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Abstract
In this paper, we prove the existence and uniqueness of fixed points of (ϕ,ψ)-almost generalized weakly
contractive maps with rational expressions in S-metric spaces. Also, we prove the existence and uniqueness of
fixed points of α-admissible almost weak ψ-contraction maps with rational expressions in S-metric spaces. Our
results extend the results of Jaggi [16] , Dass and Gupta [10] to S-metric spaces. Also our results extend and
generalize the results of Sedghi, Shobe and Aliouche [21]. Supporting examples are provided to our results.
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1. Introduction and Preliminaries
The study of fixed point theory in metric spaces is very

interesting area in Analysis. Several generalizations of metric
spaces have been obtained by many authors who established
the existence of fixed points and common fixed points of
various contractive and contraction maps. For more works on
this literature, we refer [2], [7], [8], [11], [14].

In 1975, Dass and Gupta [10] extended the Banach con-
traction principle using rational expressions as follows.

Theorem 1.1. [10] Let (X ,d) be a complete metric space
and T : X → X be a self map. If there exists α,β ≥ 0 with
α +β < 1 satisfying

d(T x,Ty)≤ α
d(y,Ty)(1+d(x,T x))

1+d(x,y) +βd(x,y)
for all x,y ∈ X, then T has a unique fixed point in X.

In 1977, Jaggi [16] introduced rational type contraction
mappings and proved the existence of fixed points of such
mappings.

Theorem 1.2. [16] Let T be a continuous self map defined on
a complete metric space (X ,d). Suppose that T satisfies the
following condition: there exist α,β ∈ [0,1) with α +β < 1
such that

d(T x,Ty)≤ α
d(x,T x)d(y,Ty)

d(x,y)
+βd(x,y) (1.1)

for all x,y ∈ X with x 6= y. Then T has a fixed point in X.
The map T which satisfies (1.1) is called as ’Jaggi contraction
map’ on X.

Later, many authors worked in this direction to establish
fixed points and common fixed points of mappings involving
rational expressions. These are some of the references in this
direction [1], [3], [4], [9], [15].

In 2012 Samet, Vetro and Vetro [20] introduced α-admissible
maps on metric spaces as follows.
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Definition 1.3. [20] Let (X ,d) be a metric space and T : X→
X be a self map and α : X ×X → [0,∞). We say that T is
α-admissible if x,y ∈ X, α(x,y)≥ 1 =⇒ α(T x,Ty)≥ 1.

Let Ψ1 = {ψ : [0,∞)→ [0,∞)/ (i)ψ is continuous
(ii) ψ is non-decreasing, and

(iii)
∞

∑
n=1

ψn(t)<+∞ for each t > 0 }.

Remark 1.4. [4] Any function ψ ∈Ψ1 satisfies
lim
n→∞

ψn(t) = 0 and ψ(t)< t for any t > 0.

Theorem 1.5. [20] Let (X ,d) be a complete metric space and
T : X → X be a self map. Suppose that there exists ψ ∈Ψ1
such that

α(x,y)d(T x,Ty)≤ ψ(d(x,y)) for all x,y ∈ X.
Suppose that

(i) T is α-admissible

(ii) there exists x0 ∈ X such that x0 ≥ T x0 and

(iii) T is continuous.

Then T has a fixed point in X.

Definition 1.6. [17] Let X be a nonempty set and T : X → X
be a self map with nonempty fixed point set F(T ). Then T is
said to satisfy property(P) if F(T ) = F(T n) for all n ∈ N.

In 2012, Sedghi, Shobe and Aliouche [21] introduced the
concept of S-metric spaces.

Definition 1.7. [21] Let X be a nonempty set. An S-metric
on X is a function S : X3→ [0,∞) that satisfies the following
conditions: for each x,y,z,a ∈ X

(S1) S(x,y,z)≥ 0,

(S2) S(x,y,z) = 0 if and only if x = y = z and

(S3) S(x,y,z)≤ S(x,x,a)+S(y,y,a)+S(z,z,a).

The pair (X ,S) is called an S-metric space.

The following are the examples of S-metric space.

Example 1.8. [21] S(x,y,z) = ||x− z||+ ||y− z|| for all x,y,
z ∈ Rn and ||.|| be a norm on Rn.

Example 1.9. [5] S(x,y,z) = max{|x− z|, |y− z|} for all x,y,
z ∈ R.

Example 1.10. [21] S(x,y,z) = ||y+z−2x||+ ||y−z|| for all
x,y,z ∈ Rn and ||.|| be a norm on Rn.

Example 1.11. [21] S(x,y,z)= d(x,z)+d(y,z) for all x,y,z∈
X where d is a metric on a nonempty set X.

Example 1.12.

S(x,y,z)=
{

0 if x = y = z
max{x,y,z} otherwise.

for all x,y,z ∈ R+, the set of all positive real numbers.

Definition 1.13. [21] Let (X ,S) be an S-metric space. Then
we have the following:

(i) S(x,x,y) = S(y,y,x), for all x,y ∈ X .

(ii) a sequence {xn} in X converges to a point x ∈ X if
and only if S(xn,xn,x) → 0 as n → ∞. That is, for
each ε > 0, there exists n0 ∈ N such that for all n ≥
n0, S(xn,xn,x)< ε and we denote it by lim

n→∞
xn = x.

(iii) a sequence {xn} in X is called a Cauchy sequence if for
each ε > 0, there exists n0 ∈N such that S(xn,xn,xm)<
ε for all n,m≥ n0.

(iv) (X ,S) is said to be complete if each Cauchy sequence
in X is convergent.

(v) if the sequence {xn} in X converges to x, then x is
unique.

