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Abstract

In this paper, we prove the existence and uniqueness of fixed points of (¢, y)-almost generalized weakly
contractive maps with rational expressions in S-metric spaces. Also, we prove the existence and uniqueness of
fixed points of a-admissible almost weak y-contraction maps with rational expressions in S-metric spaces. Our
results extend the results of Jaggi [16] , Dass and Gupta [10] to S-metric spaces. Also our results extend and
generalize the results of Sedghi, Shobe and Aliouche [21]. Supporting examples are provided to our results.
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References ........coooviiiiiiiiiiiiiiirannninnans 600 a complete metric space (X,d). Suppose that T satisfies the
Jollowing condition: there exist ., € [0,1) with o+ < 1
such that

1. Introduction and Preliminaries

: . : : d(x,Tx)d(y, Ty)
The study of fixed point theory in metric spaces is very d(Tx,Ty) < ocT
interesting area in Analysis. Several generalizations of metric Y

spaces have been obtained by many authors who established  for gl x,y € X with x #y. Then T has a fixed point in X.

the existence of fixed points and common fixed points of  The map T which satisfies (1.1) is called as "Jaggi contraction
various contractive and contraction maps. For more works on  jap’ on X.

this literature, we refer [2], [7], [8], [11], [14].
In 1975, Dass and Gupta [10] extended the Banach con- Later, many authors worked in this direction to establish

traction principle using rational expressions as follows. fixed points and‘ common fixed points of mappings involviqg
rational expressions. These are some of the references in this

Theorem 1.1. [10] Let (X,d) be a complete metric space  direction [1], [3], [4], [9], [15].
and T : X — X be a self map. If there exists o, 3 > 0 with In 2012 Samet, Vetro and Vetro [20] introduced ¢-admissible
a+ P < 1 satisfying maps on metric spaces as follows.

+Bd(x,y) (1.1)
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Definition 1.3. [20] Let (X,d) be a metric space and T : X —
X be a self map and o : X x X — [0,00). We say that T is
a-admissible if x,y € X, a(x,y) > 1 = a(Tx,Ty) > 1.

Let W) = {y: [0,00) — [0,00)/ (i)W is continuous
(ii) y is non-decreasing, and

(ii)) ¥ y"(t) < +ooforeachz >0 }.
1

n=

Remark 1.4. [4] Any function y € ¥, satisfies
gnwﬂﬂ:Oamhﬂﬂ<tﬁrmwt>Q
Nn—>o0

Theorem 1.5. [20] Let (X, d) be a complete metric space and
T : X — X be a self map. Suppose that there exists y € ¥
such that

o(x,y)d(Tx,Ty) < y(d(x,y)) for all x,y € X.
Suppose that

(i) T is ot-admissible
(ii) there exists xo € X such that xo > Txo and
(iii) T is continuous.
Then T has a fixed point in X.

Definition 1.6. [17] Let X be a nonempty setand T : X — X
be a self map with nonempty fixed point set F(T). Then T is
said to satisfy property(P) if F(T) = F(T") foralln € N.

In 2012, Sedghi, Shobe and Aliouche [21] introduced the
concept of S-metric spaces.

Definition 1.7. [21] Let X be a nonempty set. An S-metric
on X is a function S : X3 — [0,00) that satisfies the following
conditions: for each x,y,z,a € X

(S1) S(x,y,z) >0,
(S2) S(x,y,z) =0ifand only if x=y =z and
(S3)  S(x,y,2) < S(x,x,a)+S(y,y,a) +S(z,z,a).
The pair (X,S) is called an S-metric space.
The following are the examples of S-metric space.

Example 1.8. [21] S(x,y,z) = |[x —z|| + ||y — z|| for all x,y,
z€R" and ||.|| be a norm on R”".

Example 1.9. [5] S(x,y,z) = max{|x—z]|, |y —z|} for all x,y,
z€R.

Example 1.10. [21] S(x,y,z) = ||y +z—2x||+ ||y —2|| for all
x,¥,2 € R" and ||.|| be a norm on R".

Example 1.11. [21]S(x,y,z) =d(x,2) +d(y,z) forallx,y,z €
X where d is a metric on a nonempty set X.

Example 1.12.

S(x,y,2) :{ 0

max{x,y,z}

if x=y=z¢
otherwise.

for all x,y,z € R™, the set of all positive real numbers.
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Definition 1.13. [21] Let (X,S) be an S-metric space. Then
we have the following:

(ii) a sequence {x,} in X converges to a point x € X if
and only if S(xn,%n,x) — 0 as n — o. That is, for
each € > 0, there exists ng € N such that for all n >
no, S(Xu,Xn,x) < € and we denote it by ,}E&x" =x.

(iii) a sequence {x,} in X is called a Cauchy sequence if for
each € > 0, there exists ny € N such that S(x,,Xp, Xn) <
€ for all n,m > ny.

(iv) (X,S) is said to be complete if each Cauchy sequence
in X is convergent.

(v) if the sequence {x,} in X converges to x, then x is
unique.

