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1. Introduction

The translations in semigroups are extensively studied by

many authors including A.H.Clifford, M. Petrich (see [1], [2]).

The study of translations in semigroups are found significant
in the study of extensions of semigroups as is seen in the case
of translational hull appearing while one is concerned with the
ideal extensions of semigroups. It is observed that in a natural
way translational hull of a semigroup is a semigroup, that of
aring is a ring and an algebra is an algebra. This hierarchy
has been first noted by B.E.Johnson in 1964. In the survey
article [3], Mario Petrich widely describes translational hulls
of semigroups and rings. In this paper we describe translations
on semirings and it is shown that set of left[right] translations,
bitranslations are again semirings.

2. Preliminaries

In the following we briefly recall all basic definitions and
results needed in the sequel. A nonempty set S together with

an associative binary operation is called a semigroup and is
called weakly reductive if forallx€ S, ax=bx and xa=
xb implies a = b.

Definition 2.1. Let S be a semigroup. A map A on S is called
a left translation of S if A (xy) = (Ax)y, x,y € S. Similarly, a
Sunction p is called right translation if (xy)p = x(yp).

A left translation A and a right translation p are called
linked if x(Ay) = (xp)y for every x,y € S. Let A(S) denote the
set of all left translations and P(S) denote the set of all right
translations. Then the subset Q(S) = A(S) x P(S) consisting
of all linked pair of translations on S is the translational hull
of S.

Definition 2.2. A semiring is a nonempty set R on which
operations of addition and multiplication have been defined
such that the following conditions are satisfied:

1. (R,+) is a commutative semigroup
2. (R,) is a semigroup

3. Multiplication distributes over addition from either
side;
x-(y+z)=x-y+x-z
(x+y)-z=x-z4+y-z2

where x,y,7 € R.
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The set N of natural numbers with the operations of addi-
tion and multiplication is a commutative semiring. Also Q™
of all nonnegative rationals, R of all nonnegative real num-
bers are semirings. If (S,+) is a commutative monoid with
identity element O then the set End(S) of all endomorphisms
of S'is a semiring under the operations of pointwise addition
and composition of functions. For more examples the reader
is suggested to refer Jonathan S.Golan [4].

Next we consider a special type of semirings called I'-
semirings, which are introduced by M. Murali Krishna Rao
[5] as a generalisation of I'-rings as well as semirings in 1995.
J.Luh studied about I'-semirings and its sub-I"-semirings with
a left(right) unity. S. Kyuno and M.K. Rao extensively studied
about the ideals, prime idels, semiprime ideals, k-ideals of a
I'-semiring, regular I'-semiring respectively. H.Hedayati and
K.P.Shum together deeply studied congruences and ideals.

Definition 2.3. [6] Let (M,+) and (I',+) be commutative
semigroups. Then M = (M,T') is called a T'-semiring if there
exists a map M x T x M — M, written (x,Y,y) by xyy, such
that it satisfies the following axioms for all x,y,z € M and

v.BET:

1. xy(y+z) = xyy+xyzand (x+y)yz = xyz+yyz
2. x(y+B)y = xyy+xBy
3. (xyy)Bz=xy(yBz).

Example 2.4. Every semiring A is I'-semiring with " = A and
the ternary operation xyy as the usual semiring multiplication.

Example 2.5. Let S be the additive semigroup of all m X n
matrices over the set of non-negative rational numbers and T’
be the additive semigroup of all n x m matrices over the set
of non-negative integers. Then with respect to usual matrix
multiplication S is a I'-semiring.

Example 2.6. Let N be a semiring and M, ,(N) denote the
additive abelian semigroup of all p X q matrices with identity
element whose entries are from N. M, ,(N) is a I'-semiring
with ' = M, ,(N) where the composition is defined by xoz =
x(a')z, where of denote the transpose of the matrix «, for all
x,yand ot € M, 4(N).

3. Translations in Semirings

Let S be a semiring. The mapping A, : S — S is defined
by
Ag(x) = ax

is called the inner left translation on S induced by an element
a. Then the mapping A, satisfies the following:

1. Aqa(xy) = (Agx)y
2. Aa(x4y) = Aa(x) + Aa(y)
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3. lalb(X) = )«ab(x)

where a,b,x,y € S. We denote the set {A, : a € S} as A(S).
Similarly, the mapping p, : x — xa is called the inner right
translation induced by a, the mapping p, satisfies

L. (xy)pa = x(ypa)
2. (x4Y)pa = (X)Pa+ (¥)Pa

3. (X)PaPp = (x)Pas

where a,b, x,y € § and the set {p, : a € S} is denoted by P(S).
The set {(Aq4,pq) : a € S}, of all bitranslations is denoted by
I1(S).