(vi) if there exist sequences {xn} and {yn} in X such that
lim
n→∞

xn = x and lim
n→∞

yn = y, then

lim
n→∞

S(xn,xn,yn) = S(x,x,y)

Lemma 1.14. [6] Let (X ,S) be an S-metric space. If a se-
quence {xn} in X converges to x and S(xn,xn,yn)→ 0 then
yn→ x.

Theorem 1.15. [21] Let (X ,S) be an S-metric space. A map
F : X → X be a contraction. i.e., there exists a constant
0≤ L < 1 such that

S(Fx,Fx,Fy)≤ LS(x,x,y) (1.2)

for all x,y ∈ X. Then F has a unique fixed point u in X.

For more literature on S-metric spaces, we refer [5], [6],
[12], [13], [19], [21], [22].

Lemma 1.16. [5], [12] Let (X ,S) be an S-metric space and
{xn} be a sequence in X such that

lim
n→∞

S(xn,xn,xn+1) = 0. (1.3)

If {xn} is not a Cauchy sequence, then there exists an ε > 0
and two sequences {mk} and {nk} of positive integers with
mk > nk > k such that

S(xmk ,xmk ,xnk)≥ ε, S(xmk−1,xmk−1,xnk)< ε (1.4)

and

(i) lim
k→∞

S(xmk ,xmk ,xnk) = ε

(ii) lim
k→∞

S(xmk−1,xmk−1,xnk) = ε

(iii) lim
k→∞

S(xmk ,xmk ,xnk−1) = ε

(iv) lim
k→∞

S(xmk−1,xmk−1,xnk−1) = ε

594



Fixed points of almost generalized weakly contractive maps with rational expressions in S-metric spaces — 595/601

(v) lim
k→∞

S(xnk−1,xnk−1,xmk+1) = ε

(vi) lim
k→∞

S(xnk ,xnk ,xmk+1) = ε .

In Section 2 of this paper, we prove the existence and
uniqueness of fixed points of (ϕ,ψ)-almost generalized weakly
contractive maps with rational expressions in S-metric spaces
(Theorem 2.2). This theorem extends the result of Dass and
Gupta [10] to S-metric spaces and generalize the result of
Sedghi, Shobe and Aliouche [21]. In Section 3, we define α-
admissible maps on S-metric spaces and prove the existence
and uniqueness of fixed points of α-admissible almost weak
ψ-contraction maps with rational expressions in S-metric
spaces (Theorem 3.4). This theorem extends Jaggi’s theorem
[16] to S-metric spaces. Supporting examples are provided
for our results.

2. Fixed points of (ϕ,ψ)-almost
generalized weakly contractive maps

with rational expressions
We use the following notation introduced by Chandok,

Choudhury and Metiya [9].
Let Ψ = {ψ : [0,∞)→ [0,∞) / for any sequence {xn} in

[0,∞) with xn→ t, t > 0,
liminf

n→∞
ψ(xn)> 0}.

Through out this paper, let Φ denote the class of all altering
distance functions [18]. i.e.,
Φ = {ϕ : [0,∞)→ [0,∞) / (i) ϕ is continuous

(ii) ϕ is monotone increasing, and
(iii) ϕ(t) = 0 if and only if t = 0}.

Definition 2.1. Let (X ,S) be an S-metric space. Let T : X →
X be a self map. Suppose that there exist L ≥ 0, ϕ ∈ Φ and
ψ ∈Ψ such that

ϕ(S(T x,Ty,T z))≤ϕ(M(x,y,z))−ψ(M(x,y,z))+LN(x,y,z)

(2.1)

where
M(x,y,z) = max{S(x,y,z), S(y,y,Ty)[1+S(x,x,T x)]

1+S(x,y,z) ,
S(z,z,T z)[1+S(x,x,T x)]

1+S(x,y,z) , S(z,z,T z)[1+S(y,y,Ty)]
1+S(x,y,z) ,

S(y,y,T x)[1+S(x,x,Ty)]
1+S(x,y,z) ,

1
3
[S(z,z,Ty)+S(y,y,T z)][1+S(z,z,T x)]

1+S(x,y,z) }
and
N(x,y,z) = min{S(x,x,T x),S(y,y,T x),S(z,z,T x),

S(y,y,T x)[1+S(x,x,Ty)]
1+S(x,y,z) },

for all x,y,z ∈ X. Then we say that T is (ϕ,ψ)-almost gener-
alized weakly contractive map on X.

Theorem 2.2. Let (X ,S) be a complete S-metric space. Let
T : X → X be (ϕ,ψ)-almost generalized weakly contractive
map. Then T has a unique fixed point ’u’ in X. Moreover, T
is continuous at ’u’.

Proof. Let x0 ∈ X be arbitrary. We define a sequence {xn}
in X by xn+1 = T xn for n = 0,1,2, ... . If xn = xn+1 for some
n = 0,1,2, ..., then xn is a fixed point of T and hence we
are through. Now we assume that xn 6= xn+1 for each n =
0,1,2, ... . We show that S(xn+1,xn+1,xn+2)≤ S(xn,xn,xn+1)
for all n = 0,1,2, ... . Suppose if possible, there exists some
n = 0,1,2, ... such that

S(xn,xn,xn+1)< S(xn+1,xn+1,xn+2). (2.2)

Now, we consider
ϕ(S(xn+1,xn+1,xn+2)) = ϕ(S(T xn,T xn,T xn+1))

≤ ϕ(M(xn,xn,xn+1))−ψ(M(xn,xn,xn+1))

+LN(xn,xn,xn+1),

(2.3)

where
M(xn,xn,xn+1)=max{S(xn,xn,xn+1),

S(xn,xn,T xn)[1+S(xn,xn,T xn)]
1+S(xn,xn,xn+1)