(vi) if there exist sequences {x,} and {y,} in X such that
lim x, = x and lim y,, =y, then
n—yo0 n—yoo

lim S (2, X, Yn) = S(x,x,y)

n—yoo

Lemma 1.14. [6] Let (X,S) be an S-metric space. If a se-
quence {x,} in X converges to x and S(xn, %y, yn) — O then
Yn = X.

Theorem 1.15. [21] Let (X,S) be an S-metric space. A map
F : X — X be a contraction. i.e., there exists a constant
0 <L < 1 such that

S(Fx,Fx,Fy) <LS(x,x,y) (1.2)
forall x,y € X. Then F has a unique fixed point u in X.

For more literature on S-metric spaces, we refer [5], [6],
[12], [13], [19], [21], [22].

Lemma 1.16. [5], [12] Let (X,S) be an S-metric space and
{xn} be a sequence in X such that

lim S(x,%p,Xn+1) = 0.
n—yoo

(1.3)

If {x,} is not a Cauchy sequence, then there exists an € >0
and two sequences {m} and {ny} of positive integers with
my > ny > k such that

S X s Xy s X, ) 2> €, S(Xmp—1,%m—1,%n,) <€ (1.4)
and

(i) ,}gljos(xmwxmkvxnk) =€

(ii) ]{lglgoS(xmk_17xmk_1,x,lk) =€

(”l) kh—I;n S(xmkvxmwxnk—l) =&

(lV) ]}E}n S(xmk—hxmk—l;xnk—l) =&
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(V) kh~r)n S(xnk—lvxnk—laxmk—&-l) =&
(vi) klgn S (X s Xy s Xmg1) = E.

In Section 2 of this paper, we prove the existence and
uniqueness of fixed points of (¢, y)-almost generalized weakly
contractive maps with rational expressions in S-metric spaces
(Theorem 2.2). This theorem extends the result of Dass and
Gupta [10] to S-metric spaces and generalize the result of
Sedghi, Shobe and Aliouche [21]. In Section 3, we define a-
admissible maps on S-metric spaces and prove the existence
and uniqueness of fixed points of o.-admissible almost weak
y-contraction maps with rational expressions in S-metric
spaces (Theorem 3.4). This theorem extends Jaggi’s theorem
[16] to S-metric spaces. Supporting examples are provided
for our results.

2. Fixed points of (¢, y)-almost
generalized weakly contractive maps
with rational expressions

We use the following notation introduced by Chandok,
Choudhury and Metiya [9].
Let ¥ = {y:[0,00) — [0,0) / for any sequence {x,} in
[0,00) with x, — 7,7 > 0,
li’gioglfw(x,,) > 0}.
Through out this paper, let ® denote the class of all altering
distance functions [18]. i.e.,
D ={¢:[0,00) = [0,00) / (i) @ is continuous
(ii) ¢ is monotone increasing, and
(iil) @(¢r) = 0 if and only if r = 0}.

Definition 2.1. Let (X,S) be an S-metric space. Let T : X —
X be a self map. Suppose that there exist L > 0, ¢ € ® and
v € ¥ such that

@(S(Tx,Ty,Tz)) < @(M(x,y,z)) —w(M(x,y,2)) + LN (x,y,2)
@.1)
where SOy, Ty)[1+S(x.x,T
M(x,y,z) = max{S(x,y,z), S0 fﬂs&,y(.ijjx’ 2],
S(z2,T2D)[1+S(xx,Tx)]  S(z:2,T2)[14+S(y,Ty)]
l+S(x,y,z) ’ 1+S(X7Y7Z> ’
Sy Tx) 148 (x.x,Ty)]
1+8(x,y,2) ’
1 [8(2,2,Ty)+S(yy,T2)][145(z,2,Tx)] }
3 1+8(x,,2)
and
N(‘x7y7 Z) = min{S(x7 x? T'x) b S(y’ y’ T'x) b S(Z7 Z7 T‘x) )

Sy, Tx)[14+S(x,x,Ty)] }
1+S(x,y,2) ’
forall x,y,z € X. Then we say that T is (@, y)-almost gener-

alized weakly contractive map on X.

Theorem 2.2. Let (X,S) be a complete S-metric space. Let
T :X — X be (@, y)-almost generalized weakly contractive
map. Then T has a unique fixed point 'u’ in X. Moreover, T
is continuous at 'u’.
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Proof. Let xo € X be arbitrary. We define a sequence {x,}
in X by x,41 =Tx, forn=0,1,2,... . If x, = x,4+ for some
n=20,1,2,..., then x, is a fixed point of 7" and hence we
are through. Now we assume that x,, # x,.1 for each n =

0,1,2,.... We show that S(x,;11,Xu+1,Xn+2) < S(Xn, X0, Xnt1)
foralln=0,1,2,.... Suppose if possible, there exists some
n=20,1,2,... such that

S(xnvxn7xn+1) < S(xn+17xn+]axn+2)- (2.2)

Now, we consider
(P(S(xn+laxn+laxn+2)) =

<oM

(P(S(Txna Txp, Txn+1))

II/(M(XmeX,Hl))
+LN('xna-xl’la-xl’l+l)7
2.3)

(xn;xn;xn+1))_

where

T 1 Xn, T
M(xnyxnyxn—H) S<Xn7xn, xn)[ +S(xn,xrl7 Xn)]

