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This paper finds the extended energy of some special class of graphs and their complement graphs. Let
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1. Introduction

The energy of a graph was first coined by Ivan Gutman
[1]. However, the motivation for his work appeared in 1930’s.
In 1930, German scholar Erich Huckel put forward a method
for finding approximate solution of the Schrodinger equation
of a class of organic molecules called unsaturated conjugated
hydrocarbons. This approach is referred to as Huckel molec-
ular orbital theory(HMO). This is in accordance with the
electron energy of the molecule [2]. Earlier some chemical
problems were converted to graph and were then solved using
spectral graph theory. For example, upper and lower bounds
for energy of various classes of graphs were calculated and this
can be further used to calculate the total £— electron energy
of molecular graphs. One can find various results about the
eigen values, energy of graphs, Laplacian energy, color energy
and color Laplacian energy can be inferred from [3-13, 15].
Let d; the degree of the vertex v;,1 <i < n. The concept of
extended adjacency matrix A, (G) was first explored by Yang

Xu et al., [14] and defined as

1(di | 4 S
pen(ey= {3 +) D@
0 elsewhere.

Extended adjacency matrix can account for heterotoms and
multiple bonds which possess high discriminating power and
correlate a number of physico-chemical properties and biolog-
ical index of organic compounds. Also it is used for removing
the degeneracy of the entries of the adjacency matrices. In this
paper, the extended energy of complete graph, complete bipar-
tite graph, star graph, bistar, crown graph, cocktail party graph,
friendship graph and their complement graph are calculated.

2. Preliminaries

In this section, we give some necessary existing results
which are required for the development of our main results.

Lemma 2.1. [16] Let M,N,P,Q be matrices and M be in-
vertible. If S = < A]/)[ g ) then det(S) = det(M)det(Q —
PM’IN). Also, if M and P commute then, detS = det(MQ —
PN).

Ao A
A1 Ao
trix partitioned into blocks. Then the eigen values of A are the
eigen values of the matrices Ao+ A1 and Ag — Aj.

Lemma 2.2. [16] Let A = ( > be a symmetric ma-
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3. Main Results 5
S
This section includes some important results such as ex- =
tended energy calculation of complete bipartite graph, star E
graph, cocktail party graph etc.,. Also, finds the extended
energy of complement of some of their graphs. - -
T+ Lttt e oo
. Sl=gl= BB
Theorem 3.1. If K, is a complete graph of order n, then — —
—l—Ie =
Eey (Kn) =2n—2. :\\E;\\E :\\E;\\S
+ + .o + + o O e o O
Proof. Let K,, be the complete graph with vertex set —le—iey —lev—ley
V= {V],Vz, ---Vn}-
;EQE =|s=|8
T+ Lttt e oo
_ _ Sl=gl= Sl=gl=
o1 1 ... 11 T Sl
1 1 1
110 ... 11 CEERESE
1 1 ... 01 —le—le —le—len
L 1 1 1 1 n —~ —~
=|s=|8 s|s=l8
- . ++ .+ F
Then the characteristic polynomial e e S genie T e
e
P(KnA) = (A+1)"" (= (n—1)). e
HESES HESSES
co oo Ao+
Spectrum of Sl=gl= Sl=sls
—leN—e —leN—e
-1 n—-1
K= ( n—1 1 >
SsEE NEeE

Eext(Kn) = Z ‘T]l‘ =2n—2. —le—Ie —lo—IeN
i=1
CEEEEE
O co oo T oL+ +
—leN—e —leN—e
Remark 3.2. The Extended energy of a complete graph is |
same as the energy of the complete graph. E
X
Theorem 3.3. Let K, , be the complete bipartite graph on <§’

m-+ n vertices, then
Consider, det(A] — Aex (Kinn)-

m n
Eeq(Knn) = v/mn (7 + 7) ‘

n.om Steps:

Proof. Let K, , be the complete bipartite graph of order m—+n, 1. Cy — Cy —Cpyy for k =m+2,m+3,...,m+n. Then we
then get A2 detB.
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2. IndetB,R;y — R, — Ry fork=m+2,m+3,...m+n T 1

and simplifying we get, =
-1
=
+
— o o o o
1 2 '
S
detB= A% —mn { (m—l-n)} e
2\n  m
al
The characteristic polynomial of K, ,is i_ o o o o
|
=
—le
m+n—2 2 1 /m n ?
P(Kpp, A) = A A2 —mn f(f+f) :
’ 2\n  m .
al
+
— o o o o
Spectrum of K, , is I
' 1 1 =
0 m[3(F+0)] —vma[3 (R+5)] =
m+n—2 1 1
o
+
" m o n — o o o o
Eext(Km,n) = Z |nz| =\vmn (* + *) . |:
i=1 nom —~
—le
- T AL
+ + + +
S = =t =
(. (.
EE EE
—| = —lN—I