,
S(xn+1,xn+1,T xn+1)[1+S(xn,xn,T xn)]

1+S(xn,xn,xn+1)
,

1
3
[S(xn+1,xn+1,T xn)+S(xn,xn,T xn+1)][1+S(xn+1,xn+1,T xn)]

1+S(xn,xn,xn+1)
}

= max{S(xn,xn,xn+1),S(xn+1,xn+1,xn+2),
1
3

S(xn,xn,xn+2)
[1+S(xn,xn,xn+1)]

}
≤max{S(xn+1,xn+1,xn+2),

1
3 S(xn,xn,xn+2)}

≤max{S(xn,xn,xn+1),
1
3 [2S(xn+2,xn+2,xn+1)

+S(xn+2,xn+2,xn+1)]}
= S(xn+2,xn+2,xn+1)

and N(xn,xn,xn+1) = 0.
Hence from (2.3), we get
ϕ(S(xn+1,xn+1,xn+2))≤ ϕ(S(xn+2,xn+2,xn+1))

−ψ(M(xn,xn,xn+1))
< ϕ(S(xn+2,xn+2,xn+1)),

a contradiction. Hence S(xn+1,xn+1,xn+2) ≤ S(xn,xn,xn+1)
for each n = 0,1,2, ... . Therefore the sequence {rn}, rn =
S(xn,xn,xn+1) for n = 0,1,2,... is a decreasing sequence of
non-negative real numbers. Hence there exists r ≥ 0 such that
lim
n→∞

rn = r. We now show that r = 0. Suppose if possible
r > 0.
We consider

ϕ(S(xn+1,xn+1,xn+2))≤ ϕ(M(xn,xn,xn+1))

−ψ(M(xn,xn,xn+1))

+LN(xn,xn,xn+1)

(2.4)

where
M(xn,xn,xn+1) = max{S(xn,xn,xn+1),S(xn+1,xn+1,xn+2),

1
3

S(xn,xn,xn+2)
[1+S(xn,xn,xn+1)]

}
≤max{S(xn,xn,xn+1),

1
3
[2S(xn,xn,xn+1)+S(xn+1,xn+1,xn+2)]

[1+S(xn,xn,xn+1)]
}

≤max{S(xn,xn,xn+1),
1
3

3S(xn,xn,xn+1)
[1+S(xn,xn,xn+1)]

}
= S(xn,xn,xn+1)

and hence

lim
n→∞

M(xn,xn,xn+1)≤ lim
n→∞

S(xn,xn,xn+1) = r. (2.5)
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We have
S(xn,xn,xn+1)≤M(xn,xn,xn+1) for each n = 0,1,2, ... .
On taking limits as n→ ∞, we get
lim
n→∞

S(xn,xn,xn+1)≤ lim
n→∞

M(xn,xn,xn+1). Thus

r ≤ lim
n→∞

M(xn,xn,xn+1). (2.6)

From (2.5) and (2.6), we get
lim
n→∞

M(xn,xn,xn+1) = r and N(xn,xn,xn+1) = 0.
On taking limit supremum as n→ ∞, in (2.4), we get
ϕ(r)≤ ϕ(r)− liminf

n→∞
ψ(M(xn,xn,xn+1)).

By using the property of ψ , we get ϕ(r)< ϕ(r), a contradic-
tion. Hence r = 0. i.e., lim

n→∞
S(xn,xn,xn+1) = 0.

Now we show that {xn} is a Cauchy sequenc in X . Suppose
that {xn} is not a Cauchy sequence in X . Then there exists an
ε > 0 and two sequences {mk} and {nk} of positive integers
with nk > mk > k such that

S(xmk ,xmk ,xnk)≥ ε, S(xmk−1,xmk−1,xnk)< ε. (2.7)

Now, we consider
ϕ(S(xmk ,xmk ,xnk)) = ϕ(S(T xmk−1,T xmk−1,T xnk−1)) and
using the inequality (2.1) we get

ϕ(S(xmk ,xmk ,xnk))≤ ϕ(S(xmk−1,xmk−1,xnk−1))

−ψ(S(xmk−1,xmk−1,xnk−1))

+LN(xmk−1,xmk−1,xnk−1)

(2.8)

where
M(xmk−1,xmk−1,xnk−1) = max{S(xmk−1,xmk−1,xnk−1),

S(xmk−1,xmk−1,xmk )[1+S(xmk−1,xmk−1,xmk )]

1+S(xmk−1,xmk−1,xnk−1)
,

S(xnk−1,xnk−1,xnk )[1+S(xmk−1,xmk−1,xmk )]

1+S(xmk−1,xmk−1,xnk−1)
,

1
3
[S(xnk−1,xnk−1,xmk )+S(xmk−1,xmk−1,xnk )][1+S(xnk−1,xnk−1,xmk )]

1+S(xmk−1,xmk−1,xnk−1)
}.

On letting k→ ∞, we get
lim
k→∞

M(xmk−1,xmk−1,xnk−1) = max{ε,0,0, 2ε(1+ε)
3(1+ε) }= ε and

N(xmk−1,xmk−1,xnk−1) = min{S(xmk−1,xmk−1,xmk),
S(xnk−1,xnk−1,xmk),

S(xmk−1,xmk−1,xmk )[1+S(xmk−1,xmk−1,xmk )]

1+S(xmk−1,xmk−1,xnk−1)
}.

On letting k→ ∞, we get lim
k→∞

N(xmk−1,xmk−1,xnk−1) = 0.

On taking limit supremum as k→ ∞ in (2.8), we get
limsup

k→∞

ϕ(S(xmk ,xmk ,xnk))≤ limsup
k→∞

ϕ(M(xmk−1,xmk−1,xnk−1))

−liminf
k→∞

ψ(M(xmk−1,xmk−1,xnk−1))

+L limsup
k→∞

N(xmk−1,xmk−1,xnk−1).

