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Neighbourhood V,—magic labeling of some middle
graphs

K.P. Vineesh'* and V. Anil Kumar?

Abstract

Let Vs ={0,a,b,c} be the Klein-4-group with identity element 0.A graph G(V(G), E(G)) is said to be neighbourhood
Vi-magic if there exists a labeling f : V(G) — V4\{0} such that the induced mapping N]T :V(G) — V4 defined
by Njf(v) = Yuen(v) f(u) is @ constant map. If this constant is p(p # 0),we say that f is a p-neighbourhood
V4-magic labeling of G and G a p-neighbourhood V,-magic graph. If this constant is zero, we say that f is a
0-neighghbourhood V4-magic labeling of G and G a 0-neighbourhood V,-magic graph. In this paper we investigate
middle graph of some special graphs that are a-neighbourhood V4-magic, 0-neighbourhood V4-magic and both

a-neighbourhood and 0-neighbourhood V,-magic.
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1. Introduction

Through out this paper we shall consider only connected,
finite, simple and undirected graphs. All notations and def-
initions not given here can be found in [2, 3]. The Klein
4-group, denoted by Vj is the abelian group of order 4. It has
elements V4 = {0,a,b,c},witha+a=b+b=c+c=0and
a+b=c,b+c=a,c+a=>b.Obviously Vy is not cyclic since
every element is of order 2 (except possibly the identity). The
Vs-magic graphs were introduced by S. M. Lee et al. in 2002
[7]. We say that, a graph G = (V(G),E(G)), with vertex set
V(G) and edge set E(G) is Neighbourhood V;-magic if there
exists a labeling f : V(G) — V4\{0} such that the induced
mapping N/ : V(G) — V4 defined by N7 (v) = Luen(y) f (1)
is a constant map. If this constant is p,where p is any non
zero element in Vy,then we say that f is a p-neighbourhood
V4-magic labeling of G and G is said to be a p-neighbourhood
Vi-magic graph. If this constant is O,then we say that f is a
0-neighbourhood V4-magic labeling of G and G is said to be a

0-neighbourhood Vs-magic graph. In this paper, we study a
class of graphs in the following categories:

(1) Q, := the class of all a-neighbourhood V4-magic graphs,
(i1) Qg := the class of all 0-neighbourhood V4-magic graphs,
(iii) Qg0 := 2, N Q.

Definition 1.1. [1] The middle graph of a graph G, denoted
by M(G), is the graph obtained from G by inserting a new
vertex into every edge of G and by joining those pairs of these
new vertices with edges which lie on adjacent edges of G.

Definition 1.2. [4] A complete bipartite graph of the form
K , is called a star. A star Kj , is sometimes called an n—star.

Definition 1.3. [5] The friendship graph or the Dutch wind-
mill graph, denoted by F,, (or ng>) is obtained by taking m
copies of C3 with one vertex in common.

Definition 1.4. [6] The Bistar B,, , is the graph obtained by
joining the central vertex of Kj ,, and Kj , by an edge.

2. Main Results
Theorem 2.1. M(C,) € Q, if and only if n = 0(mod 2).
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Proof. Consider M(C,) with vertex set V = {u;,v;: 1 <i <
n} labeled as in figure 1. Suppose that M(C,) € Q, with a
labeling f. Then N]T(uz) = g implies that f(vi) + f(v2) =q,
which implies that either f(v;) =b or f(v1) = c. Without loss
of generality we can assume that f(v;) = b. Then f(v;) =
¢, f(v3) = b, f(va) =c, etc. and so on. Now N/ (u1) =
a implies that f(v;) + f(v,) = a, which again implies that
f(vy) = c. Hence n = 0(mod 2). Conversely, assume that
n=0(mod 2). Then define f : V — V4\{0} as:

b if i=0(mod 2)

flwi) = f(vi) = {c if i=1(mod 2)

Obviously, f is an a-neighbourhood V4-magic labeling of
M(Cy,). This completes the proof of the theorem. O

Figure 1. The middle graph M(C,)

Theorem 2.2. M(C,) € Qq for all n > 3.

Proof. By labeling all the vertices by a, we get M(C,) €
Q. O

Corollary 2.3. M(C,) € Q¢ if and only if n = 0(mod 2).

Proof. Proof directly follows from Theorem 2.1 and Theorem
2.2. O

Theorem 2.4. M(P,) & Q, for any n.

