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Coefficient estimates for Bi-univalent functions with
respect to symmetric conjugate points associated
with Horadam Polynomials
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Abstract
In this investigation, we propose to make use of the Horadam polynomials, we introduce a class of bi-univalent

functions with respect to symmetric conjugate points. For functions belonging to this class, the coefficient bounds
and the Fekete-Szegd bounds are discussed. Some interesting remarks of the results presented here are also
investigated.
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References..............coiiiii 568 A function f € & is said to be bi-univalent in U if both

a function f and it’s inverse f~! are univalent in U. Let £
1. Introduction denote the class of bi-univalent functions in U given by (1.1)

. (see [17]). For more details of bi-univalent functions one may
Let & denote the class of functions of the form refer [1-3, 5, 6, 8, 12, 14] For analytic functions f and g in

U, f is said to be subordinate to g if there exists an analytic

2
= 1.1

fR)=ztaz+ (1.1 function w such that

which are analytic in w(0)=0, |w(@)|<1 and f(z)=g(w(z)) (z€U).
U={z:z€Cand|z] < 1}. It is denoted by
We denote . by the class of univalent functions in U. Further, f=<g (ze ) that is f(2) <g(2) (ze ).
we know that every univalent function has an inverse f~!, In particular, when g is univalent in U,
defined by
1 f<g (z€eU) & f(0)=g(0) and f(U)Cg(U).
B = eU
FrfE) =2 (z ) For a, b, p, gR, the Horadam polynomials

hu(x, a, b; p, q) := h,(x) are given by the recurrence relation
(see [10, 11))):

S w) =w (w] <ro(f); ro(f) 2 %)7 Fa(x) = pxhu—1(x) + qhp—2(x) neN) (1.2)

and
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here

h(x) =a; ha(x) = bx. (1.3)
The generating function of the Horadam polynomials

Fin(x) (see [11]) is given by

= i Fin(x)2" 1 =
n=1

Here, and in what follows, the argument x € R is independent
of the argument z € C; that is, x # R(z).

It is observed that for special values of the parameters
involved in this polynomial leads to different some other poly-
nomials like the Lucas polynomials, the Fibonacci polynomi-
als, the Pell polynomials, the Pell-Lucas polynomials and the
Chebyshev polynomials for more details (see, [1, 2, 11, 16]).

A function f € .7 is said to be starlike with respect to
symmetric points (-7.) if

R (W) >0, zeU.
@)= f(-2)

A function f € . is convex with respect to symmetric
conjugate points (%) if

a+(b— ap)xz

1.4
1 — pxz—qz%

ol @@y

(f(z) 7@) 7 | >0, zeU.

The classes .7;% and %, were studied by El-Ashwah and

sSc
Thomas [9]. For more details of the above said classes and its

subclasses one could refer [13, 15, 18? , 19].
A function f € o is said to be in the class Zx(a, x), if
22f'(2) 2(2f'(2))’
0109 (0-703)
B Zazzf"( )+21f’(z)
()~ 72 ) ) (1) -79)
M(x,z)+1—a,z€U

and
2wg/(w) 2 (wg/ (w))'
8 =89 (gw) (7))
. 20008 () + 2w/ ()
aw (gw) ~50W)) + (1) (g(w) 2 ))
<H(x,w)+1—a, welU
hold.

Various, results for the special values of the parameters
involved given as follws:
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1. In particular, when & = 1, we have 5 (1, x) := S (%),
if
!
72@67(1) — <II(x, z) +1—aq, zelU
@)= f(=2)
and
/
2wg' (w) <TII(x, w)+1—a, wel
g(w) —g(=w)
hold.
2. When ot =0, Z5(0, x) := Gy = (x) if
!
(@f(2) ; <I(x,2)+1—a zelU
(r0-79)
and
/ !/
2(wg'(w)) ; <(x, w)+1—a, wel
(800) — (=)
hold.
3. fa=p=x=1,b=2and g =0, then we have
!
200 v oy
flo)-f(=z) 1=z

In the current paper, we estimate the coefficients |a;| and
|az| of functions in Y5 (¢, x). Further, we investigate Fekete-
Szegd inequality for this defined class.

2. Main Results

The initial estimates and Fekete-Szego inequality for f €
Ps(a, x) are discussed in the following theorem.

Theorem 2.1. Let f(z) = z+az> +--- be in Px(a, x). Then

|az| < min G |bx\%/7
2l s A2-aP 223 20) _4(ph tqa)2—a)| |

and
la3] < min |bx| b2 |bx|
3= 6—40  42—-a)? 6—4a
N [bxf* }
|26%x2(3 — 20t) — 4(pbx? + qa) (2 — at)?|
and for i € R
bx| .
2(3-2a)’
1] < |62x2(3 —20) — 2(pbx* + qa) (2 — @)?|
o, - (3-2a) |bx?
jas ~ e < bl 1
[2b2x2(3 —2a) — 4(pbx® +ga)(2 — a)?|’
P |b22(3 —20) — 2(pbx® + qa) (2 — @)?|
- (3—20) |bx]
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Proof. Let f € Ps(a, x) be given by (1.1). Then, for some
analytic functions ¢ and y such that