By the property of ψ , we get ϕ(ε)< ϕ(ε) which is a contra-
diction. Hence {xn} is a Cauchy sequence in X . Since X is
complete, there exists u ∈ X such that lim

n→∞
xn = u. We now

show that Tu = u. Suppose that u 6= Tu.
We consider
ϕ(S(xn+1,xn+1,Tu)) = ϕ(S(T xn,T xn,Tu))

≤ ϕ(M(xn,xn,u))−ψ(M(xn,xn,u))

+LN(xn,xn,u)

(2.9)

where
M(xn,xn,u) = max{S(xn,xn,u),

S(xn,xn,T xn)[1+S(xn,xn,T xn)]
1+S(xn,xn,u)

,
S(u,u,Tu)[1+S(xn,xn,T xn)]

1+S(xn,xn,u)
, S(u,u,Tu)[1+S(xn,xn,T xn)]

1+S(xn,xn,u)
,

S(xn,xn,T xn)[1+S(xn,xn,T xn)]
1+S(xn,xn,u)

,

1
3
[S(u,u,T xn)+S(xn,xn,Tu)][1+S(u,u,T xn)]

1+S(xn,xn,u)
}.

On taking limits as n→ ∞, we get
lim
n→∞

M(xn,xn,u) = S(u,u,Tu) and

N(xn,xn,u) = min{S(xn,xn,T xn),S(xn,xn,T xn),S(u,u,T xn),
S(xn,xn,T xn)[1+S(xn,xn,T xn)]

1+S(xn,xn,u)
}.

On letting n→ ∞, we get lim
n→∞

N(xn,xn,u) = 0.
On taking limit supremum as n→ ∞ in (2.9), we get
limsup

n→∞

ϕ(S(xn+1,xn+1,Tu))≤ limsup
n→∞

ϕ(M(xn,xn,u))

− liminf
n→∞

ψ(M(xn,xn,u))

+L limsup
n→∞

N(xn,xn,u).

This implies ϕ(S(u,u,Tu))< ϕ(S(u,u,Tu)), a contradiction.
Hence Tu = u. That is u is a fixed point of T .
We now prove that T is continuous at ’u’. We consider the
sequence {xn} in X such that xn→ u as n→ ∞. Then

ϕ(S(Tu,Tu,T xn))≤ ϕ(M(u,u,xn))−ψ(M(u,u,xn))

+LN(u,u,xn)
(2.10)

where
M(u,u,xn) = max{S(u,u,xn),

S(u,u,Tu)[1+S(u,u,Tu)]
1+S(u,u,xn)

,
S(xn,xn,T xn)[1+S(u,u,Tu)]

1+S(u,u,xn)
, S(xn,xn,T xn)[1+S(u,u,Tu)]

1+S(u,u,xn)
,

S(u,u,Tu)[1+S(u,u,Tu)]
1+S(u,u,xn)

,

1
3
[S(xn,xn,Tu)+S(u,u,T xn)][1+S(xn,xn,Tu)]

1+S(u,u,xn)
}.

Now taking the limits as n→ ∞, we get
lim
n→∞

M(u,u,xn) = max{0,0, lim
n→∞

S(Tu,Tu,T xn),

lim
n→∞

S(Tu,Tu,T xn),0,
1
3 lim

n→∞
S(Tu,Tu,T xn)}

= lim
n→∞

S(Tu,Tu,T xn)

and
N(u,u,xn) = min{S(u,u,Tu),S(u,u,Tu),S(xn,xn,Tu),

S(u,u,Tu)[1+S(u,u,Tu)]
1+S(u,u,xn)

}.
On taking limits as n→ ∞, we get lim

n→∞
N(u,u,xn) = 0.

From (2.10), we get
limsup

n→∞

ϕ(S(Tu,Tu,T xn))≤ limsup
n→∞

S(Tu,Tu,T xn)

− liminf
n→∞

ψ(S(Tu,Tu,T xn))

which implies that

liminf
n→∞

ψ(S(Tu,Tu,T xn))≤ 0. (2.11)

Suppose if possible lim
n→∞

S(Tu,Tu,T xn) > 0. Then by the

property of ψ , we have liminf
n→∞

ψ(S(Tu,Tu,T xn))> 0, a con-

tradiction to (2.11). Therefore lim
n→∞

S(Tu,Tu,T xn) = 0.
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That is lim
n→∞

T xn = Tu. Hence T is continuous at u.
We now prove the uniqueness of fixed point.
Suppose if possible v is another fixed point of T such that
u 6= v. Then S(u,u,v)> 0. We consider

ϕ(S(Tu,Tu,T v))≤ϕ(M(u,u,v))−ψ(M(u,u,v))+LN(u,u,v)

(2.12)

where
M(u,u,v) = S(u,u,v) and N(u,u,v) = 0.
Hence from (2.12), we get
ϕ(S(u,u,v))≤ ϕ(S(u,u,v))−ψ(S(u,u,v))

< ϕ(S(u,u,v)),
a contradiction (since if we define a sequence {xn} by
xn = S(u,u,v) for each n = 0,1,2, ... then xn→ S(u,u,v)> 0
as n→ ∞. Hence liminf

n→∞
ψ(xn)> 0.

That is liminf
n→∞

ψ(S(u,u,v))> 0 so that ψ(S(u,u,v))> 0).

Hence S(u,u,v) = 0. Implies u = v.

Theorem 2.3. Under the hypothesis of Theorem 2.2, T has
property(P).