= max{S (X, Xn, Xn+1), 1S (o X s 1) )
St 1 %04 1,7 %0 1) [1HS (%, Txn )]
1+S(xn X Xn4-1 ) ’
[S Gt 1 X1, T %) 48 (o X, Ty 1) [14S (41 X1, T%n)] }
148 (X0 X 4-1)

Wl

= max{s(xnvxnvxn+1 ) S(anrl s Xn+1 7xn+2)a
1 S (Xn X Xn2) }
3 [14S(xn X0 X 41)]

< max{S(Xpt1,Xn+1,%n+2), ;S(xn,xn,xnﬂ)}
< maX{S(xn;xn;anrl )7 % [zs(xn+27xn+27xn+l)
+ S(xn+27xn+2vxn+1 )]}
S(xn+27xn+27xn+l)
and N (X, X, Xpt1) =
Hence from (2.3), we get
O(S(Xn+15,%n+1,%042)) < O(S(Xn+2,%n+2,%n+1))
—W(M (%X, Xn, Xn41))
< O(S(Xnt25Xn42,%n+1))

a contradiction. Hence S(X;11,Xn+1,Xn+2) < S(Xn, X0, Xnt1)
for each n =0,1,2,... . Therefore the sequence {r,}, r, =
S(xp,%n,Xy+1) for n =0,1,2,... is a decreasing sequence of
non-negative real numbers. Hence there exists » > 0 such that

lim r, = . We now show that r = 0. Suppose if possible
n—soo

r>0.
We consider
(P(S(xn-H axn+17xn+2)) < ¢(M(xn7xn7xn+l))
_W(M(xnaxmanrl))
+LN(xn7xn7xn+1)

(2.4)

where

M (X, Xp, Xni1) = maX{S(xn;xmxn+l)vs(xn+l Xt 1> Xn42)s
1 S ,Xn,Xn12) }
3 [1+S(xn XnXn4-1 )]
S maX{S(xn7xn7-xn+l)a
1 [25()6,1 XnXnt1 )+S<xn+l Antl -,Xn+2)] }
3 [14+S(xp X0 %041)]
1 _38(tnXnXnt1) }
3 [14+S(XnXn Xnt1)]

< maX{S(xn7xn7xn+l)
= S(xmxmanrl)
and hence

r}gr}gM(xn,xn,xn+1) < hm S(x,,,x,,,x,,H)
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We have

S, %0, Xn41) < M(xp,%n,%y41) foreachn=0,1,2, ...
On taking limits as n — oo, we get

Lim S (X, Xn, Xn+1) < lim M (X, %, Xp41). Thus

n—oo n—oo

r < Hm M (xp, X, Xpt1)-
n—oo

From (2.5) and (2.6), we get
lim M (xp, X, Xp11) = r and N (X, Xp, Xp+1) = 0.
n—soo

(2.6)

On taking limit supremum as n — oo, in (2.4), we get

o(r) < o(r)— li;gll:fl[l(M(xn,xn,xn_,_l)).

By using the property of W, we get @(r) < ¢(r), a contradic-
tion. Hence r = 0. i.e., r}i_r)lgoS(xmxman) =0.

Now we show that {x,} is a Cauchy sequenc in X. Suppose
that {x, } is not a Cauchy sequence in X. Then there exists an
€ > 0 and two sequences {my} and {n;} of positive integers
with ng > my. > k such that

S(xmkvxmkaxnk) 2 8? S(.kaf] ,xmk7| 7xnk) < €. (27)

Now, we consider
(P(S(-xmk 7-xmk 7xnk)) = (P(S(Txmk—l ) T-xmk—l ) T-xnk—l)) and
using the inequality (2.1) we get

(p(S(xmkaxmk7xﬂk)) < (p(S(xmk*l ,kaf],xnkfl))
_W(S(xmk—l7xmk—1axnk—l)) (28)
+LN(xmk717xmk717xnk71)

where
M(xmkfl »Xmy—1 7xnk71) = maX{S(ka,1 yXmy—1 7xnk71)7
S(xmkfl Xmy —1 7xmk)[1+s(xmkfl Ximy—1%my )]
1+S<xmk717xmk71!xnk71) ’
S(xnk—l g —1 Xy )[1+S(xmk—] Ky —1 -,ka)]
1+S(xmk—17xmk—lvxnk—l> ’
1 [S(xnk—l g —1 ,xmk)+S(xmk,| Ky —1 »Xnk)][l+s(xnk—l Xng—1 Jmk)] }
3 l+s(xmk—l Ky —1%ny —1 ) ’
On letting k — oo, we get

2e(l+e)}
? 3(1+¢)
min{S<xmk—17-xmk—l7xmk)>
S(xnk—17-xnk—17xmk ;
S(xmk—l Xy —1 7x111k)[1+s(x)nk—l Ky —1%my, ) }
1+S(ka71 7xmk71 vxnkfl ) :
On letting k — oo, we get lim N (X, —1,%m—1,Xn,—1) = 0.
k—roo