»(0) =0, [¢(z)| < land |y(z)| <1

=0; y(0) (Vz,wel),

we can write

22f'(2) 2(z/'(2))’
f(2)—f(=2) (f(z) —f(—z))
B 202 f”( ) +22f'(2)
o (f(0)-F9) +(1-) (£~ 7))
—TI(x, 9(z))+1—a 2.1)
and
2wg' (w) 2 (wg'(w))’
800 =&(W) (g(w) —g(—w))
B 20w?g" (w) +2wg' (w)
aw (g(w) —5(=)) +(1-a) (g(w) —g(=7))
=TI(x, y(w))+1—-a. (2.2)
Or, equivalently,
2Zf’( ) (Zf’( )’
f(Z) )
B 202"() 422 f’(z)
o (f@)-70D) +(1-a)(f0)-FD)

(r@-

=1+51(X)—a+ﬁz( )0(2) +h3(x)[¢@ ()] +.(2.3)

and

g | 2(egw)
800 =80 (g(w) — g(—)
2aw? ”( )—|—2wg’(w

aw (g(W) —8(= ) (g )

=l1+h(x) —a+ )y ( )+ B3 () [ (w )] +.(24)

/

From (2.3) and (2.4), we obtain

2Zf( ) (Zf( )
(f(Z) 79)
B 2az2f "(2) + ZZf’ (2)
oz (@) -T0D) +(1-a)(f) - )
=1+ (x)&i1z+ [hz(x)r§2+ﬁ3(x)§12} .(2.5)
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and
2wg'(w)  2(ws(w )’
g(w) —g(—w) (g( )—2(= ))
N 20w%g ( ) wg'(w)
ow (g(W)—g ) ( )
=1+ h(x)Tw+ [fir(x )Tz+h3( VW 4. (2.6)
It is known that [@(z)| = |&1z+ &2 +...| < 1 and |1,u( ) =
|tiw+mw? +...| <1, then
& <1 and |g|<1  (keN).
Thus from (2.5) and (2.6), we get
22— a)ay = iy (x)& 2.7)
23 —2a)az = hp(x)& + M3 (x)EF (2.8)
22— a)ay = (x)7y 2.9)
and
~2(3-2a) (a3 —2a3) = hp(X) T + I3 (x)7f.  (2.10)
From (2.7) and (2.9), we have
& = -1, (2.11)
and
82—y ay = [(x)(Ef+17)
@ = [ﬁz(gg];(_ (‘1; ) 2.12)
this gives
8= s
By adding (2.8) to (2.10), we have
4(3-20)a5 = ha(x)(&+ 1) + T3 (x) (& + 77)(2.13)

From (2.12), (2.13), we get

P 12 (x)]? (&4 )

2 = G20 Wl shwe—a? Y
this gives
jaz| < [bx] v/ 1bx] @.15)

V126223 —20) — 4(ph? + ga) (2 — 2|

By subtracting (2.10) from (2.8) and from (2.11), we get

4B3-20)az —4(3-2a)a; = M) (&—n)+hx) (E2-17)
hh(x)(&—n)  ,
az = 74(3—205) +a;. (2.16)
S,
3:;::“[‘-1;
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In view of (2.12), (2.16) reduces

fo(x) (62— 1) | [ ()P (7 + 77)
43 -2a) 82—a)?

Using (1.3), we have

|bx| b*x?
6—4a 42-a)?’

las| <
Further, by using (2.14) in (2.16), we get

bx| [bxf*
—do 262523 —2a) —4(pbx2 +qa)(2 — )|’

\a3|§6

From (2.16), for 1 € R, we have

2 ) (& —n)

_ _ 2
as — Wa; 13- 2a) +(l—p)a;. (2.17)

By using (2.14) in (2.17), we get
ha(x) (62— )

—ud: =
4~ Ha 4(3-2a)
B [ (%) (62 + 72)
+ 00 (a0 P s
1
— a{ (M0 )8
1
+ (A(M x) — m) Tz}>
(2.18)
where
(1 =) [l (%))
A = .
W) = 2@ W - S
Hence, in view of (1.3), we conclude that
|72 (x)] . 1
PRI { 2(-20) 0= IS 55 g
2R (x)| |A(, x)] :\A(u-X>\24<372a)-
Thus this completes the proof. O

Corollary 2.2. Let f(z) = z+axz>+ - be in 7. Then

| 22 bx|?/?
|a2| < min , ,
4 7 /2622 — 4(pbx? + qa)|

and
3
laz| < min Iz + v by + [bx]
- 2 472 2022 —4(pbx® + qa)|
and for @ € R
|bx]| qu—1)< ‘b2x272(pbx2+qa)‘
a2 ’ - |bx|?
|as — pa3| < x| — 1] i—1l> b2 —2(pbx® + ga) |
[20%x% — 4(pbx* +qa)| K - |bx]?
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Corollary 2.3. Let f(z) = z+az>+ -+ be in 6}, Then

3/2
laa| < min bzxz’ |bx| / 7
16 ° \/|6b2x2 — 16(pbx? + qa)|

and
3
|az| < min Ibx| + szz I+ + [bx]
= 6 167 6  |6b%x2—16(pbx> + qa)|
and for u € R
[x| 1] < 17X = 8(b2 +ga)]
‘613_“02‘ < ’ - S\bx|2
B M du—1]> [36%° —8(pbx® +qa)|
6622 — 16(phx? +qa)] H T 1F 3|bal?

Remark 2.4. Takinga=1,g=—1,b=2and p=2 and in
Theorem 2.1 and Corollary 2.2 and Corollary 2.3, the results
improve the estimates discussed in [20] .
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