Proof. From Theorem 2.2, T has a fixed point. Therefore
F(T n) 6= φ . Now let n > 1 and u ∈ F(T n). So T nu = u. We
now show that u ∈ F(T ).
We consider
ϕ(S(u,u,Tu)) = ϕ(S(T nu,T nu,T n+1u))

= ϕ(S(T T n−1u,T T n−1u,T T nu))

≤ ϕ(M(T n−1u,T n−1u,T nu))

−ψ(M(T n−1u,T n−1u,T nu))

+LN(T n−1u,T n−1u,T nu).

(2.13)

where
M(T n−1u,T n−1u,T nu) = max{S(T n−1u,T n−1u,u),

S(u,u,Tu)} and
N(T n−1u,T n−1u,u) = 0.
If maximum is S(T n−1u,T n−1u,u) then we get
ϕ(S(u,u,Tu))≤ ϕ(S(T n−1u,T n−1u,u))

−ψ(S(T n−1u,T n−1u,u))
which implies that
ϕ(S(T nu,T nu,T n+1u))≤ ϕ(S(T n−1u,T n−1u,T nu))

−ψ(S(T n−1u,T n−1u,T nu))
≤ ϕ(S(T n−2u,T n−2u,T n−1u))
−ψ(S(T n−2u,T n−2u,T n−1u))
−ψ(S(T n−1u,T n−1u,T nu))

.

.

.
≤ ϕ(S(u,u,Tu))

−
n−1
∑

k=0
ψ(S(T n−k−1u,T n−k−1u,T n−ku)).

That is ϕ(S(u,u,Tu))≤ ϕ(S(u,u,Tu))

−
n−1
∑

k=0
ψ(S(T n−k−1u,T n−k−1u,T n−ku)).

This implies that
n−1
∑

k=0
ψ(S(T n−k−1u,T n−k−1u,T n−ku)) = 0.

Hence ψ(S(T n−k−1u,T n−k−1u,T n−ku)) = 0 for all 0 ≤ k ≤
n−1. Therefore ψ(S(u,u,Tu)) = 0.
If maximum is S(u,u,Tu) then from (2.13), we get
ψ(S(u,u,Tu)) = 0.
Now suppose S(u,u,Tu)> 0 and if {xn}= {S(u,u,Tu)} then
xn→ S(u,u,Tu) as n→ ∞. By the property of ψ , we get
liminf

n→∞
ψ(S(u,u,Tu))> 0.

That is ψ(S(u,u,Tu))> 0, a contradiction.
Hence u = Tu so that u ∈ F(T ) and T has property(P).

By choosing ϕ(t) = t for all t ∈ [0,∞), in Theorem 2.2,
we obtain the following corollary.

Corollary 2.4. Let (X ,S) be a complete S-metric space and
T : X → X be a self map. Suppose that there exist L≥ 0 and
ψ ∈Ψ such that

S(T x,Ty,T z)≤M(x,y,z)−ψ(M(x,y,z))+L N(x,y,z)

(2.14)

for all x,y,z ∈ X where M(x,y,z) and N(x,y,z) are given as
in the inequality (2.1). Then T has a unique fixed point in X.

By choosing L = 0 in Corollary 2.4, we obtain the follow-
ing corollary.

Corollary 2.5. Let (X ,S) be a complete S-metric space and
T : X → X be a self map. Suppose that there exists ψ ∈ Ψ

such that

S(T x,Ty,T z)≤M(x,y,z)−ψ(M(x,y,z)) (2.15)

for all x,y,z ∈ X where M(x,y,z) is given as in the inequality
(2.1). Then T has a unique fixed point in X.

Corollary 2.6. Let (X ,S) be a complete S-metric space and
T : X → X be a self map. Suppose that there exists k ∈ [0,1)
such that

S(T x,Ty,T z)≤ kM(x,y,z) (2.16)

for all x,y,z ∈ X where M(x,y,z) is given as in the inequality
(2.1). Then T has a unique fixed point in X.

Proof. We define ψ : [0,∞)→ [0,∞) by ψ(t) = (1− k)t for
all t ∈ [0,∞) in the inequality (2.15). Clearly ψ ∈Ψ. Now the
conclusion follows from Corollary 2.5.

Remark 2.7. We obtain Theorem 1.15 as a corollary to Corol-
lary 2.6.

The following corollary is the version of Dass and Gupta’s
Theorem (Theorem 1.1) in S-metric spaces.
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Corollary 2.8. Let (X ,S) be a complete S-metric space and
T : X → X be a self map. Suppose that there exist α,β ,γ and
η ∈ [0,1) with α +β + γ +η < 1 such that

S(T x,Ty,T z)≤ αS(x,y,z)+β
S(y,y,Ty)[1+S(x,x,T x)]

1+S(x,y,z)

+γ
S(z,z,T z)[1+S(x,x,T x)]

1+S(x,y,z)

+η
S(z,z,T z)[1+S(y,y,Ty)]

1+S(x,y,z)
(2.17)

for all x,y,z ∈ X. Then T has a unique fixed point in X.

Proof. We obtain the inequality (2.16) from the inequality
(2.17) by choosing k = α +β + γ +η . Hence the conclusion
follows from Corollary 2.6.

The following example is in support of Theorem 2.2.

Example 2.9. Let X = [ 1
4 ,1] and (X ,S) be the S-metric space

defined in Example 1.12.
Now we define T : X → X by

T x=
{

4x2 if x ∈ [ 1
4 ,

1
2 ]

1
2 if x ∈ ( 1

2 ,1]

and ϕ,ψ : [0,∞)→ [0,∞) by ϕ(t) = t
2 for all t ≥ 0 and

ψ(t) =


0 if t = 0
t2

2 if t ∈ (0,1]
1

1+2t if t ∈ (1,∞) .

we show that T satisfies the inequality (2.1).
Case (i): Let x,y,z ∈ [ 1

4 ,
1
2 ].