1im M (X, 1, Xm,—1,%n,—1) = max{€,0,0 =¢gand
k—roo

N(-xmk—l ;xmk—laxnk—l) =

On taking limit supremum as k — oo in (2.8), we get

lim sup @ (S (X , Xy s X, )) < limsup @ (M (X, —1,Xmy—1,Xn,—1))
k—roo 3

—liginfy/(M(xmk,l Xmg—1>Xm—1))

+ LIEmsupN (Xp, —1,Xm, 15X, —1)-
k—roo
By the property of y, we get @(€) < (&) which is a contra-
diction. Hence {x,} is a Cauchy sequence in X. Since X is
complete, there exists u € X such that lgn Xp = u. We now
show that Tu = u. Suppose that u # Tu.
We consider

O(S(xn+1,%0+1,Tu)) = @(S(Txn, Txn, Tur))

< (p(M W(M(xnaxnv”))

+LN (X, X, 14)

(xmxm”))*
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(2.9)

where

X, Ton)[1 T
M(xrhxnyu) = S (tn X, T ) [148 (xn X, T )|

max{S(x,,X,,u), TS ot ,
S(uu, Tu)[14+S(xn %0, Txn)] S (w0, Tu) [14S (X0 20, T X )]
148 (X ,11) ’ 148 (X0 X, 1)
S(xn Xn :Txn) [1 +S(xn X, T Xn )]
1+ (xp,20,1t) ’
1 [Sot,, T x ) 4S8 (X0, T1a) | [148 (1,10, T )] }
3 148 (2 X0 ,14)
On taking limits as n — oo, we get
im M (x, %, u) = S(u,u, Tu) and
n—soeo
N (X, X, 1t) = min{ S (X, X, T ), S (X, X, T ), S (w0, Txy),
S0, Txn) [148 (20 X0, Tx) ] }
1+ (xp 0,1t :
On letting n — oo, we get lim N (x,,x,,u) = 0.
n—oo

On taking limit supremum as n — o0 in (2.9), we get

limsup ¢S 1,1, 7)) < limsup 9(M (0, x0,1))
n—yoo n—o0
— liminf y(M (x, %, 1))

n—oo
+ Lhm supN(xn,xn, u).
This implies @(S(u,u,Tu)) < @(S(u,u Tu)), a contradiction.
Hence Tu = u. That is u is a fixed point of 7.
We now prove that T is continuous at "u’. We consider the
sequence {x,} in X such that x, — u as n — oo. Then

(u,u, %)) — W(M(u,u,x,)) (2.10)
+LN (u,u,x,)

O(S(Tu,Tu,Tx,)) < (M

where S, o) 1S T
u,u, Tu) [ 1+S(u,u,Tu
M (u,u,x,) = max{S(u,u,x,), T ST ,
S (20, Tx0) [14S (e, Tu)] S (X0 X0, T ) [L+S (w0, Tut)]
148 (u,u,xn) ’ 148 (u,u,xn) ’
S(uu,Tu)[14S(u,u,Tu))
148 (u,u,xn) ’
1 [S(xn,x,,,Tu)+S(u,u,Tx,,)][1+S(xn,x,,,Tu)]}
3 1+ (u,u,xp) ’
Now taking the limits as n — oo, we get

lim M (u,u,x,) = max{0,0, liﬁm S(Tu,Tu,Txy),
n—roo

n—yoo
lgrl S(Tu,Tu,Tx,),0,
%,}glgoS(Tu7Tu7Txn)}
= lgn S(Tu,Tu,Tx,)
and
N(u,u,x,) = min{S(u,u, Tu),S(u,u,Tu),S(xn, X, Tu),

S(u,u, Tu)[1+S (u,u Tu)]
148 (u,,xp,) }

On taking limits as n — oo, we get lgn N(u,u,x,) =0.

From (2.10), we get

limsup @(S(Tu, Tu,Tx,)) < limsupS(Tu,Tu,Tx,)

n—yoo n—yoo

—liminfy(S(Tu,Tu,Tx,))
n—soo
which implies that

liminf w(S(Tu, Tu,Tx,)) <O0.

n—so0

@2.11)

Suppose if possible lim S(7Tu,Tu,Tx,) > 0. Then by the
n—soo
property of v, we have liminf y(S(Tu,Tu,Tx,)) > 0, a con-
n—oo
tradiction to (2.11). Therefore lim S(Tu,Tu,Tx,) = 0.
n—oo

9
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That is lim Tx, = Tu. Hence T is continuous at u.
n—yoo

We now prove the uniqueness of fixed point.
Suppose if possible v is another fixed point of 7" such that
u #v. Then S(u,u,v) > 0. We consider

Q(S(Tu, Tu, Tv)) < (M1t u,v)) — (M (u,10,v)) +LN (u,11,v)
(2.12)

where
M(u,u,v) = S(u,u,v) and N(u,u,v) =0.
Hence from (2.12), we get
0 (S(ut,v)) < (St u4,v)) — W(S(at,,v))
< @(S(u,,v)),
a contradiction (since if we define a sequence {x,} by
Xp = S(u,u,v) foreachn=0,1,2, ... then x,, — S(u,u,v) >0
as n — oo, Hence lirginf v (x,) > 0.
n—soo
That is lirr_1>infl//(S(u,u,v)) > 0 so that y(S(u,u,v)) > 0).
n—roo

Hence S(u,u,v) = 0. Implies u = v. O

Theorem 2.3. Under the hypothesis of Theorem 2.2, T has
property(P).
Proof. From Theorem 2.2, T has a fixed point. Therefore
F(T")# ¢. Now letn > 1and u € F(T"). So T"u =u. We
now show that u € F(T).
We consider
o(S(u,u, Tu)) = @(S(T"u, T"u, T"u))

=o(S(TT" 'u, TT" 'u,TT"u))

< @M(T" 'u, T 'u, T"u))
—y(M(T" 'u, T 'u, T"u))
+LN(T" L, T Yu, T").

