Malaya Journal of Matematik, Vol. 8, No. 2, 536-543, 2020
https://doi.org/10.26637/MJM0802/0037

Sadik transform and some result in fractional

calculus

S.S. Redhwan'*, S.L. Shaikh?, M.S. Abdo® and S.Y. Al-Mayyahi*

Abstract

Keywords

AMS Subject Classification
35A22, 26A33, 34A08.

In this research paper, we present some new properties of Sadik transform which are related to the fractional
calculus including Reimann-Liouville fractional operator, then we prove new results of Sadik transform like the
infinite series, the convolution theorem and the Mittag-Leffler function. Moreover, it is shown that the Sadik
transform method is an efficient technique for obtaining an exact analytic solution of some linear fractional
differential equations. Some numerical examples to justify our results are illustrated.

Integral transforms, fractional derivative and fractional integral, Sadik transform.

" Research Scholar, Department of Mathematics, Dr. Babasaheb Ambedkar Marathwada University , Aurangabad-431004, India.

2 Department of Mathematics, Maulana Azad College of arts, Science and Commerce, RozaBagh, Aurangabad-431001, Maharashtra, India.
3 Department of Mathematics, Hodeidah University, Al-Hodeidah, Yemen.

4 Department of Mathematics, College of Education of Pure Science, University of Wasit, Iraq.

*Corresponding author: ' saleh.redhwan909@gmail.com; 2sad.math@gmail.com,3msabdo1977@gmail.com,* Suadluck7@gmail.com
Article History: Received 11 January 2020; Accepted 29 March 2020

©2020 MJM.

Contents

1 Introduction........c.coiiiiiiiiiiiiiii 536
2 Preliminaries.......cocoviiiiiiiiiiiiiiiiiiaas 537
3 MainResults .......ccoviiiiiiiiii e 537
4 Example......ccoiiiiiiiiiiiiiiiiiii i 541
4.1 Anapplication . ...... ... ... . L. 542
5 ConCluSioN......ccciiiiiiiiiiiii i i rarararanaaes 543

References .......cooviiiiiiiiiiiiiiiaiiaannans 543

1. Introduction

Integral transforms are excessively applied to solve vari-
ous different type of differential equations. In the literature,
there are many integral transforms and all are appropriate to
solve various type differential equations. Recently some new
integral transforms were introduced, see [1, 6, 10, 11] and ap-
plied to solve some ordinary differential equations as well as
partial differential equations. Very recently, in the paper series
[16-19], S. L. Shaikh introduced a new integral transform so-
called Sadik transform and proved the duality theorem, and the
convolution theorem of Sadik transform. Moreover, the author
have proved that some transforms are particular cases of Sadik

transform, exclusively, such as Laplace, Sumudu, Elzaki, Ka-
mal, Tarig and Laplace-Carson transform. Fractional calculus
is generalization of calassical differentiation and integration
into non-integer order. The fractional derivatives describe the
property of memory and heredity of many materials. Frac-
tional differential equations have acquired significance during
the past decades due to its applicability in several fields of
mathematical applied such as, physics, chemistry biology and
engineering and others applications see [2—4, 6, 9, 12-14]. At
the outsight, Integral transform method is useful and effective
tool for solving fractional differential equations. But it is also
true that all types of fractional differential equations are not
solvable by integral transform technique see [7, 8, 15] and the
references therein.

Motivated by above works, in this paper we introduce new
definitions of Sadik’s transform of fractional order related to
Riemann-Liouville integral and derivative operators with prov-
ing of their properties. Further, we give a sufficient condition
to guarantee the rationality of solving fractional differential
equations by the Sadik transform method.

2. Preliminaries

In this section, we offer some notions, definitions and lem-
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mas that used through this paper. let I = [a,b] be a compact
interval on R, where R = (—o0,00) and C][a,b] be the space
of all continuous functions defined on [a,b] with the norm
£l = max{|£(1)| : t € [a,b]} for any f € Cla,b]. C"[a,b]
denote the space of all n-times continuously differentiable
functions and L'[a,b] be the labesgue integrable functions
with the norm || f||,1 = f: |f(£)|dt < oo.

