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In this paper, we introduce and study a new subclass of analytic functions which are defined by means of a new
differential operator. Some results connected to coefficient estimates, growth and distortion theorems, radii of
starlikeness, convexity close-to-convexity and integral means inequalities related to the subclass is obtained.
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1. Introduction

Let A denote the class of functions u of the form

u(z)=z+ Y ap"
n=2

(1.1)

which are analytic in the open unitdisc E = {z € C: |z| < 1}
A function u in the class A is said to be in the class ST (¢t)
of starlike functions of order « in E, if it satisfy the inequality

9{{“"(2’)}>a, O0<a<l),z€E (1.2)

u(z)

Note that ST (0) = ST is the class of Starlike functions.
Denote by T the subclass of A consisting of functions u of the

Dju(z) = Dpu(z) = A2 (u(2))" + 24 + 1)z (u(2))" + 2 (2)
D} u(z) = D3 (Dju(z))

u(z) =Dy (D} u(z))

where L > 0 and m € Np = NU{0}. If u is given by (1.1),
then from the definition of the operator D%'u(z), it is to see
that

=

Diu(z) =z+ Y, 0" (A,n)an" (1.4)
n=2
where
¢" (A, m) =n""A(m—1)+1]" (1.5)
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If u € T is given by (1.2) then we have
Diu(z) =z— Z " (A,n)an"
n=2
where ¢”(A,n) is given by (1.5)

(1.6)

Now we define the following new subclass motivated by
Murugusunderamoorthy and Magesh [3]

Definition 1.1. The function u(z) of the form (1.1) is in the
class S} (1, 7), if it satisfies the inequality
{ (D) - ' D)y

(1 —p)z+uDju(z) (I—p)z+uDju(z)
for0<A<1,0<y<1

Further we define TS} (u,y) =S (U, y)NT

The aim of present paper is to study the coefficient bounds,
radii of close-to-convex and starlikeness convex linear combi-
nations and integral means inequalities of the 7'S7' (i, ¥)

2. Coefficient bounds

Theorem 2.1. A function u(z) of the form (1.1) is in S5 (1, y),
then

oo

Z 20 —u(y+1)]¢"(A,n)lay| <1-y

@2.1)

where 0 < u < 1,0<y<1and ¢"(A,n) is given by (1.5)
Proof. It suffices to show that
' Dyu() 1’ ) { (Opu) 1}
(1—p)z+puD%u(z) (1= p)z+pD%u(z)
<1-7v

We have
' 2(Dfu(z)) _1’_ { (Dyu(z)) _1}
(1= p)z+pDju(z) (I—p)z+pDju(z)
2(D}u(z)) B
Sz‘(lmzwwu(z) ‘
2 % (1 —w)o"(A,n)an]|z"~"
< 1=

1— Y uo™A,n)layllz/~!
n=2

2% (n—w)e™(A,n)|ay|
<12
1— Y uom™(A,n)|ay
n=2

The last expression is bounded above by (1 — 7), if
Z 21 —u(y+D]e"(A,n)lay| <1 -

and the proof is complete. O
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Theorem 2.2. Let 0 < u <1,0<y<1, then a function u of
the form (1.3) to be in the class TS} (u,7) if and only if

Z 20 —u(y+1)]¢"™(A,n)|ag| <1—y 2.2)

where ¢"(A,M) is given by (1.5)

Proof. In view of Theorem (2.1) we need only to prove the
necssity. If u € TS} (u,7) and z is real, then

1— ¥ n¢™(A,n)anz""!
R n—2 -y

1= % uom(h,manzn!

(n—w)e™(A,n)anz"!

=
s 3
(3]

>

1— Y u¢p™A,n)anz1
n=2

Letting z — 1 along the real axis, we obtain the desired in-
equality

oo

Y 2n—u(y+ 109" A, magl <1-v

n=2
where 0 < u <1,0<vy<1and ¢™(A,n) is given by (1.5)
O
Corollary 2.3. Ifu(z) € TS} (U,y), then
1—
14 2.3)

lan| < 21 —u(y+1D]e™(4,n)

where 0 < u <1,0<y<1and¢"(A,n) is given by (1.5).
Equality holds for the function

e L n 24

= e ¢4
Theorem 2.4. Let ui(z) = z and

un(z) = — M, =2 25)

C2n—p(y+1D)]¢m(2,0)

Then u(z) € TS} (1,7), if and only if, it can be expressed in
the form

(2.6)

anunz,WHEO, anzl
: n:]
Proof. Suppose u(z) can be written as in (2.6), then

uz)=z— Y w ' n
J= L g e
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Thus u(z) € TS} (u,7).
Conversely, let u(z) € TS5 (u,y), then by using (2.3), we get

_ Pn—uy+1D]e"(A,n)

Wn = an, N=>2
! (1-7) !
and w; =1— Y wy. Then we have u(z) = Y. wyuy(z) and
n=2 n=1
hence this completes the proof of Theorem. O

Theorem 2.5. The class TS} (W, Y) is a convex set.