Proposition 3.1. S be a semiring. Then A(S) of all inner left
translations form a semiring under addition and multiplica-
tion defined as follows:

;Lrl )er = )Lrl m

Arl + )er = )~r1+r2

Proof. Letry,rp,r3 € S. Since multiplication is associative in
S

()“rl 2'rz))‘fs = ()‘flrz))‘fs

Similarly since addition is associative in S, we get
Ay + Ay +240y) = (A + 44 + Ay

Also, the multiplication is distributive over addition from left
in § implies

)vrl (Arz + z’}’3) = A«rl ()vrz-‘rﬁ)
=A

7 (ra+r3)

- zfrlr2+r1r3

= A Ay 4 Ay Ay

Similarly we get that multiplication is distributive over
addition from right side in A(S). If O denote the additive
identity in S then Ay is the additive identity on A(S) for r € §

Ro+Ae = Ao = A
and if 1 is the multiplicative identity of S,
MA = A = AA.
Hence A(S) forms a semiring. O

In a similar manner we have the following proposition for
the inner right translations.
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Proposition 3.2. S be a semiring. Then P(S) of all inner right
translations form a semiring under addition and multiplica-
tion defined by

PriPr,
Pri+Pr,

= Prir,

= Pritr-

is a semiring.

Lemma 3.3. S be a semiring. ThenI1(S) = {n, = (A, p;),r €

S} is a semiring with respect to the addition and multiplica-
tion defined by

(Arlaprl) : (Arzuprz) = ()“rlr27pr1r2)
(ArsPry) + Ay Pry) = (Ary 4y, Pry4ry)-

Proof. Letry,ry,r3 € Sthen A, , A, A, € A(S) and
Pri>Prys Pry € P(S). Since A(S) and P(S) are semirings, it is
easy to observe that the binary operations defined above are
associative.

Further,

()‘rl 7Pr1) : [(z'rzﬂprz) ]
= (A Pr) - (;Lf2+r3’pr2+rs)

= ()Lrl(r2+r3 1Pry f2+r3))

= (l‘rl’?’prl’?) +( rlrwprlrs)

(A3 Pry)

hence distributivity follows.

Similarly other distributive law also follows. For the ad-
ditive identity O of S, (Ao, po) act as additive identity in II(S)
and for the multiplicative identity 1, (A;,p;) act as the mul-
tiplicative identity in I1(S). Hence I1(S) is a semiring under

componentwise addition and multiplication. U
The mapping 7 : S — II(S) such that r — 7. = (4., p;) is
the homomorphism of S into TI(S). That is A(S),P(S) and

I1(S) are representations of the semiring S.

Proposition 3.4. S be a semiring. The canonical homomor-
phism 7 : S — TI(S) is one-one if and only if the multiplicative
semigroup (S,-) is weakly reductive.

Proof. Consider r1,rp € S and © be one-one, then

= (lrpprl) = ()‘rzvprz)

Srix=mrnx and xrp=xr

Tty = T,

Hence 7 is one-one if and only if the multiplicative reduct of
S is weakly reductive. O

Proposition 3.5. Let A and p be left and right translations
respectively of a semiring S and a € S. Then

Ada =Npar  Pap = Pap-

When A and p are linked, we have

Aah =2Aap;  PPa=Pia-
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Proof. Leta,xe S

Ady(x) = A(ax) = (Aa)x = Ay,4(x)
(X)pap = (xa)p = x(ap) = (x)pap
If A and p are linked, then

A (x) = Aa(Ax) = a(Ax) = (ap)x = Agp(x)

(X)pPa = (xp)pa = (xp)a = x(Aa) = (x)Pra

4. Translations in I'-Semirings

In the following we proceed to describe translations on a
I'-semiring.

Lemma 4.1. Let (M,T') be a T'-semiring. Define the map A,
as follows:
Ae(m)=a+m

where a,m € M.Then A, is a inner left translation on M.

Proof. Since the operation here is addition we have to show
that,
Aa (x +y ) =

where x,y € M. Now,

Aa(x)+y

Aa(x+y) =a+(x+y)
= (a+x)+y = Aa(x) +.
Hence A, is a left translation on M. O

Let Ay = {A4,a € M} denote the set of all inner left
translations in M.

Proposition 4.2. Let (M,T") be a T-semiring. Then Ay is a
commutative semigroup under the operation defined as fol-
lows:

)va @ )vb = )“a+b
where a,b € M.

Proof. First we check for the associatiity, since addition is
associative in M,

(Aa®Ap) B Ae = (Agsp) D Ac
= )‘(a+b)+c = Ma+(b+c)

=1 ® (a’thc) =M@ (Ah D lc)

fora,b,c € M.
Since addition is commutative in M we get,

Aa @Afb = 2'aer = }’bJr(l = }Lb DAy
O

Proposition 4.3. Let M be a I'-semiring. Then Ay is a T'-
semiring.
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Proof. From Proposition 4.2, Ay, is an additive commutative
semigroup. We define a mapping Ay X I X Ay — Apr such
that (44,7, A) — Aays then

1. xa}/(lb S5 A’L) = la’y/’Lb+C

= 2'a}l(bJrc) = 2'aberu)/c = Aayp © 2fa}/c

2. 2a(Y+B) A = Aty )b = Aaypraps

= Aayp © )‘aﬁh

Hence we get Ay is a I'-semiring. O

Remark 4.4. Since addition is commutative in M the left and
right translations are same and hence

H(M) — {(Aaa)ta%a € M}

is the set of all bitranslations in M.
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