Definition 2.1. [14] Let g > 0 and f be a locally integrable
Sunction on (a,+o0). The left sided Riemann-Liouville integral
of order q of the function f is given by

5 / (=09 f(2)de

here T'(+) denotes the Gamma function of Euler as fallows

IZJ(f) =

I'(z) :/ et ldr, ze C.
0

We can write the Riemann-Liouville fractional integral by the
convolution theorem as follows:

10 = 00« £0) = [ o=y p(e)ax

where ¢,(t) = 5.

Definition 2.2. [/4]Letn—1<g<n,n€N,and f € Cla,b).
Then the left sided Riemann-Liouville fractional derivative of
order q of a function f is defined by

<j,)n12+" (1)
(5;)}1 ﬁ_/:(f — )" f(r)dr,

where n = [q] + 1 and [q] denotes the integer part of the real
number q.

DY f(1)

Definition 2.3. [16] (Sadik transform) Assume that

1) f is piecewise continuous on the interval [0,A] for any
A>0.

2) |f(#)| < Ke™ whent > M, for any real constant a, and
some positive constant K and M. Then Sadik transform of

f(¢) is defined by
/ —®
VB

where v is complex variable, ¢ is any non zero real num-
ber, and 3 is any real number.

F(va,B)=

Definition 2.4. [[4](Mittag-Leffler function) Let u,v C C,
Re() >0, Re(v) > 0, then
k

<

£ O = & kv
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Lemma 2.5. [9] Let g > 0, t > a and m > —1. Then the
Riemann-Liouville fractional integral and derivative of power
function are given by

@) 17 (1 —a)" = [y (1 — )™,

(i) DL, (t—a)"

I'(m+1 m—
= Mgt =),

Lemma 2.6. [16] Sadik transform of derivative (n'") for f(t)
is

SO =VIF (v aB) - ka"‘ P p=178(0).

Lemma 2.7. [9] Let p,q > 0. Then 1", 1, =17,
Lemma 2.8. [16] If f(t) =", then Sadik transform of f is

n!
no+(a+B)

S =

Lemma 2.9. [16] If f(t) = &%, then Sadik transform of f is

Viﬁ

Ve —q’

e =

Lemma 2.10. Let f and g two functions belong to L' (R*).
Then the usuall convolution product is given by

(fxg)(t t)dt,t > 0.

/ fle
3. Main Results

In this section, we prove the Sadik Transform of infinite
series, convolution theorem, Mitage-Leffller function, and
some properties of fractional calculus.

Lemma 3.1. Let g >0 and f(t) = e™,a > 0. Then

DI M =179E, , (Mr).

a

Proof.

Ak & Ak
ZDZ*r(kH) _,;]F(H—l)

k=0
T(k+1)

q At
D, e Da+t

o Ak
,Z(’)F(knLl) I'k—g+1)

e
= LoD

k—q

= tinl-,q—l ()vt)
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Theorem 3.2. Let
g(t) = Z cnt”
n=0

is a converges fort > 0,with |c,| < Mn—f Sor all n sufficiently
large and vy > 0, M > 0. Then

cyn!

8] = i)cny[’"] = i)v"“”o“rﬁ)

Proof. Since g is cotinuous on [0,0) because it is represented
by convergent power series.
Now our aim to show that the expression

N
s lg(t) - Z‘bcnt”] |

S e(1)] - Zocnf "]

N
S %Cg(t)_zcﬂtn ’
n=0
converges to zero as N — oo,
where . [h(t)] = VLB J57 e " h(r)dt where x is the Re(v).
Now

i cut"
n=N+1
(n)"

kZ n!

n=N+1

=g ),

N
[g(t) — Zocntn]

IN

where e’ = E :li,
When tﬁe: (t]ransform exist, we have
Filg1] < Alga] if g1 < g2.
Thus

N . .

5’}( [g(t) = Y cat"] ) < k. <e7"— Yy (7”11') )
n=0 =0 |

~ [y 7”)

lim % (
N—o0

INA
2?—!
15
8
»-
—
<

| | =
\<

\
< |
101
~
< I
~—
I—=I

538 X

N—oo

Flg(®)] = lim z‘bcny[tn]ziocnym

=)

cyn!