We assume without loss of generality, that x > y > z.
S(T x,Ty,T z) = 4x2; S(x,y,z) = x; S(x,x,T x) = 4x2;
S(y,y,Ty) = 4y2; S(z,z,T z) = 4z2; S(y,y,T x) = 4x2;
S(x,x,Ty) = max{x,4y2}; S(z,z,Ty) = 4y2;
S(y,y,T z) = max{y,4z2}; S(z,z,T x) = 4x2;

Here M(x,y,z) = max{4x2, (1+4y2)4x2

1+x } and

N(x,y,z) = min{4x2, 4x2[1+max{x,4y2}]
1+x }= 4x2.

In this case, it is easy to verify that the inequality (2.1) holds
for any L≥ 1.
Case (ii): Let x,y ∈ [ 1

4 ,
1
2 ] and z ∈ ( 1

2 ,1]. We assume that
x > y.
In this case, S(T x,Ty,T z) = max{4x2, 1

2}; S(x,y,z) = z;
S(x,x,T x)= 4x2; S(y,y,T x)= 4x2; S(z,z,T x)=max{z,4x2};
S(x,x,Ty) = max{x,4y2}.
Now N(x,y,z) = min{4x2,z,4x2[ 1+max{x,4y2}

1+z ]}.
If x≥ 4y2 then N(x,y,z)=min{4x2,z, 4x2[1+x]

1+z }=
4x2[1+x]

1+z and

if x ≤ 4y2 then N(x,y,z) = min{4x2, 4x2(1+4y2)
1+z }= 4x2(1+4y2)

1+z

as 1+4y2

1+z < 1. In any case we see that the inequality (2.1) holds
for any L≥ 8

5 .

Case (iii): Let x ∈ [ 1
4 ,

1
2 ] and y,z ∈ ( 1

2 ,1]. We assume that
y≥ z.
In this case, S(x,y,z) = y; S(x,x,T x) = 4x2;
S(y,y,T x) = max{y,4x2}; S(x,x,Ty) = 1

2 ;
S(z,z,T x) = max{z,4x2};
Here N(x,y,z) = min{4x2, 3

2 [
max{y,4x2}

1+y ]}.
Subcase (i): y≥ 4x2.
If N(x,y,z) = 4x2 and S(T x,Ty,T z) = 4x2 or 1

2 then the in-
equality (2.1) holds for any L≥ 1.
If N(x,y,z) = 3

2 (
y

1+y ) and S(T x,Ty,T z) = 4x2 or 1
2 then the

inequality (2.1) holds for any L≥ 8
3 .

Subcase (ii): y≤ 4x2.
Here N(x,y,z) = min{4x2,4x2. 3

2 .
1

1+y}= 4x2. In this case the
inequality (2.1) holds for any L≥ 1.
Case (iv): Let y,z ∈ [ 1

4 ,
1
2 ] and x ∈ ( 1

2 ,1]. We assume that
y≥ z.
In this case S(x,y,z) = x; S(x,x,T x) = x;
S(y,y,T x) = 1

2 ; S(x,x,Ty) = max{x,4y2}; S(z,z,T x) = 1
2 ;

Here N(x,y,z) = 1
2 and if S(T x,Ty,T z) = 4y2 or 1

2 then the
inequality (2.1) holds for any L≥ 1.
Case (v): Let x,y,z ∈ ( 1

2 ,1]. We assume that x > y > z.
S(T x,Ty,T z) = 1

2 ; S(x,y,z) = x; S(x,x,T x) = x;
S(y,y,T x) = y; S(x,x,Ty) = x; S(z,z,T x) = z;
Then N(x,y,z) = z. Clearly, in this case the inequality (2.1)
holds for any L≥ 1.
Case (vi): Let z ∈ [ 1

4 ,
1
2 ] and x,y ∈ ( 1

2 ,1]. We assume that
x > y.
In this case S(x,y,z) = x; S(x,x,T x) = x; S(y,y,T x) = y;
S(x,x,Ty) = x; S(z,z,T x) = 1

2 ;
Here N(x,y,z) = 1

2 and S(T x,Ty,T z) = 1
2 or 4z2. In either of

the cases the inequality (2.1) holds for any L≥ 1.
Case (vii): Let y ∈ [ 1

4 ,
1
2 ] and x,z ∈ ( 1

2 ,1]. We assume that
z > x.
In this case S(x,y,z) = z; S(x,x,T x) = x; S(y,y,T x) = 1

2 ;
S(x,x,Ty) = max{x,4y2}; S(z,z,T x) = z;

Here N(x,y,z) = min{ 1
2 ,

1
2
[1+max{x,4y2}]

1+z }.
Subcase (i): x≥ 4y2.
In this case N(x,y,z) = 1

2
[1+x]
1+z .

If S(T x,Ty,T z) = 4y2 or 1
2 then the inequality (2.1) holds for

any L≥ 4
3 .

Subcase (ii): x≤ 4y2 and z≥ 4y2.

Here N(x,y,z) = 1
2
[1+4y2]

1+z . If S(T x,Ty,T z) = 4y2 or 1
2

then the inequality (2.1) holds for any L≥ 1.

By all the above cases, we conclude that the hypothesis
of Theorem 2.2 holds for any L≥ 8

3 and 1
4 is the unique fixed

point of T . Here we note that at x = 1
2 ,y =

1
4 , the inequality

(1.2) fails to hold.
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3. Fixed points of α-admissible almost
weak ψ-contraction maps with rational

expressions

Definition 3.1. Let (X ,S) be an S-metric space. Let T : X →
X and α : X×X×X → [0,∞). We say that T is α-admissible,
if x,y,z ∈ X, α(x,y,z)≥ 1 =⇒ α(T x,Ty,T z)≥ 1.

