continuous at x. Therefore F is continuous on
X. O

Theorem 3.6. Let M be a closed subspace of (X,Gpn,*)
and F be a natuaral mapping of X onto the quotient Space
X /M defined by F(x) =x+ M. Then F is a bounded linear
transformation.

Proof. Since M is closed subspace of a Generalized Fuzzy

normed space (X,Gpn, *), X /M is a Generalized Fuzzy normed

space with Generalized Fuzzy norm

Gy (x+M,y+M,z+M,t) = Sup{Grn(x+M,y+ M,z +

M,t) :m € M}. Then clearly F is linear.

GFN’(F<X)’F(y)7F(Z)7t) = GFN’(x+M7y+M’Z+Mvt)
=sup{Gpn(x+m,y+m,z+m,t) :meE M}
>Gpn(x+M,y+M,z+M,t) Vm € M.

Since M is a subspace, take m=0.

We get Gpy (F(x),F(y),F(z),t) > Grn(x,y,2,t) Vx,y,z € X.

Therefore F is a bounded linear transformation. O

Definition 3.7. A continuous linear transformation F :
(X,Grn,*) = (Y,Gppr, %) is said to be open if for every open
set A in X the set F(A) is open in Y.

Proof of open mapping theorem for generalized case will
follow readily from the Baire’s Theorem for Generalized case
and from the following two lemmas.

Theorem 3.8. (Baire’s Theorem for Generalized case)

If X is a Generalized Fuzzy Banach space, then the intersec-
tion of a countable number of dense open subsets of X is dense
inX.

Lemma 3.9. Let (X, Gry,*) be a Generalized Fuzzy normed
space. Then

* B(x,nt) =x+B(0,nt)
* B(0,r,nt) =nB(0,r1)

Lemma 3.10. Let F be a continuous linear transformation
Sfrom (X,Gpp1,%) onto (Y,Gpna,*). Then the image of any
open ball centered at x in X will contain an open ball centered
atF(x)inY.

Proof. For given r,t >0, 0 < r < 1 let B(0,r,t) be the open
ball in X centered at origin and for given s,k > 0,0 <s < 1,
let B'(0, s, k) be the open ball in Y centered at origin. First we
prove that B'(0,s,k) C FB(0,r,1).

Let x € X be fixed, then there exists some 7y such tnat x €
B(0,r,1p). Choose n such that #y < nt. Then x € nB(o,r,1).
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Hence X = U;>_nB(0,r,). Since F is onto and linear ¥ =

F(X)=Uy_F(nB(0,r,)). Since Y is complete by Baires

Theorem for Generalized case, there exists atleast one ng such

that F(noB(0,r,t)) # 0. Let y € F(noB(0,r,¢)) . That is

there exists an open ball containing y contained in F(n9B(0,r,1)).

Since F(noB(0,r,t)) and F(B(0,r,t)) are homeomorphic to

each other, F(B(0,r,t)) contains an open ball say B’ (y,s,k).

Since y € B'(y,s,k) C F(B(0,r,t)), y = F(x) for some x €

B(0,r,1).

We have B’(y,s, k)= B’(O, s,k)+y

B'(0,5,k) = (y,s k) —
F(B(0,r,1)) l))
F(B(0,r1)) —
F(B(0, rt) X).

LetyOEB(O nt)—x = yp=

Now

Grni (Yo, —y0,0,1") =

Gry(xo —x,x—x0,0,1"), where t’ = 21

> Gry(x0, —x0,0,t'/2) * Gy (—x,x,0,¢' /2)

>1=r)x(1-r)

> 1—7 forsome ¥,0 <7 < 1.

= yo € B(0,7,7).

Hence B(0,r,t) —x C B(0,r )

= B'(0,s,k) C FB(0,7,).

That is for given r,t > 0,0 < r < 1 there exists s,k > 0,0 <

s < 1 such that B'(0,s,k) C FB(0,r,t). Now letx € X,

B'(0,s,k)+F(x) C F(B(0,r,t))+ F(x)

That is B'(F(x),s,k) C F(B(x,r,t)) Take By = B(x,r,t) and

x1 = x. Then there exists ry,#; >0, 0 < r; < 1 such that

B(xy,r1,t1) C By .