= Zb pnot(atp)

n=

O

Theorem 3.3. If x(¢), y(t) are infinite series, and X (v, a, 3),
Y (v, o, B) are Sadik Transform of x(t), y(¢) respectively. Then

Fx(t)xy(t)] = VPX (v, 00, B).Y (v, B),
where * denotes convolution.

Proof. we have

x(1)=Y an" and y(t) = Y but™, 3.1)
n=0 m=0

which are infinite convergent series for ¢ > 0, so they are Sadik
Transformable. Now by definition of convlution, we have

() y(t) = /O vt — )y(n)dx. (3.2)

From Eq.(3.1),

x(t)xy(t) = /Ot (i}an(t—fc)" iobmfcm> dt
= ;)nioanbm/o[(z—r)”rmdr.

Expanding (¢ — 7)" by the binomial theorem, we get

|
 agki
s
™=

a,b

3

t
@) (1" [ et bae

i

o
i
o
=
Il

o

) (_l)kt(n—k) /t T(m+k)df
0

I
(aok
(agki
D=
8
S
3
f

=
]
(=}
5
]
(=}
T
(=)

+n+1
k [(m” )

(m+k+1)

I
[1s
(aok
0=

$

S

3
@
T
S—

i
S
ﬁ
S
T
o

The beta function is connected with gamma function if m
and n are positive integral by the relation:

1 1 m!n!
m(—1)k = . 3.3
kg;)(")( ) (m+k+1)  (m4+n+1)! (3-3)
Therefore, Eq.(3.2) become
e m!n!
— by glmtntl) 3.4
’;)”;Oan m(m—|—n—|—1)!t 34
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By apply Sadik Transform for Eq.(3.4), using theorem(3.2)
and lemma (2.8), we get

S [x(t) * y(1)]
_ Z Z anb m (m+n+1)
n=0m= +n+l)
O e m!n!
_ anb [t(m+n+1)]
nZOmZO T mtn 1)1
B m!n! (m+n+1)!
= ';)mz an m m-+n4+ 1)' v(m+n+])[l+<0!+ﬁ)
i i m'n!
= Apbp——— s
= = ylmtnt1)at+(a+p)

= WXx0,0,8).Y (v, B).
O

Theorem 3.4. Let 0 < g and f € Cla,b]. The Sadik Transform
of Riemann-Liouville integral of a function f of order q is
given by

S f (1)) =

Proof. From definition of Riemann-Liouville fractional inte-
gral and by using theorem3.3, we have

v %F(v,a,B),Re(o) >0,Re(B) >0,veC.

q B Tt —s)a!
Aol = 2| [ s
(0! ]
= ¥ *
{ I(q) /)
= vPowa,p).Fv,a,p), (3.5)
where
~1
D(v.0t.B) = 5] and (vt ) = ZL110)
Now we use lemma 2.8, to get
a1
Q(v,0,p) = «7[@]
B 1 (g—1)!
~ I'(q) vla—Da+(a+B)
1
= pqo—ato+p =V (alﬁﬁ) (3.6)
By invoking Eq.(3.6) in Eq.(3.5), we conclude that
g f6)] =v *F(v,a, ) .
O

Theorem 3.5. Letn—1 < g <nand f € Cla,b]. Then the
Sadik Transform of left sided Riemann-Liouville derivative of
a function f of order q is given by

n—1
DL, ()] = v (v,0, ) Y AP DI (0),
k=0
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Proof. By definition of Riemann-Liouville fractional deriva-
tive, we have

n
an o,

S f0)] = S )]
= A0 (3.7)
where
g()=1"1(), (3.8)
which implies that
S (0] = 7[5 2l0)] = [ (1)

By lemma 2.6, we obtain
y[g(n)(t)] *meG V o ﬁ kaoc B (n—1— k( )

From Theorem 3.4, with the relation G(v,o,f)
= Z[g()] = L f(1)], we get

y[g(n)(t)]_vnavftx(n q v o ﬁ kaa B (n—1—k) (0)

(3.9)
The hypothesis Eq.(3.8), lead us to
L dnflfk _
g(" : k)(f) = W:}q (t)
= 1)
= D). (3.10)

Substituation Eq.(3.10) into Eq.(3.9), and using Eq.(3.7),
we conclude that

n—1
DL F(0)] =vF(va.B) — Y A4 PDI £(0).
k=0

O
Remark 3.6. In particular, if 0 < g < 1, then
(DI ()] = v F (v, 0, B) —v P DI £(0).