Aext (Km,n)

Definition 3.4. A star graph S, is a connected graph on n
vertices where one vertex has degree n — 1 and the other n — 1 .
vertices have degree 1. A star graph is a special case of a Consider, det(A] —Aeu (Ki1,0-1))-
complete bipartite graph in which one set has 1 vertex and  Steps:

the other set has n— 1 vertices. It is also denoted by K1 1.
1. Ry = Ry — R, for k =2,3...n— 1. Then we get,

det(Al — Agy (K1u1)) = A" 2 det(B).

Theorem 3.5. If Ki ,_1 is a star graph on vertices, then 2. In det(B),Cy — Cy — C, for k = 3,4...n and expanding

det(B) we get,

n—1/ 1 2
2 _ 92 -
n*—2n+2 det(B) = A° — ( +n—1> .
Eeq(Kip-1) = —F7——. 4 \n—-1
vn—1
Thus the characteristic polynomial of Ky, is
n—1/ 1 2
. P(K],nfl,l)Z/ﬁLniz A% — +n—1 .

Proof. Let K ,_1 be a star graph on n vertices, then 4 n—1

512 X
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Therefore, spectrum of Kj ,_1 is T )

2
oo o ":‘ o o o o
—1( 1 1/ 1 e
0 Y= (Htn—1) ¥ (GG +n-1) e
n—>2 1 1 Py
—le
oo o ":‘ o o o o
Hence, ~
—IlN
ZQ
- +
Eext(Kl.n—l):Z|ni‘ oo .- of/oo =
i=1 —IeN
1
=vVn—1 7n_1+n—1 Il Sda
— + + ...+ +
n*—2n+2 < < == ==
= ﬁ — =l —le—le
2
‘*:‘ o cocoo o o
v
O
ZQ
‘g o cocoo o o
e
o
i o oo oo o o
e
Za Z5a
o T t+t—~o o o
= EE
Definition 3.6. Bistar B, , is the graph obtained by joining —ie —lev—iey
the apex vertices of two copies of star K1 ,—1. ! !
' Il
=
=
8
g
<
Theorem 3.7. If B, , is a bistar on 2n vertices then
1 2
Eext(Bn,n) :2 l+ (n—l) (n +n) .
Using lemma 2.2, the above matrix is of the form
Ao (B ) — Ao Ay
Proof. Let B, , is a bistar on 2n vertices then ewt(Bnn) = A Ao
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f ' Proof. Let H,, is a crown graph of order 2n, then

I _ }
too oo 00 -- 00 01 1
= 00 -- 0010 1 1
—“N . . . . . .
_ 0 0 00 1 1 0 1
foo oo Aty = | © O 0011 10
e R BV | 1 100 0 0
1 0 1 1 0 0 0 0
ZQ 1P 1r - 0100 - 0
l’oomoo 11 - 1000 --- 0 0|
:; Using lemma 2.2, the above matrix is of the form
o _ | Ao Al
;/o = B o W e Aext(Hn,n) - |: Al AO :|
- [0 1 1 117
— = — =N 1 O 1 1 1
A 110 11
TN L Ao+A; = .
—— —lN—N .
L ! 1 1 1
I |11 1 1 ]
<t .
+ Consider, det(Al — (Ao +A1))
(=]
< Steps:
Spectrum of Ag + A can be found using the same elementary 1. Ry — Ry +Ry+ ...+ R, Then we get
steps as in theorem 3.5. Similarly, we get the spectrum of
A — A;. Thus the characteristic polynomial of B,, ,, is (A —(n—1))detB.
1 1 \?2 2. IndetB,Cy — C, —C, for k=2,3,...,n, then
P(an,l):/lzn_‘t <l2l(n4 ) < > )
e detB=(A+1)"".
> (n=1) (1 \° . . .
AT+A— 1 . +n Thus characteristic polynomial of Ag + A is