Proof. Let the function
D=z X ansd,
n=2

be in the class 787 (u,y). It is sufficient to show that the
function /(z) defined by

h(z) = Eui(2) + (1 =§)ua(z), 0<E <1,

in the class 7S} (i, 7). Since

an;>0, j=12 (@27)

=

h(z)=z— Y [Eani+(1—&)an,la",

n=2

An easy computation with the aid of Theorem (2.2) gives

ngk

2n —u(y+1)]E0™ (A, n)an 1+
2

n

s

21 —p(r+ D1 =8)9" (A, m)an 2

2
El-y)+(1-8(1~7)
(1-7)

which implies that # € TS} (u,7)
Hence TS} (u, ) is convex.

=
Il

IAIA

3. Radii of Close-to-Convexity,
Starlikeness and Convexity

In this section, we obtain the radii of close-to-convexity,
starlikeness and convexity for the class TS} (i, 7).

Theorem 3.1. Let the function u(z) defined by (1.3) belong
to the class TSy (I, Y), then u(z) is close-to-convex of order
0(0 <8 < 1) inthe disc |z| < ri, where

oo 1/n-1
(1- 3)n§2[2n —u(y+1)]e™(4,n)

n(l-7y)

ry=inf

n>2

n=>2

3.1)

The result is sharp, with the external function u(z) is given by
(2.5)
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Proof. Given u € T and u is close-to-convex of order &, we
have

[f'@)=1]<1-6
For the left hand side of (3.2), we have

(3.2)

' (2) =1 < Y nanlz/"!
n=2

The last expression is less than 1 — 0

=

an |Z|n_1 S 1

=18

=

Using the fact, that u(z) € TS5 (u, y) if and only if

[2n —u Y+1)]¢”’(l n)
-y

<1

||M8

We can see that (3.2) is true, if

n 1 Rn—u(y+1)]¢"(A,n)
s s iy

or, equivalently

_ _ m 1/n-1
|Z|<{(1 8)2n —u(r+1)]¢o (k,n)}

n(t-7)
which completes the proof. O

Theorem 3.2. Let the function u(z) defined by (1.3) belong
to the class TS5 (W, y). Then u(z) is starlike of order (0 <
6 < 1) in the disc |z| < r, where

1/n-1
(1-8) ¥ 20— u(y+1)]6"(A,n)

. n=2
n=n TR

(3.3)

The result is sharp, with external function u(z) is given by

(2.5)
Proof. Given u € T and u is starlike of order &, we have

' (2)

—1l<1-9 3.4
u(z)
For the left hand side of (3.4), we have
2@ [ 5 (=Dl
u(z) n=21-— gzan|z|’7 !

The last expression is less than 1 — & if

— N
L
n=2

-5 _
_6an|z‘n 1<1
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Using the fact that u(z) € TS}'(u,7) if and only if

oo

2

2n —pu(y+1)]¢™(4,1n)
-y

an <1

We can say (3.4) is true, if

Z 2n —u(y+1)]¢™(A,n)

||"1
1=y

or equivalently

(1-=98)2n —u(y+1)]¢"(A,n)

(n—=68)(1-7)

which yields the starlikeness of the family.

2|71 <

4. Integral Means Inequalities

In [4], Silverman found that the function uy(z) =z — %
is often extremal over the family T. He applied this function
to resolve his integral means inequality conjunctured [5] and
setteled in [6], that

27 2n
[t dp < [ lur(re®)7ag
0 0

forallu e T, 7> 0and 0 < r < 1. In [6], he also proved his
conjuncture for the subclasses 7* (o) and C(ct) of T.

Now, we prove Silverman’s conjecture for the class of func-
tions 7S5 (1, 7)

We need the concept of subordination between analytic func-
tions and a subordination theorem of Littlewood [2].

Two functions u and v, which are analytic in E, the function
u is said to be subordinate to v in E, if there exists a function
w analytic in E with w(0) =0, |w(z) < 1, (z € E) such that
u(z) =v(w(z)), (z € E). We denote this subordination by
u(z) < v(z). (< denote subordination)

Lemma 4.1. If the function u and v are analytic in E with
u(z) < v(z), then fort >0and z=re'?, 0 <r<1

27 2r
[ vt ap < [lutre®) g
0 0

Now, we discuss the integral means inequalities for functions
win TS (u,7)

Theorem 4.2. u € TS} (1,7),0<u<1,0<y<1anduy(z)
be defined by

11—y
0(A,7)°

2

up(z) =z— 4.1)
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Proof. Foru(z) =z— Y, ayz", (4.1) is equivalent to

n=2
2 - T 2 T
/I—Zanzn_l d(pg/'l )
0 n=2 0
By Lemma (4.1), it is enough to prove that
o B 1—y
1- Y apz" ' <1- z,
,12;’2 ! ¢2(2,7)
Assuming
o B 1—y
1- Y ap2"™ ' <1— ——w(z),
,,;2 ! PRI
and using (2.2), we obtain
@)= Z “n <l
n=2 n=2
where
¢4, ) =20 —p(y+1)9"(2,n)

This completes the proof

5. Conclusion

This research has introduced a new linear differential op-
erator related to Analytic function and studied some basic
properties of geometric function theory . Accordingly, some
results related to closure theorems have also been considered,
inviting future research for this field of study.
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