Lemma 3.7. Assume that linear fractional differential equa-
tion

(3.11)

DY u(r) (3.12)

= Ug,

has aunique continuous solution

u() Q*l 1 /l 6[*1
= +— t—7T f(t)dz, (3.13)
() g F(q)o( ) f (1)
if f(t) is continuous on [0,%0) and exponentially bounded,
then u(t) and DY, u(t) are both exponentially bounded, thus
their sadik Transforms exist.
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Proof. Since f(t) is exponentially bounded, there exist two
positive constants M, o and enough large 7 such that || f(¢)|| <
Me® forallt > T. Itis easy to see that Eq.(3.11) is equivalent
to the Volterra integral equation

(1) = = oerd!

~ T(g) +L/Ot(f—f)"*1f(r)dr, 0<1< oo,

['(q)
(3.14)

For t > T, Eq.(3.14) can be rewritten as

ut) = lfz(;)tq‘lnLF(lq)/oT(t—r)q‘lf(r)dr
+%q) /T (o) f(2)dr.

In view of assumptions u(t) is unique continuous solution
on [0,e0), with D} "(t)| = up, then f(¢) is bounded on

[0,T], i.e. there exists a constant k > 0 such that || f(7)|| < k.
Now, we have

lu@®] <

k T
HMOHqul_F / (I—T)qild’f
0

I'(q) I'(q)
i e Il

Multiply the last inequality by e~ then from fact that e=°" <
e T, 7% < ¢ %% and || f(t)|| < Me®" (t > T), we obtain

kefct T
ul®)|le " < ||u0||Tq71 70'1_’_ / I_T)qfld,r
—0Ot
i = @
luoll .y 1 —or , ke O
< T e+ N9—(t—T)
M t
+m/ (t—T)qfleG(P”dT
q)Jo
—oT
< [|uo | g-1,~0T | ke”? T4
I'(q) L(g+1)
M [t )
+71"(q) / s e85
Jo
B P
I'(q) I(g+1)
M
+@/ s ey
0
luoll g1 —or | ke ®T M
< T e ° T+ —.
= T ¢ TTgrn ot
Denote
—oT M
B e
I'(q) I(g+1) o4
we get
lu(t)|| < Ae®', t > T.
O
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From Eq.(3.11) and hypothesis of f, we conclude that
HDg+u t)H =|lfO)| <Mt >T.

Applying Sadik transform on both sides of Eq.(3.11) and
using Theorem 3.5, we have

vo U (v, o, B) —v P DL u(0) = F(v,t, B).
Since D, '1(0) = uo, it follows
_ 1 F(na,p)
Ul B) = uo—goeg +— 5

Take the inverse of Sadik transform to both sides of the
above equation, and using Lemma 2.8, we get

1] 1
_ -1 -1
u(t) = upS [Wﬁﬁ_ +.7 [MF(WOC,[;)}

141 s 1

= fget? | e B)}
! [ 1

_ e 1

N F(q)u0+y _v v<ql)a+a+ﬁF(V7a7ﬁ):|
191

— @uo-i-((l’l*(p)(t). (3.15)

Put FI(V7a7ﬁ) = m7 such that yfl [F](V7a,ﬁ)] _

@1 (¢) and S~ [F(v,a, B)] = ¢(t). Applying the inverse Sadik
transform of F (v, &, B), with using lemma (L3), we find that

FRGaB] = 7| ey |
141
= @:(Pl(f)

Therefore Eq.(3.15) becomes as follows

a1
@MO + (@1 % 0)(¢)

19! 1
I'(q)

ult) =

@./Ol(t—r)q"f(r)dr.