(2.13)

where
M(T"'u, T" 'u, T"u) = max{S(T" 'u, T" 'u,u),
S(u,u,Tu)} and
N(T" 'u, T" 'u,u) = 0.
If maximum is S(7"~'u, T"'u,u) then we get
O(S(u,u,Tu)) < @(S(T"'u, T" 'u,u))
—y(S(T" 'u, T" 'u,u))
which implies that
O(S(T"u, T"u, T 'u)) < @(S(T" u, T 'u, T"ur))
(Tn71u77w71u7Tnu))
< O(S(T"2u, T"2u, T" 'u))
_ Tn72u7Tn72u7Tn71u))
T, T 'u, T™u))

(S(u,u, Tu))
_ l[/(S(T"_k_lu,T”_k_lu,T”_ku)).
0
That is @(S(u,u, Tu)) < @(S(u,u,Tu))
n—1

-y W(S(T"_k_lu, T"_k_lu, T"_ku)).
k=0

<
n

La

RN
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n—1
This implies that Y w(S(T" %Ly, T7*=1y T7*y)) = 0.
k=0

Hence w(S(T"*u, T"*=1u, T"*u)) = 0 for all 0 < k <
n— 1. Therefore y(S(u,u,Tu)) = 0.

If maximum is S(u, u, Tu) then from (2.13), we get
y(S(u,u,Tu)) =0.

Now suppose S(u,u, Tu) > 0 and if {x,} = {S(u,u,Tu)} then
Xn — S(u,u, Tu) as n — oo. By the property of y, we get
li;giol}fl//(S(u,u, Tu)) > 0.

That is y(S(u,u,Tu)) > 0, a contradiction.

Hence u = Tu so that u € F(T) and T has property(P). O

By choosing ¢(¢) =t for all 7 € [0,), in Theorem 2.2,
we obtain the following corollary.

Corollary 2.4. Let (X,S) be a complete S-metric space and
T : X — X be a self map. Suppose that there exist L > 0 and
v € ¥ such that

S(Tx,Ty,Tz) < M(x,y,z) — W(M(x,y,z)) + L N(x,y,z)
(2.14)

Sor all x,y,z € X where M(x,y,z) and N(x,y,z) are given as
in the inequality (2.1). Then T has a unique fixed point in X.

By choosing L = 0 in Corollary 2.4, we obtain the follow-
ing corollary.

Corollary 2.5. Let (X,S) be a complete S-metric space and
T : X — X be a self map. Suppose that there exists Yy € ¥
such that

S(Tx,Ty,Tz) < M(x,y,2) — y(M(x,y,2)) (2.15)

forall x,y,z € X where M(x,y,z) is given as in the inequality
(2.1). Then T has a unique fixed point in X.

Corollary 2.6. Let (X,S) be a complete S-metric space and
T : X — X be a self map. Suppose that there exists k € [0,1)
such that

S(Tx,Ty,Tz) < kM(x,y,2) (2.16)

forall x,y,z € X where M(x,y,z) is given as in the inequality
(2.1). Then T has a unique fixed point in X.

Proof. We define y : [0,00) — [0,0) by w(t) = (1 —k)r for
all 7 € [0,00) in the inequality (2.15). Clearly y € ¥. Now the
conclusion follows from Corollary 2.5. O

Remark 2.7. We obtain Theorem 1.15 as a corollary to Corol-
lary 2.6.

The following corollary is the version of Dass and Gupta’s
Theorem (Theorem 1.1) in S-metric spaces.
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Corollary 2.8. Let (X,S) be a complete S-metric space and
T : X — X be a self map. Suppose that there exist &, 3,y and

Case (iii): Let x € [£,4] and y,z € (3,1]. We assume that
Y22z

N €[0,1) with oo+ B + y+n < 1 such that In this case, S(x,y,z) = y; S(x,x, Tx) = 4x?;
S(y,y, Tx) = max{y,4x*}; S(x,x,Ty) = %;
S(Tx, Ty, Tz) < aS(x,y,z) + SOP T +SEXTH] - S(z,2,Tx) = max{z, 4’}
1+8(x,y,2) Here N(x,y,z) = min{4x?, i[%ﬁx}]}
S22, T+ S0 X T Subcase (i): y > 4x2.
1+S(x,,2) If N(x,y,z) = 4x” and S(Tx,Ty,Tz) = 4x* or % then the in-
S(z,z,T2)[1+S(y,y,Ty)]  equality (2.1) holds forany L > 1.
il 1+S(x,y,2) If N(x,y,z) = (1+>) and S(Tx,Ty,Tz) = 4x> or % then the
(2.17)  inequality (2.1) holds for any L > %

forall x,y,z € X. Then T has a unique fixed point in X.