Example 3.2. Let X = [0,2] and (X ,S) be the S-metric space
defined in Example 1.12.
Now we define T : X → X by

T x=
{

1 if x ∈ [0,1]
2x−2 if x ∈ (1,2]

and let α : X×X×X → R by

α(x,y,z)=
{

1 if 0≤ x,y≤ 1, z = 1
0 otherwise.

Then if x,y ∈ [0,1] and z = 1 then α(x,y,z) = 1 which im-
plies that α(T x,Ty,T z) = α(1,1,1) = 1. Therefore T is α-
admissible.

Definition 3.3. Let (X ,S) be an S-metric space. Let T : X →
X be an α-admissible map. If there exist L≥ 0 and ψ ∈Ψ1
such that

α(x,y,z)S(T x,Ty,T z)≤ψ(M(x,y,z))+LN(x,y,z) (3.1)

where
M(x,y,z) = max{S(x,y,z), S(x,x,T x)S(y,y,Ty)

S(x,y,z) , S(x,x,T x)S(z,z,T z)
S(x,y,z) ,

S(y,y,Ty)S(z,z,T z)
S(x,y,z) , S(x,x,Ty)S(y,y,T x)

S(x,y,z) , S(y,y,T z)S(z,z,Ty)
S(x,y,z) ,

S(z,z,T x)S(x,x,T z)
S(x,y,z) , S(y,y,Ty)S(x,x,Ty)

S(x,y,z) , S(x,x,T x)S(x,x,Ty)
S(x,y,z) ,

S(z,z,T z)S(z,z,T x)
S(x,y,z) }

and
N(x,y,z) = min{S(x,x,T x),S(y,y,T x),S(z,z,T x)}
for all x,y,z ∈ X with x 6= y 6= z then we say that T is an
α-admissible almost weak ψ-contraction map on X.

Theorem 3.4. Let (X ,S) be a complete S-metric space. Let
T : X → X be a continuous and α-admissible almost weak
ψ-contraction map on X. Suppose that there exists x0 ∈ X
such that α(x0,x0,T x0)≥ 1. Then T has a fixed point in X.

Proof. We have x0 ∈ X such that α(x0,x0,T x0)≥ 1. We de-
fine a sequence {xn} by xn+1 = T xn for each n = 0,1,2, ... .
If xn = xn+1 for some ’n’ then xn is a fixed point of T .
With out loss of generality suppose that xn 6= xn+1 for each
’n’. We have α(x0,x0,x1)≥ 1.
Since T is α-admissible, α(T x0,T x0,T x1)≥ 1.
i.e., α(x1,x1,x2)≥ 1. Continuing this process, we have
α(xn,xn,xn+1)≥ 1 for each n≥ 0.
Now from (3.1), we get
S(xn+1,xn+1,xn+2) = S(T xn,T xn,T xn+1)

≤ α(xn,xn,xn+1)S(T xn,T xn,T xn+1)

≤ ψ(M(xn,xn,xn+1))+LN(xn,xn,xn+1).
That is

S(xn+1,xn+1,xn+2)≤ψ(M(xn,xn,xn+1))+LN(xn,xn,xn+1)

(3.2)

Where
M(xn,xn,xn+1) = max{S(xn,xn,xn+1),S(xn+1,xn+1,xn+2)}
and N(xn,xn,xn+1) = 0. Hence from 3.2, we have
S(xn+1,xn+1,xn+2)≤ ψ(max{S(xn,xn,xn+1),

S(xn+1,xn+1,xn+2)}).
If maximum is S(xn+1,xn+1,xn+2) for some ’n’ then
S(xn+1,xn+1,xn+2)≤ ψ(S(xn+1,xn+1,xn+2))

< S(xn+1,xn+1,xn+2), a contradiction.
Hence maximum is S(xn,xn,xn+1).
Therefore for all n≥ 0, we have
S(xn+1,xn+1,xn+2)≤ ψ(S(xn,xn,xn+1))

≤ ψ2(S(xn−1,xn−1,xn))
.
.
.

≤ ψn+1(S(x0,x0,x1)).
Now, we consider
S(xn,xn,xn+k)≤ S(xn,xn,xn+1)+S(xn,xn,xn+1)

+S(xn+1,xn+1,xn+k)
≤ 2S(xn,xn,xn+1)+2S(xn+1,xn+1,xn+2)

+S(xn+2,xn+2,xn+k)
≤ 2S(xn,xn,xn+1)+2S(xn+1,xn+1,xn+2)

+ . . .+S(xn+k−1,xn+k−1,xn+k)

≤ 2
n+k−1

∑
p=n

S(xp,xp,xp+1)

< 2
∞

∑
p=n

S(xp,xp,xp+1)

≤ 2
∞

∑
p=n

ψ(S(xp,xp,xp+1))

< 2
∞

∑
p=0

ψ pS(x0,x0,x1)→ 0 as p→ ∞.

Therefore S(xn,xn,xn+k)→ 0 as n→ ∞. Hence {xn} is a
Cauchy sequence in X . Since (X ,S) is a complete S-metric
space there exists u ∈ X such that xn→ u.
That is u = lim

n→∞
xn+1 = lim

n→∞
T xn = T ( lim

n→∞
xn) = Tu.

Therefore Tu = u. Hence u is a fixed point of T .

Condition(U): If x,y ∈ F(T ), the set of all fixed points of
T then α(x,x,y)≥ 1 or α(y,y,x)≥ 1.

