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Coefficient estimates for Bi-univalent functions with
respect to symmetric conjugate points associated
with Horadam Polynomials
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Abstract
In this investigation, we propose to make use of the Horadam polynomials, we introduce a class of bi-univalent
functions with respect to symmetric conjugate points. For functions belonging to this class, the coefficient bounds
and the Fekete-Szegö bounds are discussed. Some interesting remarks of the results presented here are also
investigated.
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1. Introduction
Let A denote the class of functions of the form

f (z) = z+a2z2 + · · · (1.1)

which are analytic in

U= {z : z ∈ C and |z|< 1}.

We denote S by the class of univalent functions in U. Further,
we know that every univalent function has an inverse f−1,
defined by

f−1( f (z)) = z (z ∈ U)

and

f ( f−1(w)) = w (|w|< r0( f ); r0( f )=
1
4
),

where

f−1(w) = w−a2w2 +(2a2
2−a3)w3

− (5a3
2−5a2a3 +a4)w4 + . . . .

A function f ∈A is said to be bi-univalent in U if both
a function f and it’s inverse f−1 are univalent in U. Let Σ

denote the class of bi-univalent functions in U given by (1.1)
(see [17]). For more details of bi-univalent functions one may
refer [1–3, 5, 6, 8, 12, 14] For analytic functions f and g in
U, f is said to be subordinate to g if there exists an analytic
function w such that

w(0)= 0, |w(z)|< 1 and f (z)= g(w(z)) (z∈U).

It is denoted by

f ≺ g (z∈U) that is f (z)≺ g(z) (z∈U).

In particular, when g is univalent in U,

f ≺ g (z∈U) ⇔ f (0) = g(0) and f (U)⊂ g(U).

For a, b, p, qR, the Horadam polynomials
}n(x, a, b; p, q) := }n(x) are given by the recurrence relation
(see [10, 11])):

}n(x) = px}n−1(x)+q}n−2(x) (n ∈ N) (1.2)
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here

}1(x) = a; }2(x) = bx. (1.3)

The generating function of the Horadam polynomials
}n(x) (see [11]) is given by

Π(x, z) :=
∞

∑
n=1

}n(x)zn−1 =
a+(b−ap)xz
1− pxz−qz2 . (1.4)

Here, and in what follows, the argument x ∈ R is independent
of the argument z ∈ C; that is, x 6= ℜ(z).

It is observed that for special values of the parameters
involved in this polynomial leads to different some other poly-
nomials like the Lucas polynomials, the Fibonacci polynomi-
als, the Pell polynomials, the Pell-Lucas polynomials and the
Chebyshev polynomials for more details (see, [1, 2, 11, 16]).

A function f ∈ S is said to be starlike with respect to
symmetric points (S ∗

sc) if

ℜ

(
z f ′(z)

f (z)− f (−z̄)

)
> 0, z ∈ U.

A function f ∈S is convex with respect to symmetric
conjugate points (Csc) if

ℜ

 (z f ′(z))′(
f (z)− f (−z̄)

) ′
> 0, z ∈ U.

The classes S ∗
sc and Csc were studied by El-Ashwah and

Thomas [9]. For more details of the above said classes and its
subclasses one could refer [13, 15, 18? , 19].

A function f ∈ σ is said to be in the class PΣ(α, x), if

2z f ′(z)

f (z)− f (−z̄)
+

2(z f ′(z))′(
f (z)− f (−z̄)

) ′
− 2αz2 f ′′(z)+2z f ′(z)

αz
(

f (z)− f (−z̄)
) ′

+(1−α)
(

f (z)− f (−z̄)
)

≺Π(x, z)+1−a, z ∈ U

and

2wg′(w)

g(w)−g(−w̄)
+

2(wg′(w))′(
g(w)−g(−w̄)

) ′
− 2αw2g′′(w)+2wg′(w)

αw
(

g(w)−g(−w̄)
) ′

+(1−α)
(

g(w)−g(−w̄)
)

≺Π(x, w)+1−a, w ∈ U

hold.
Various, results for the special values of the parameters

involved given as follws:

1. In particular, when α = 1, we have PΣ(1, x) :=Ssc, Σ(x),
if

2z f ′(z)

f (z)− f (−z̄)
≺Π(x, z)+1−a, z ∈ U

and

2wg′(w)

g(w)−g(−w̄)
≺Π(x, w)+1−a, w ∈ U

hold.

2. When α = 0, PΣ(0, x) := Csc, Σ(x) if

2(z f ′(z))′(
f (z)− f (−z̄)

) ′ ≺Π(x, z)+1−a, z ∈ U

and

2(wg′(w))′(
g(w)−g(−w̄)

) ′ ≺Π(x, w)+1−a, w ∈ U

hold.

3. If a = p = x = 1, b = 2 and q = 0, then we have

2z f ′(z)

f (z)− f (−z̄)
≺ 1+ z

1− z
z ∈ U.