Proof. We obtain the inequality (2.16) from the inequality
(2.17) by choosing k = o+  + Y+ 1. Hence the conclusion
follows from Corollary 2.6. O

The following example is in support of Theorem 2.2.

Example 2.9. Let X = [1,1] and (X, S) be the S-metric space
defined in Example 1.12.
Now we define 7 : X — X by

2
Tx= { ?x

2

and @,y : [0,00) — [0,00) by @(z) = & forallz >0 and
0 if t=0
vit)=49 5 if 1 €(0,1]
T if 1€ (1,0)

we show that T satisfies the inequality (2.1).
Case (i): Let x,y,z € [%, %]
We assume without loss of generality, that x >y > z.

S(Tx,Ty, TZ) 4x 3 S(x,3,2) = x; S(x,x, Tx) = 4x?;
(yvyaTy) (Z,Z,TZ) :4ZZ;S(y,y,Tx) :4)(2;
S(x,x,Ty) = max{x 4°}; S(z,2,Ty) = 4y2;

S(y,y, Tz) = max{y,4z%}; S(z,z, Tx) 4x2;

Here M(x,y,z) = max{4x?, %} nd

N(x,y,z) = min{4x?, M} 42

In this case, it is easy to verify that the inequality (2.1) holds
forany L > 1.

Case (ii): Letx,y € [}, 3] and z € (1,1]. We assume that
x>y,

In this case, S(Tx, Ty, Tz) = max{4x?, %}, S(x,y,2) =z

S(ex,x, Tx) = 4x% S(y,y, Tx) = 4x%; S(2,2, Tx) = max{z, 4x° }:
S(x,x, Ty) :max{x,4y2}.

2
Now N(x,3,2) = min{4?, 2, 4x?[HERE00)),
If x > 4y? then N (x, y, z) = min{4x?, 7, 4le1r:—x }_ 4xl[l+x] and
i 42 (1442 (1+4
1fx<4y2 then N(x,y,z) = min{4x?, = 1+Zy p=& 1+Zy>

1 4+4
as+y

< 1. In any case we see that the inequality (2.1) holds
8

foranyL_ 5
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Subcase (ii): y < 4x2.

Here N(x,y,z) = min{4x?, 4x>. 1+y
inequality (2.1) holds for any L>1.
Case (iv): Let y,z € [§,4] and x € (§,1]. We assume that
y2>z.

In this case S(x,y,z) = x; S(x,x,Tx) = x;

S(y,y, Tx) = %; S(x,x, Ty) = max{x,4y*}; S(z,z, Tx)
Here N(x,y,z) = 1 and if S(Tx, Ty, Tz)
inequality (2.1) holds for any L > 1.
Case (v): Letx,y,z € (%, 1]. We assume that x >y > z.
S(Tx, Ty, Tz) = %; S(x,y,2) = x; S(x,x,Tx) = x;

Sy, Tx) = y; S(x,x,Ty) = x; S(z,2,Tx) = z;

Then N(x,y,z) = z. Clearly, in this case the inequality (2.1)
holds for any L > 1.

Case (vi): Let z € [%,%] and x,y € (%, 1]. We assume that
x> y.

In this case S(x,y,z) = x; S(x,x, Tx)=x;S(y,y,Tx)
S(x,x,Ty) = x; S(z z,Tx) =

Here N(x,y,z) = % and S(Tx Ty, Tz) = } or 4z%. In either of
the cases the inequality (2.1) holds for any L > 1.

Case (vii): Lety € [%, %] and x,z € (%, 1]. We assume that
7> X.

In this case S(x,y,z) = z; S(x,x,Tx) =x; S(y,y, Tx) =

} = 4x2. In this case the

2 ’
=4y? or 5 L then the

1.

2

S(x,x, Ty) = max{x,4y*}; S(z,z,Tx) = z;
2
Here N(x,y,z) = min{é, % [1+mdlezc Ay }]}

Subcase (i): x > 4y
In this case N(x,y,z) = 5
If S(Tx,Ty,Tz) =
any L > %.
Subcase (ii): x < 4y and z > 4y°.

1+x
1+z

=4y? or 5 L then the inequality (2.1) holds for

2
Here N(x,y,z) = 3 “ﬁ’z Lo1f S(Tx,Ty,Tz) = 4y* or }

then the inequality (2.1) holds for any L > 1.

By all the above cases, we conclude that the hypothesis
of Theorem 2.2 holds for any L > % and 1 71s the unique fixed
point of T. Here we note that at x = % y = 7, the inequality
(1.2) fails to hold.
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3. Fixed points of a-admissible almost
weak y-contraction maps with rational
expressions

Definition 3.1. Let (X,S) be an S-metric space. Let T : X —
Xand o : X xX xX — [0,00). We say that T is o-admissible,
ifx,y,z€X, alx,y,z) > 1 = o(Tx,Ty,Tz) > 1.