Choose r} < ri and t{ = min{t;, 1} such that B[x,r},{] C Bo.

Also B(x1,7},t;) C Blxi,r],t].

Then there exists s;,k; > 0,0 < 51 < 1 such that

B’(F(xl),sl,kl) C FB(xl,rll,l‘i).

Let y € B'(F(x1),s1,k1) = y € FB(x,r],t;) = there

exists x, € B(xy,r},t}) such that y — F(x;). Thatis F(x;) €

B/(y,S27k2>70 < s2,kp < 1/2  and B/(F(XQ),SQ,/Q)

C FB(xy,r5,15) where B[xy,ry,t)] C B(x1,7],t1,),r5 <1r2,0<

ry < 1/2 and 15 = min{t,,1/2}, t > 0 with B(x,r2,12) C

B(xy,r},t]). Continuing like this , there exists

Xn € B(xy—1,7),_y,t! ;) such that F(x,) € B'(y,$n,kn),0 <

Snykn < 1/n and B’( (%), Sns kn ) C FB(xy,r),t) where

B[xn, 1] C B(Xy—1,r,_1,ta—1),77, <r,,,0<r,,<1/n and

t —mm{t,,, 1/n}, ty > Ow1thB(xn7rn7tn) CB(Xp—1,7],_ 1 tn—1,).

Now, for given r,t > 0,0 < r < 1 choose an integer N such

that 1/N < min{t,r}.Then forn > N and [,m > n

Grnt (X1 — Xy Xim —X1,1)

> GFNl(xl —XmyXm — Xn, Xn — X, I/N)

> Grn1 (X —Xn,0,x, —x7,1/N)

>(1—1/n)

>1—r.

Then {x,} is a cauchy sequence in Generalized Fuzzy normed

space X. Since X is complete x, converges to some Xy €

X. Also, since x; € Bxy, 1), 1] C B(xy—1,7),_,tn—1) for ev-

ery k > n and Bx,,r},1,] is a closed set, xo € B[xy, 1,1,

( )

xo — x for some xo € B(0,r,t)

— XnyXn

N



Continuous linear transformations on generalized fuzzy normed spaces — 488/488

B(xp—1,7],_;,ta—1) for every n. That is xo € By. Since Fis a
continuous linear mapping and x, — xo = F(x,) — F(xo).
Now for given r,# > 0, 0 < r < 1. Choose N such that 1 /N <
min{t,r}. Thenforn >N, Grno(F (xn) —y,y — F(x,),0,¢) >
GFNZ(F(XH) —y,y—F(xn),07 I/N)

> GFNZ(F(xn) _yay_F(xn)aQ 1/11)

> Grna(F (x0) = 3,y — F (x0),0,ky)

>1—s5,
>1—1/n
>1-1/N

> 1 —r,foreveryn > N.
That is F(x,) — y. Therefor y = F(xg) € F(B(x,nt)) =
B'(F(x),s1,k1) C F(B(x,r,t)). Thus image of an open ball
centered at x in X contains an open ball centered at F(x).

O

Theorem 3.11. Open Mapping Theorem

Let (X,Gpn, ) and (Y,Gpy, *) be Generalized Fuzzy Banach
spaces. Let F be a continuous linear mapping fromX to'Y .
Then F is an open mapping.

Proof. Let A be any open set in X. To show that F(A) is
openinY. Let F(x) € F(A), where x € X. Since A is open
in X, there exists r,7 > 0,0 < r < 1 such that B(x,r,t) C A.
Hence by above lemma there exists s,k > 0,0 < s < 1 such
that B’ (F (x),s,k) C F(B(x,r,t)) C F(A). Hence F(A) is open.

O

Theorem 3.12. Closed graph theorem for Generalized Fuzzy
normed space

Let (X,Grn1,%) and (Y,Grna,*) be two Generalized Fuzzy
Banach spaces. If F is a closed linear transformation from X
into Y, then F is continuous.