(A—(n—1)A+1)"1

Spectrum of By, , is

Similarly, we can find the characteristic polynomial of Ag —A}

1 2 1 2 18
o Y)Yl Ge)) (At (= 1) (2= 1)
1

2
2n—4 1 By lemma 2.2, The characteristic polynomial of (Hnn) is
H
ence (lJrl)n_l()L7(7171))(1+(ﬂ*1))(l*1)n_1.
‘l 2
Eoit(Bun)=2,|14+| (n—1) < +n> . Spectrum of
' n o =D A=l -1
e 1 1 n—1 n—1
O Hence,

Eey(Hyy) =4(n—1).
Definition 3.8. The crown graph H, , is the graph obtained et (Hon) (n—1)

from the complete bipartite graph K, , by removing a perfect O

tching. _
matching Theorem 3.10. If H,, , is the complement of the crown graph

Theorem 3.9. If H, , is a crown graph of order 2n withn >3,  H, , then L
then Eey(Hp ) = 4(n—1). Eexi(Hyp) =4(n—1).
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Proof.
F0 1 1110 0 07
10 | 1 00
11 0100 10
11 1000 01

Aea(Hnn) = | | 000 1 11
0 1 0010 11
00 «+ 101 1 - 1
(00 - 01 11 - 10|

J,—1 1

Using lemma 2.2, the above matrix is of the form

Act(Fn) = {Ao Al }

A1 A
The characteristic polynomial of (H,,) is
A=m=2)A-nm)A"" (A +2)"!

Spectrum of

O

Definition 3.11. The cocktail party graph denoted by K, x> is
a graph having vertex set

V= U{M,‘,vi}
i=1

and edge set
E = {uuj,uivj,viuj,vivj: 1 <i< j<n}.

Theorem 3.12. If K« is a cocktail party graph of 2n ver-
tices, then
Eou(Knx2) =4(n—1).
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Aext (Kn><2) = |:

In

Jo—1,
—1,

Jo—1,

Jn—1

From lemma 2.2, The spectrum of (K,x2) is

(

2(n—1)

-2
n—1

0

n

)

Eoxt(Knx2) =4(n—1).
O

Theorem 3.13. If (K, x2) is the complement of the cocktail
party graph K, of order 2n, then

Eey (Kn><2) =2n.

Proof. Let (K,x2) is the complement of the cocktail party
graph K x» of order 2n, then

[0 0 00 1 0 0 07

0 0 00 0 1 0 0

0 0 0000 10

_ 0 0 0000 0 1
Aea(Ki2) = | 0000 00
0 1 00 00 0 0

0 0 1 0 0 0 0

L0 0 01 00 0 0

0
Aext(KnXZ) == |: In 6, :|

Using lemma 2.2, the above matrix is of the form

Ay A
Aext(KnXZ) = |: A(l) A(l) ]

&=, )

Eext (Kn><2) =2n.

Spectrum of

Hence

O

Proof. Let K, be a cocktail party graph on 2n vertices, then

0
1

Aext (Kn><2) =

1
0

[

1
1

1
1

[

0
1

1
0

O = e

1
1

1
1

[

Definition 3.14. Friendship graph F,,n > 2 is a planar undi-
rected graph with 2n+ 1 vertices and 3n edges.

It is constructed by joining n copies of the cycle C3 with a
common vertex.

Theorem 3.15. If F,,n > 2 is a friendship graph of order
2n+1, then

n

2
1
Eeu(Fy)=2n—1+ 1—|—2n(n+ ) .

Proof. let F,,,n > 2 be a friendship graph of order 2n+ 1, then

0gl0
S0,
S5027:

(N
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Consider, det(A1 — Ay (Fy))

Steps:

1. Ry = Ry — Ry fork=5,6,....2n+ 1, then we get (1 +

1)2"3 detB.

2.In det B, use elementary row and column operations to

simplify it. Then we get, the characteristic polynomial as

P(F,A)=A+1)"(A— 1);171
n(l1 2
(509)

1/ 142n(21)? >

11 -

Spectrum of Fj, is
n n—1 1

1 2
Eed(F)=2n—1+ 1+2n<”+).
n

4. Conclusion

In order to explore the concept of extended energy math-
ematically, the extended energy of some graphs are found.

Of which, it is observed that the extended energy and energy
of complete graph, crown graph and cocktail party graph are
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same. Further, the relation between the energy, extended en-
ergy, Laplacian and signless Laplacian energies of the graphs
discussed in this work may be explored and study its charac-
teristics.
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