Example 3.2. Let X = [0,2] and (X, S) be the S-metric space
defined in Example 1.12.
Now we define 7 : X — X by

1
Tx{ 2x—2

andlet @ : X x X xX — R by

if xe[0,1]
if x e (1,2]

1 if 0<x,y<1, z=1

a(x,y,z) = { 0 otherwise.

Then if x,y € [0,1] and z = 1 then a(x,y,z) = | which im-
plies that o(Tx,Ty,Tz) = at(1,1,1) = 1. Therefore T is a-
admissible.

Definition 3.3. Let (X,S) be an S-metric space. Let T : X —
X be an o-admissible map. If there exist L > 0 and y € ¥
such that

a(x,y,2)S(Tx, Ty, Tz) < y(M(x,y,z)) +LN(x,y,z) (3.1)

where N Tx)S Ty) S Tx)S(z,z2,T.
M(s3.2) = mar{S(..2), ST S TSCaT)

S TY)S(2.2,T2)  SEex,TY)S(ry,Tx)  S(13,T2)S(2:2,Ty)

S(x,,2) ) S(x,y,2) ) S(x,y,z) )
S(z,2,7%)S(xx,Tz) S(yy,Ty)S(xx,Ty) S(xx,Tx)S(xx,Ty)

Steyz) 7 Sz 0 S(xy2) ’
8(2,2,72)S(z,2,Tx) }

S(x,y,2)

and

N(x,3,2) = min{S(x,2, Tx), 50,7, 7%),S(z,2, Tx)}

for all x,y,z € X with x £y # 7 then we say that T is an
a-admissible almost weak y-contraction map on X.

Theorem 3.4. Let (X,S) be a complete S-metric space. Let
T : X — X be a continuous and o-admissible almost weak
W-contraction map on X. Suppose that there exists xo € X
such that o(xo,x0,Txg) > 1. Then T has a fixed point in X.

Proof. We have x¢ € X such that a(xg,xp,Txo) > 1. We de-
fine a sequence {x,} by x,11 = Tx, foreachn=0,1,2,....
If x,, = x,,+1 for some ’n’ then x,, is a fixed point of T'.
With out loss of generality suppose that x,, # x,+ for each
’n’. We have a(xq,xo,x1) > 1.
Since T is a-admissible, a(Txp, Txp,Tx;) > 1.
i.e., &t(x1,x1,x2) > 1. Continuing this process, we have
(X, Xp, Xpy1) > 1 foreach n > 0.
Now from (3.1), we get
S(xn+1axn+l7xn+2) = S(Txm T'xn, Txn-H)

< 0 (X, Xy Xt 1)S(T 2, T, TXpg 1)
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< V/(M(xmxmxn+l)) +LN(xnaxnaxn+1)'
That is

S(xn+l yXn+1 7-xl’l+2) < ‘I’(M(xn,xmanrl)) +LN(xn7xnvxn+l)
(3.2)

Where
M(x,,,xn,x,,H ) = maX{S(xn7xnaxn+l )7S(xl’l+1 yXn+1 axn+2)}
and N (x,, X, X,+1) = 0. Hence from 3.2, we have
S(Xnt1,Xn+1,Xn2) < W(max{S(x,,xn, Xnt1),
S(xn-H »xn+17xn+2)})-

If maximum is S(xp+1,%n+1,%n+2) for some ’n’ then
S(Xnt1,Xn1,Xn42) < W(SXn1,Xn41,%042))

< S(%p41,%n+1,Xn+2), a contradiction.
Hence maximum is S(x,, X, Xp+1)-
Therefore for all n > 0, we have
S(xn+17xn+1 ;xn+2) < lI/(S(xn»xn»xn+1)>

< Wz(S(xn—laxn—l ;xn))

< (S (x0,x0,x1)).
Now, we consider
S(xnaxnaer»k) < S(xrzyxmxn+1 ) +S(xn7xn7xn+])
+S(xn+laxn+17xn+k)
< ZS(xnaxnaanrl) +25(xn+l;xn+l »xn+2)
+ S(xn+2axn+27xn+k)
< 2S(xnaxn;xn+1) + ZS(xn-H yXn+1 7xn+2)

+ ...+ S(anrk,] y Xntk—1 aanrk)
n+k—1
< 2 Z S(-xp7-xp7xp+l)

=

A
)
Mg"ﬁ

S(xpsXp, Xp+1)

bS]
I
3

W(S(xp7xp’xp+l))

IN
'BN
1138

=

<2 ¥ wPS(xp,x0,x1) — 0as p — oo,
p=0
Therefore S(x,,xn,X,+1) — 0 as n — oo. Hence {x,} is a
Cauchy sequence in X. Since (X,S) is a complete S-metric
space there exists # € X such that x,, — u.
That is u = lim x,,41 = lim Tx, = T(lim x,,) = Tu.
n—oo n—o0 n—oo

Therefore Tu = u. Hence u is a fixed point of T'. 0

Condition(U): If x,y € F(T), the set of all fixed points of
T then a(x,x,y) > 1 or a(y,y,x) > 1.

Theorem 3.5. Under the hypothesis of Theorem 3.4 and
Condition(U), T has a unique fixed point.