Proof. Let X’ denote the same space X with another General-
ized Fuzzy norm Gy defined by
Gry (x,,2,t) = Grn1(x,¥,2,1) * Gpna(x,,2,t). Then Gppy
is a Generalized Fuzzy norm and X' is a Generalized Fuzzy
normed space with this norm.
Consider
Grna(F(x), F(3),F(2),1) = 1 Gena(F (x), F (3), F (2),1)
> Grni(x,Y,2,1) * Grna (F (), F (y), F (2),1)
> GFN’(xvyvzvt)'
Thatis F : X’ — Y is bounded and so it is continuous. Now
consider I : X’ — X defined by I(x) = x. Then [ is one one
and onto.
Also Gpni (I(x)J(y),I(z),t) = 1+Gppn1 (x,y,z,t)
> Gpnr (x,9,2,1) * Gpni (x,Y,2,1)
> Gryr (x,9,2,1).
Therefore I is bounded and so 7 is continuous. Since [ is
one one ,onto and continuous, X and X’ are homeomorphic.
Hence F : X — Y is continuous. O

Next we define contraction of a mapping on Generalized
Fuzzy normed space.

Definition 3.13. Let (X, Gry, *) be a Generalized Fuzzy normed
space. A mapping F : X — X is called a contraction on X if
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there exists k, 0 < k < 1 such that
GpN(Fx—Fy,Fy—Fz,Fz—Fx,t) > Gpy(x—y,y—z,2—x,t /k)
vVt > 0and x,y,z € X.

Theorem 3.14. Banach fixed point theorem

Let (X,Gpp,*) be a Generalized Fuzzy Banach space and
F : X — X be a contraction on X.Then F has a unique fixed
point.

Proof. Let xo € X be arbitrary. Define a sequence {x,} by
Xn = F"(x0). Fort >0and p >0

GFN(xthP — Xn, Xn —xn+p,0,t) = GFN(FHP(?CO) —F"(xo),
F"(xo) — F"P(x0),0,1)

> Grn(F™ P~ (xg) —F" (x0), F" ' (x0) — F"P~ 1 (x0), 0, /k)

> GFN(FP(X()) —X0,X0 — FP(X()),OJ/kn)
Sine0 < k< 1,t/k" —o0asn— oo
Therefore Grn (Xntp — Xn,Xn — Xnyp,0,1) = 1 asn — oo
= {x,} is a cauchy sequence in X. Since X is complete,
X, — xin X.
That is lim, e F" (x0) = X
Now x = limy e F" 1 (x0) = limy e F (F"(x0)) = F(x).
Hence x is a fixed point. To show uniqueness, let y € X such
that y= F(y) and y # x.
Asy # x 31, > 0 and such that
Grn(x—y,y—z,2—x,0,t1) = Gpy(Fx— Fy,Fy—Fx,0,11)
> Grn(x—y,y—z,z2—x,11/k).

Which is a contradiction as 0 < k < 1. Hence x = y.

0

References

11 B.Schweizer and A.Sklar, Probabilistic Metric Spaces,

North Holland, New York, 1983.

George A and P Veeramani, On some results in Fuzzy
metric spaces, Fuzzy Sets Systems, 64(1994), 395-399.
Kamran Alam Khan, Generalized Normed Spaces and
Fixed Point Theorems, Journal of Mathematics and Com-
puter Science, 13(2014), 157-167.

Kreyszig E, Introductory Functional Analysis with Appli-
cations, John Wiley and Sons, New York, 1978.

L A Zadeh, Fuzzy Sets, Fuzzy Sets, Information and
control, 8(1965), 338-353.

Magie Jose, A Study of Fuzzy Normed Linear Spaces,
Ph.D Thesis, Madras University, Chennai, India.
Sukanya K P and Dr Sr Magie Jose, Generalized Fuzzy
Metric Space and its properties, IJPAM, 119(9)(2017),
31-39.

[2]

3]

(4]

[51

[6]

7

—

ok ok kK Kk ok
ISSN(P):2319 — 3786
Malaya Journal of Matematik
ISSN(0):2321 — 5666
Kk ko k Kk Kk k


http://www.malayajournal.org

	Introduction
	Preliminaries
	Main Results
	References