Proof. Consider M(P,) with vertex set V = {u;,v;: 1 <i <
nl<j<n—1}andedgesetE ={uv;:1<i<n—1}U
{ittir1: 1 <i<n—1}U{vvi41: 1 <i<n—2}. Assume that
M(P,) € Q, for some n with a labeling f. Then N}”(ul) =a
implies that f(v;) = a. Now Nf+ (u2) = a implies that f(v;) +
f(v2) =a. Hence f(v2) = 0, a contradiction. Hence the theo-
rem is proved. O
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Theorem 2.5. M(P,) & Qo for any n.

Proof. Proof is obvious, since M(P,) has pendant vertex in
it. O

Corollary 2.6. M(P,) & Qa0 for any n.

Proof. 1t directly follows from Theorem 2.4. O
Theorem 2.7. M(K, ,) € Q, if and only if n = 1(mod 2).
Proof. Consider M(K| ,) with vertex set V = {u,u;,v; : 1 <
i <n}andedge set E = {uvj,uv;: 1 <i<n}U{yv;j:1<
i,j <n,i# j}. Assume that M(K; ,) € Q, with a labeling
f. Then, N;{ (u;) = a implies that f(v;) = aforall 1 <i<n.
Consequently, N?(u) = a gives na = a, which implies that

n = 1(mod 2). Conversely, assume that n = 1(mod 2). De-
fine f:V — V4\{0} as:

flu)y=>b if i=1,2,3,....n
fvi)=a if i=1,2,3,....,n
flu)=c
Then f is an a-neighbourhood V4-magic labeling of M (K] ,).

O
Theorem 2.8. M(K, ,) & Qo for any n.

Proof. Proof is obvious due to the presence of pendant vertex
in M (K 17,,) . O

Corollary 2.9. M (K ,) & Qa0 for any n.

Proof. Tt directly follows from Theorem 2.8. O

Theorem 2.10. M(F,,) € Qo for all n.

Proof. Note that degree of each vertex in M(F,,) is even. By
labeling all the vertices by a, we get M(F,,) € Q for all
m. O

Theorem 2.11. M(F,) & Q, for any n.

. . _ ror
Proof. Consider M(F,,) with verex set V = {w, u;, v;,w}, u},v:

1 <i<m} labeled as in figure 3. Suppose that M(F;,) € Q,
with a labeing f. Then for each 1 <i<m, N/ (u;) =a =
N7 (vi) implies that f(u;) = (v}). Hence N; (w) = ¥ f(u}) +
Y. f(v}) =0, which is a contradiction. Hence the theorem is
proved. o

Corollary 2.12. M(F,) & Q40 for any n.
Proof. Tt directly follows from Theorem 2.11. O
Theorem 2.13. M(B,, ) & Qo for all m and n.

Proof. Proof is obvious, since M (B, ) has pendant vertex in
it. O

Theorem 2.14. M(B,, ) € Q, if and only if m and n are both
even.
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Figure 2. An a-neighbourhood Vs-magic labeling of
M(K,5).

Proof. Consider M(Byp) with vertex set
V= {u,v,w,u;,vj,u;,v;: 1 <i<m,1 < j<n}and edge set
E = {uu: 1 §i§m}U{vjv'j 01 §j§n}u{u§u’j 1<
i <miF YUy i1 <i,j<ni# j}U{uu;:1<i<
mpu{w, 1 <j<npU{wui:1<i<mpu{w;:1<j<
n} U{wu,wv}. Assume that m and n are both even. Define
f:V—=V4\{0} as:

Sflw)=c if i=1,2,3,....m
f)y=a if i=1,23,....m
fvj)=b if j=1,23,...,n
f(v’j):a if j=1,2,3,...,n
fu)=b
fv)=c
fw)=a

Then, f is an a-neighbourhood V4-magic labeling of M (B,,.5).
Conversely, assume that m and n are not both even. Without
loss of generality assume that m is odd. If M(B,,,) € Qq,
then we have f(u}) =afori=1,2,3,...,m. Now N)T(u) =
Y f(u;) + f(w) = a implies that na+ f(w) = a, which again
implies that f(w) = 0, a contradiction. Therefore, M (B, ) &

Q. O
Corollary 2.15. M (B, ») & Qa0 for any n.
Proof. 1t directly follows from Theorem 2.13. O
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Figure 3. The middle graph M(F,,).
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