Theorem 3.8. Let f(t) = t”m“”lE]%) (+at?). The Sadik Trans-
form of f is given by:

[ R . mlyoer—(aq+p)
V*B‘/O e t Ep,q (:I:at )dt = W,

1
where a,3 € C,%(p) > 0, Z(q) > 0,%(v) > |a|7@) and

ES(z) = iEN (2).
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Proof. In view of Definition of Mittag-leffler function and by
using classical calculus, we have

iﬁ / e pmta EM (4 ayP)dy
1%

5

—v% (Pmta— 1
wl e h

>

k=0

=

=

(FatP)k
Z I'(pk+q)
(k-+m)!(£a)ker*
¢ k\T(pk -+ pm +q)

m
—v% tpmta— 1 d
drm

(k+m)!(£a)k

kT (pk+ pm+q) Vﬁ
y (k+m)! (£a)* (pm+ pk+q—1)! 1
= k! vB o T(pk+pm—+q) volpmtpktq)

—alpmtq) &= (k4 m)!
vB k! ( >

_,a
v ttpn1+pk+q ldt

+a
yep

v

Now letk=k—m

1 © pm+q—1 =(m) p
V—ﬁ/o e "'t Epq (fat?)dt

p0(pmtq) e +a\k
= Tkg’l(k)(k—l) ....... (k—m—l)(\m)
o k
— yopm—ag—p L d" Z +a
B da™ Vvop
_ v—apm—aq—BL 1
da" \ 1¥ ;5

m!
(1 T vaip)erl
m!vapi(aq+ﬁ)

(Vocp :Fa)erl :

vf(xpmf(xqfﬁ
(3.16)

Corollary 3.9. Let f(t) = tP"+4\E ,%) (Fat?). The Laplace
Transform of f is given by:

m!sP—4

W7 (3.17)

/ e SIppmta-] E1(7 m) (+ar?)dt =
0

1
where Z(p) > 0, Z(q) > 0,Z%(s) > |a|7¥) and EI(,’Z)(z) =
i Ery (2)
Remark 3.10. When a =1 and 3 =0, then Eq.(3.16) implies
to Eq.(3.17).

O

4. Example

In this section, we provide some examples to justify our
results.
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Example 4.1. Consider the function f(t) = e*, then Sadik
transform of Riemann-Liouville fractional integral of order q
of f is given by
¢ y—(og+B)
Sy "] =

Ve —q

Indeed, according to Theorem 3.4, we have

Sl f(@0)] =v=*F (v, 00, B).

and by Lemma 2.9, we see that
V_ﬁ

V& —aqa

F(v,a,p) = [e"] =

)

Consequently,
V7 (Vaq+6)

v —a

Viﬁ

v& —a

A.1)

S e = v

On the other hand , by using the series of exponession function
and Lemma 2.5 part (i), we obtain

= (an)t
=, (k)! Z

= (a)k rk+1)
;T C(k+q+1)
)y

(a)*

(k)

k+q

art

q q
Iye 0+

(a)*

k+q
= Tk+q+ 1)

4.2)

Now, we apply Sadik Transform in Eq.(4.2), using Theroem
3.2 and lemma 2.8 we get

A, % = & k+q
[IO+€ ] (k+q—|— ) [£*T]
(@) (k+q)!

« T(k+q+1) yiktagat(ath)

s HMg HMS

(@) (@ s o
y—(0g+B)

= Ta_ 4.3)
ve —a

Note that, Eq.(4.1) and Eq.(4.3) are equal. So Theorem 3.4
holds. In particular, if g = %, then

o (§+B)

Ve —q

1

SN2 e

o+€ ]:

Example 4.2. Let 0 < g < 1, and f(t) = ¢*. Then Sadik
Transform of Riemann-Liouville fractional derivative of order

q of f is given by

yoa—B

(DL, "] =

ve —gqg’

541
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In fact, by Remark 3.6, we have

DY "] = v "] - \FBDg+ e

=0

From Lemma 2.9 and Lemma 3.1, we get

-B
v B .-
SIDi "] = vaqva_a—v By TE) g-1(at)|,_,
vaq7B
- —. 4.4)