Proof. From Theorem 3.4, T has a fixed point. Therefore
F(T) #0. Let x,y € F(T) then by Condition(U),
o(x,x,y) > 1 or a(y,y,x) > 1. We consider
S(Tx,Tx,Ty) < a(x,x,y)S(Tx,Tx,Ty)
< y(M(x,x,y)) + LN(x,x.)
where
M(x,x,y) = S(x,x,y) and N(x,x,y) = 0.
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Therefore S(Tx,Tx,Ty) < y(S(x,x,y)) + L(0).
That is S(x,x,y) < S(x,x,y), a contradiction.
Therefore x = y. O

Corollary 3.6. Let (X,S) be a complete S-metric space. Let
T : X — X be a continuous and a-admissible map on X and
there exists xo € X such that o/(xo,x0,Txo) > 1. Suppose that
there exist k € [0,1) and L > 0 such that

a(x,y,2)S(Tx, Ty, Tz) < kM(x,y,z) +LN(x,y,z) (3.3)

forall x,y,z € X with x # y # z, where M(x,y,z) and N(x,y,z)
are given as in the inequality (3.1). Then T has a fixed point
in X.

Proof. We define y : [0,00) — [0,00) by y(¢) = kt for all
t € [0,0) in the inequality (3.1). Clearly v € ¥;. Then we
have T is an a-admissible almost weak y-contraction map.

Now by Theorem 3.4 the conclusion follows.
O

By choosing L = 0 in Corollary 3.6, we obtain the follow-
ing corollary.

Corollary 3.7. Ler (X,S) be a complete S-metric space. Let
T : X — X be a continuous and a-admissible map on X and
there exists xy € X such that o/(xo,xo,Txo) > 1. Suppose that
there exists k € [0,1) such that

a(x,y,2)S(Tx, Ty, Tz) < kM(x,y,z) (3.4)

Sor all x,y,z € X with x #y # z, where M(x,y,z) is given as
in the inequality (3.1). Then T has a fixed point in X.

If oo =1 in Corollary 3.7 then we obtain the following
corollary.

Corollary 3.8. Let (X,S) be a complete S-metric space. Let
T : X — X be a continuous mapping. Suppose that there exists
k €10,1) such that

S(Tx,Ty,Tz) < kM(x,y,z) (3.5)

Sor all x,y,z € X with x # y # z, where M(x,y,z) is given as
in the inequality (3.1). Then T has a fixed point in X.

Corollary 3.9. Let (X,S) be a complete S-metric space. Let
T : X — X be a continuous mapping. Suppose that there exist
o,B,v.,n €[0,1) with oo+ B+ y+n < 1 such that

S(x,x, Tx)S(y,y, Ty)
S(x,y,2)
Sy, Ty)S(z,2,Tz)
S(x,y,2)
S(z,z,Tz)S(x,x,Tx)
S(x,y,2)

+nS8(x,y,2)
SJorall x,y,z € X withx #y # z. Then T has a fixed point in

X. The map T which satisfies the above inequality is called
as ’Jaggi type contraction map’ on X.

S(Tx,Ty,Tz) < «a

+B

(3.6)
+r
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Proof. We obtain the inequality (3.5) from the inequality (3.6)
by choosing k = &+ 8 + Y+ 1. Hence the conclusion follows
from Corollary 3.8. O

Example 3.10. Let X = [0,3] and (X, S) be an S-metric space
defined in Example 1.9.
Now we define T : X — X by

1 if xe[0,1)
Tx=< 2x—1 ifxe]l,2]
3 if x e (2,3]

and y : [0,00) — [0,00) by y(r) = 5 for all + > 0 and let
a: X xXxX—Rby

1 if 2 <y y<3, z=3
= S
o(x,,z) { 0 otherwise.

Case (i): Let x,y € [%,3] and z = 3.

In this case o(x,y,z) = 1 implies o(Tx, Ty, Tz) = 1.

Therefore T is oi-admissible.

Subcase (i): Let x,y € [3,2] and z = 3.

We assume with out loss of generality that x < y.

In this case S(Tx,Ty,Tz) = S(2x—1,2y—1,3) =4 —2x and

S(x,y,z) = max{[x—3[,[y—=3[} =3 —x.

We consider a(x,y,z)S(Tx, Ty, Tz) =4 — 2x.

In this case the inequality (3.1) holds for any L > 0.

Subcase (ii): Letx € [3,2] , y € (2,3] and z = 3. We assume

that x < y.

In this case S(Tx,Ty,Tz) = S(2x—1,2y—1,3) =4 —2x and

S(x,y,z) = 3 —x. Hence the verification is similar as in Sub-

case(i).

Subcase (iii): Lety € [3,2], x € (2,3] and z = 3.

Here S(Tx,Ty, Tz) = S(3,2y—1,3) =4 —2y and

S(x,y,z) =3—y.

In this case a(x,y,z)S(Tx, Ty, Tz) = 4 — 2y which shows that

the inequality (3.1) holds for any L > 0.

In all the remaining cases the inequality (3.1) holds trivially.
Hence all the hypotheses of Theorem 3.4 hold and 1,3 are

fixed points of T'.

Here we observe that the inequality

S(Tx,Ty,Tz) < y(M(x,y,z)) + LN(x,y,z) fails to hold when

x=1,y=1,z=3.
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