In the current paper, we estimate the coefficients |a2| and
|a3| of functions in PΣ(α, x). Further, we investigate Fekete-
Szegö inequality for this defined class.

2. Main Results
The initial estimates and Fekete-Szegö inequality for f ∈
PΣ(α, x) are discussed in the following theorem.

Theorem 2.1. Let f (z)= z+a2z2+ · · · be in PΣ(α, x). Then

|a2| ≤min

{
b2x2

4(2−α)2 ,
|bx|3/2√

|2b2x2(3−2α)−4(pbx2 +qa)(2−α)2|

}
,

and

|a3| ≤min
{
|bx|

6−4α
+

b2x2

4(2−α)2 ,
|bx|

6−4α

+
|bx|3∣∣2b2x2(3−2α)−4(pbx2 +qa)(2−α)2

∣∣
}

and for µ ∈ R

∣∣a3−µa2
2

∣∣≤



|bx|
2(3−2α)

;

|µ−1| ≤
∣∣b2x2(3−2α)−2(pbx2 +qa)(2−α)2

∣∣
(3−2α) |bx|2

|bx|3 |µ−1|
|2b2x2(3−2α)−4(pbx2 +qa)(2−α)2| ;

|µ−1| ≥
∣∣b2x2(3−2α)−2(pbx2 +qa)(2−α)2

∣∣
(3−2α) |bx|2

.
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Proof. Let f ∈PΣ(α, x) be given by (1.1). Then, for some
analytic functions ϕ and ψ such that

ϕ(0)= 0; ψ(0)= 0, |ϕ(z)|< 1and |ψ(z)|< 1 (∀ z, w∈U),

we can write

2z f ′(z)

f (z)− f (−z̄)
+

2(z f ′(z))′(
f (z)− f (−z̄)

) ′
− 2αz2 f ′′(z)+2z f ′(z)

αz
(

f (z)− f (−z̄)
) ′

+(1−α)
(

f (z)− f (−z̄)
)

= Π(x, ϕ(z))+1−a (2.1)

and

2wg′(w)

g(w)−g(−w̄)
+

2(wg′(w))′(
g(w)−g(−w̄)

) ′
− 2αw2g′′(w)+2wg′(w)

αw
(

g(w)−g(−w̄)
) ′

+(1−α)
(

g(w)−g(−w̄)
)

= Π(x, ψ(w))+1−a. (2.2)

Or, equivalently,

2z f ′(z)

f (z)− f (−z̄)
+

2(z f ′(z))′(
f (z)− f (−z̄)

) ′
− 2αz2 f ′′(z)+2z f ′(z)

αz
(

f (z)− f (−z̄)
) ′

+(1−α)
(

f (z)− f (−z̄)
)

= 1+}1(x)−a+}2(x)ϕ(z)+}3(x)[ϕ(z)]2 + . . .(2.3)

and

2wg′(w)

g(w)−g(−w̄)
+

2(wg′(w))′(
g(w)−g(−w̄)

) ′
− 2αw2g′′(w)+2wg′(w)

αw
(

g(w)−g(−w̄)
) ′

+(1−α)
(

g(w)−g(−w̄)
)

= 1+}1(x)−a+}2(x)ψ(w)+}3(x)[ψ(w)]2 + . . .(2.4)

From (2.3) and (2.4), we obtain

2z f ′(z)

f (z)− f (−z̄)
+

2(z f ′(z))′(
f (z)− f (−z̄)

) ′
− 2αz2 f ′′(z)+2z f ′(z)

αz
(

f (z)− f (−z̄)
) ′

+(1−α)
(

f (z)− f (−z̄)
)

= 1+}2(x)ξ1z+[}2(x)ξ2 +}3(x)ξ 2
1 ]z

2 + . . .(2.5)

and

2wg′(w)

g(w)−g(−w̄)
+

2(wg′(w))′(
g(w)−g(−w̄)

) ′
− 2αw2g′′(w)+2wg′(w)

αw
(

g(w)−g(−w̄)
) ′

+(1−α)
(

g(w)−g(−w̄)
)

= 1+}2(x)τ1w+[}2(x)τ2 +}3(x)τ2
1 ]w

2 + . . . (2.6)

It is known that |ϕ(z)|=
∣∣ξ1z+ξ2z2 + . . .

∣∣< 1 and |ψ(z)|=∣∣τ1w+ τ2w2 + . . .
∣∣< 1, then

|ξk| ≤ 1 and |τk| ≤ 1 (k ∈ N).