Theorem 3.5. Under the hypothesis of Theorem 3.4 and
Condition(U), T has a unique fixed point.

Proof. From Theorem 3.4, T has a fixed point. Therefore
F(T ) 6= /0. Let x,y ∈ F(T ) then by Condition(U),
α(x,x,y)≥ 1 or α(y,y,x)≥ 1. We consider
S(T x,T x,Ty)≤ α(x,x,y)S(T x,T x,Ty)

≤ ψ(M(x,x,y))+LN(x,x,y)
where
M(x,x,y) = S(x,x,y) and N(x,x,y) = 0.
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Therefore S(T x,T x,Ty)≤ ψ(S(x,x,y))+L(0).
That is S(x,x,y)< S(x,x,y), a contradiction.
Therefore x = y.

Corollary 3.6. Let (X ,S) be a complete S-metric space. Let
T : X → X be a continuous and α-admissible map on X and
there exists x0 ∈ X such that α(x0,x0,T x0)≥ 1. Suppose that
there exist k ∈ [0,1) and L≥ 0 such that

α(x,y,z)S(T x,Ty,T z)≤ kM(x,y,z)+LN(x,y,z) (3.3)

for all x,y,z ∈ X with x 6= y 6= z, where M(x,y,z) and N(x,y,z)
are given as in the inequality (3.1). Then T has a fixed point
in X.

Proof. We define ψ : [0,∞) → [0,∞) by ψ(t) = kt for all
t ∈ [0,∞) in the inequality (3.1). Clearly ψ ∈ Ψ1. Then we
have T is an α-admissible almost weak ψ-contraction map.
Now by Theorem 3.4 the conclusion follows.

By choosing L = 0 in Corollary 3.6, we obtain the follow-
ing corollary.

Corollary 3.7. Let (X ,S) be a complete S-metric space. Let
T : X → X be a continuous and α-admissible map on X and
there exists x0 ∈ X such that α(x0,x0,T x0)≥ 1. Suppose that
there exists k ∈ [0,1) such that

α(x,y,z)S(T x,Ty,T z)≤ kM(x,y,z) (3.4)

for all x,y,z ∈ X with x 6= y 6= z, where M(x,y,z) is given as
in the inequality (3.1). Then T has a fixed point in X.

If α ≡ 1 in Corollary 3.7 then we obtain the following
corollary.

Corollary 3.8. Let (X ,S) be a complete S-metric space. Let
T : X→ X be a continuous mapping. Suppose that there exists
k ∈ [0,1) such that

S(T x,Ty,T z)≤ kM(x,y,z) (3.5)

for all x,y,z ∈ X with x 6= y 6= z, where M(x,y,z) is given as
in the inequality (3.1). Then T has a fixed point in X.

Corollary 3.9. Let (X ,S) be a complete S-metric space. Let
T : X → X be a continuous mapping. Suppose that there exist
α,β ,γ,η ∈ [0,1) with α +β + γ +η < 1 such that

S(T x,Ty,T z)≤ α
S(x,x,T x)S(y,y,Ty)

S(x,y,z)

+β
S(y,y,Ty)S(z,z,T z)

S(x,y,z)

+γ
S(z,z,T z)S(x,x,T x)

S(x,y,z)
+ηS(x,y,z)

(3.6)

for all x,y,z ∈ X with x 6= y 6= z. Then T has a fixed point in
X. The map T which satisfies the above inequality is called
as ’Jaggi type contraction map’ on X.

Proof. We obtain the inequality (3.5) from the inequality (3.6)
by choosing k = α +β +γ +η . Hence the conclusion follows
from Corollary 3.8.

Example 3.10. Let X = [0,3] and (X ,S) be an S-metric space
defined in Example 1.9.
Now we define T : X → X by

T x=

 1 if x ∈ [0,1)
2x−1 if x ∈ [1,2]
3 if x ∈ (2,3]

and ψ : [0,∞) → [0,∞) by ψ(t) = t
2 for all t ≥ 0 and let

α : X×X×X → R by

α(x,y,z)=
{

1 if 5
3 ≤ x,y≤ 3, z = 3

0 otherwise.

Case (i): Let x,y ∈ [ 5
3 ,3] and z = 3.

In this case α(x,y,z) = 1 implies α(T x,Ty,T z) = 1.
Therefore T is α-admissible.
Subcase (i): Let x,y ∈ [ 5

3 ,2] and z = 3.
We assume with out loss of generality that x < y.
In this case S(T x,Ty,T z) = S(2x−1,2y−1,3) = 4−2x and
S(x,y,z) = max{|x−3|, |y−3|}= 3− x.
We consider α(x,y,z)S(T x,Ty,T z) = 4−2x.
In this case the inequality (3.1) holds for any L≥ 0.
Subcase (ii): Let x ∈ [ 5

3 ,2] , y ∈ (2,3] and z = 3. We assume
that x < y.
In this case S(T x,Ty,T z) = S(2x−1,2y−1,3) = 4−2x and
S(x,y,z) = 3− x. Hence the verification is similar as in Sub-
case(i).
Subcase (iii): Let y ∈ [ 5

3 ,2], x ∈ (2,3] and z = 3.
Here S(T x,Ty,T z) = S(3,2y−1,3) = 4−2y and
S(x,y,z) = 3− y.
In this case α(x,y,z)S(T x,Ty,T z) = 4−2y which shows that
the inequality (3.1) holds for any L≥ 0.
In all the remaining cases the inequality (3.1) holds trivially.

Hence all the hypotheses of Theorem 3.4 hold and 1,3 are
fixed points of T .
Here we observe that the inequality
S(T x,Ty,T z)≤ ψ(M(x,y,z))+LN(x,y,z) fails to hold when
x = 1,y = 1,z = 3.
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