Then again by serise of function e and lemma 2.5, we get

o (@)t (@)
pier — pt, Y Wy (@ e
o °+k§6 (k)! k;)(k)! o
§ @k )
= (K)!'T(k—qg+1)
L
k q+1)

An application of Sadik Transform with Theorem 3.2 and
lemma 2.8 gives

= a)k _
y[D0+e ] = k;)r(k(l)ﬁl)y[tk 9)
(a)* (k—q)!

|
[ agk

T(k—q+ 1) y—aa+(a+h)

( )"qu—mv—a

)+ ) e

o
1 } (ag—B)
LA U
—%

aq—pB
- X (4.5)

v¢ —a

=~
Il
o

I
-

I aok
<Q‘Q

Vv

I
| — |
—
_l’_
/N
| =

Il
[ ——

Hence, the Theorem 3.5 is satisfied.

4.1 An application
In this part, we give a model described by a fractional differ-
ential equation through Sadik transform.

Example 4.3. Consider the fractional differential equation

D3 N(1) = AN(1), (4.6)
with the initial condition
DITIN(0T) = No, 4.7

where 0 < g < 1 and N(t) is the number of individuals of a
population at the time t, A is the population growth rate, and
Ny denotes the initial population size. Applying the Sadik
Transform on both side of Eq.(4.6), using Remark 3.6 and the
initial condition Eq.(4.7), we get

N()\f[i
vaqg —)°

Nyv,a,B) = (4.8)

542

Applying the inverse of Sadik transform on both side
of Eq.(4.8) with Theorem 3.8. The solution of this frac-
tional differential equation, together with the initial condition

Dg;lN(O"') =Ny is given by

[ B
Nt = NS e
= Notﬁ+aq7]an7B+aq(},laq).

Note that, if « = 1 and B = 0, then Sadik transform reduces to
Laplace transform. Hence the solution of (4.6)-(4.6) is given
by

N(t) = Not?™ " E, 4 (A17). 4.9)
This case was considered in the literature, and it was proved
that the fractional differential equation was more efficient in
modeling the population growth than the ordinary differential
equation.

Example 4.4. Consider the linear differential equation of
fractional order

D y(1) = ALy, y(1) + £(2) (4.10)
with the initial condition
Dy =K @.11)

where 0 < g < 1, Y> 0and A € R. Applying the Sadik Trans-
form on both side of Eq.(4.10), using Remark 3.6, Theorem
3.4, and the initial condition Eq.(4.11), we get

K va,y_ﬁ
(vela+r) — 1)

vV F(v,a,B)
(va(4+7) — l)

Y(va,B) =

Applying the inverse Sadik transform, we get

(g +7)~(ag+B)
y(t)

71 o
k= [ (vea1 — 1)
s v
+. {v (Ve P _A)F(v,(x,ﬁ)}

— Kolatn+B-1p (g +7))

alg+7).aq+8 (A1
7 [vﬁG(v,a,ﬁ).F(v,a,ﬁ)] ,

where G(v,a, ) = [m} Note that
g(t) = S7[G(v.a,p)
1 it
- ]
= 1P B (g ) (A ETDP).
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Now, by the convolusion theorem of Sadik transform, we
conclude that

yit) = Kto‘(q+7’)+ﬁ_1Ea(q+y)7aq+5(Ma<q+7’))
+(gx @)
= Kta(q+7)+ﬁ71Ea<qH)’aq+ﬁ(;ua(qﬂ'))
+/0mg(t—r)f(r)d1
= Kt"‘(q”)*ﬁ"Ea<q+y>7aq+5 (At 1@ (r),
where
v = [o-een
0

XEq(g19)+B,(ag+B) (A(t— T)a(qﬂ)w)f(f)df-

5. Conclusion

There are a lot of the integral transforms of exponential
type kernels, the Sadik Transform is new and a very powerful
among of them. And there are many problems in engineering
and applied sciences can be considered by Sadik transform
as integral transform to solve it, so we have provided Sadik
transform of the Riemann-Liouville fractional calculus, the
convolution theorem, and the infinite series. In order to illus-
trate the efficiency of theoretical results, suitable examples
with some applications and models described by a fractional
differential equation through Sadik transform.
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