Thus from (2.5) and (2.6), we get

2(2−α)a2 = }2(x)ξ1 (2.7)

2(3−2α)a3 = }2(x)ξ2 +}3(x)ξ 2
1 (2.8)

−2(2−α)a2 = }2(x)τ1 (2.9)

and

−2(3−2α)
(
a3−2a2

2
)
= }2(x)τ2 +}3(x)τ2

1 . (2.10)

From (2.7) and (2.9), we have

ξ1 =−τ1, (2.11)

and

8(2−α)2a2
2 = [}2(x)]2(ξ 2

1 + τ
2
1 )

a2
2 =

[}2(x)]2(ξ 2
1 + τ2

1 )

8(2−α)2 (2.12)

this gives

∣∣a2
2
∣∣= b2x2

4(2−α)2 .

By adding (2.8) to (2.10), we have

4(3−2α)a2
2 = }2(x)(ξ2 + τ2)+}3(x)(ξ 2

1 + τ
2
1 ).(2.13)

From (2.12), (2.13), we get

a2
2 =

[}2(x)]3 (ξ2 + τ2)

4(3−2α) [}2(x)]2−8}3(x)(2−α)2 (2.14)

this gives

|a2| ≤
|bx|

√
|bx|√∣∣2b2x2(3−2α)−4(pbx2 +qa)(2−α)2

∣∣ .(2.15)

By subtracting (2.10) from (2.8) and from (2.11), we get

4(3−2α)a3−4(3−2α)a2
2 = }2(x)(ξ2− τ2)+}3(x)

(
ξ

2
1 − τ

2
1
)

a3 =
}2(x)(ξ2− τ2)

4(3−2α)
+a2

2. (2.16)
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In view of (2.12), (2.16) reduces

a3 =
}2(x)(ξ2− τ2)

4(3−2α)
+

[}2(x)]2(ξ 2
1 + τ2

1 )

8(2−α)2 .

Using (1.3), we have

|a3| ≤
|bx|

6−4α
+

b2x2

4(2−α)2 .

Further, by using (2.14) in (2.16), we get

|a3| ≤
|bx|

6−4α
+

|bx|3

|2b2x2(3−2α)−4(pbx2 +qa)(2−α)2| .

From (2.16), for µ ∈ R, we have

a3−µa2
2 =

}2(x)(ξ2− τ2)

4(3−2α)
+(1−µ)a2

2. (2.17)

By using (2.14) in (2.17), we get

a3−µa2
2 =

}2(x)(ξ2− τ2)

4(3−2α)

+ (1−µ)

(
[}2(x)]3 (ξ2 + τ2)

4(3−2α) [}2(x)]2−8}3(x)(2−α)2

)
= }2(x)

{(
Λ(µ, x)+

1
4(3−2α)

)
ξ2

+

(
Λ(µ, x)− 1

4(3−2α)

)
τ2

}
,

(2.18)

where

Λ(µ, x) =
(1−µ) [}2(x)]2

4(3−2α) [}2(x)]2−8}3(x)(2−α)2 .

Hence, in view of (1.3), we conclude that

∣∣a3−µa2
2

∣∣≤


|}2(x)|
2(3−2α)

;0≤ |Λ(µ, x)| ≤ 1
4(3−2α)

2 |}2(x)| |Λ(µ, x)| ; |Λ(µ, x)| ≥ 1
4(3−2α)

.

Thus this completes the proof.

Corollary 2.2. Let f (z) = z+a2z2 + · · · be in S ∗
sc. Then

|a2| ≤min

{
b2x2

4
,

|bx|3/2√
|2b2x2−4(pbx2 +qa)|

}
,

and

|a3| ≤min

{
|bx|

2
+

b2x2

4
,
|bx|

2
+

|bx|3∣∣2b2x2−4(pbx2 +qa)
∣∣
}

and for µ ∈ R

∣∣a3−µa2
2

∣∣≤

|bx|

2
; |µ−1| ≤

∣∣b2x2−2(pbx2 +qa)
∣∣

|bx|2
|bx|3 |µ−1|

|2b2x2−4(pbx2 +qa)|
; |µ−1| ≥

∣∣b2x2−2(pbx2 +qa)
∣∣

|bx|2

.

Corollary 2.3. Let f (z) = z+a2z2 + · · · be in C ∗sc. Then

|a2| ≤min

{
b2x2

16
,

|bx|3/2√
|6b2x2−16(pbx2 +qa)|

}
,

and

|a3| ≤min

{
|bx|

6
+

b2x2

16
,
|bx|

6
+

|bx|3∣∣6b2x2−16(pbx2 +qa)
∣∣
}

and for µ ∈ R

∣∣a3−µa2
2

∣∣≤

|bx|

6
; |µ−1| ≤

∣∣3b2x2−8(pbx2 +qa)
∣∣

3 |bx|2
|bx|3 |µ−1|

|6b2x2−16(pbx2 +qa)|
; |µ−1| ≥

∣∣3b2x2−8(pbx2 +qa)
∣∣

3 |bx|2

.

Remark 2.4. Taking a = 1, q =−1, b = 2 and p = 2 and in
Theorem 2.1 and Corollary 2.2 and Corollary 2.3, the results
improve the estimates discussed in [20] .
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