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1. Introduction and Preliminaries

In 1892, [28] Segre introduced the term bicomplex num-
bers, which is a generalization of complex numbers. The set
of bicomplex numbers form a ring under the usual addition
and multiplication of bicomplex numbers. Moreover, % is
a module over itself.

The set of bicomplex numbers do not form a field, be-
cause every non-zero bicomplex number does not have its
multiplicative inverse and so the term zero-divisors is intro-
duced in bicomplex numbers, which play a significant role
in the idempotent representation of bicomplex numbers. For
basis of bicomplex numbers and their properties one can refer
to [1], [14] and [22].

Bicomplex numbers can serve as scalars both in the theory
of functions and in functional analysis, atleast a reasonable
counterpart for the quaternions. From the last two decades,
the theory of bicomplex numbers and the theory of bicom-
plex holomorphic functions have been developed along many
interesting directions.

In [7] and [8], R. Gervais Lavoie, L. Marchildon and D.
Rochan started the study of bicomplex functional analysis

and introduced the finite and infinite dimensional bicomplex
Hilbert spaces. In [10], the concept of topological bicomplex
modules is introduced. The theory of functional analysis with
bicomplex scalars is a new subject of study. A lot of work is
being done in this direction. A recent survey of [1] contains
comperhensive and systematic study of bicomplex functional
analysis. As it is well known, that the spectrum of bounded
linear operators on a Banach space with complex scalars is
bounded. But in an interesting paper of F. Colombo, 1. Saba-
dini and D. C Struppa [2], it is proved that the spectrum of
bounded A% -linear operators becomes unbounded due to the
presence of zero-divisors in the ring of bicomplex numbers.

Recently, published book [15], gives a complete intro-
duction to the algebra, geometry and analysis of bicomplex
numbers. Like bicomplex numbers, the hyperbolic number
system has been studied for various reasons, one among which
is its commutative property.

The idea to develop hyperbolic numbers is an affordable
replacement for the real number system. Recently, in [6],
Gargoubi and Kossentini proved that the set of hyperbolic
numbers is the natural generalization of real numbers into
Archimedian f-algebra of dimension two. However, it was
seen that the hyperbolic numbers are subset of bicomplex
numbers. But the role of hyperbolic numbers are same for
bicomplex numbers as the real numbers for complex numbers.
In the last several years, the theory of bicomplex numbers and
hyperbolic numbers has found many applications in different
areas of mathematics and theoretical physics, (cf. e.g., [2],
[13], [18]), and references therein.

We collect some known basic properties of bicomplex
numbers. For the detail of the following discussion one can



refer [1], [2], [7], [8] and references therein. The set of bi-
complex numbers is denoted by A% and is defined as the
commutative ring whose elements are of form W = z; + jz»
where, z; = x1 +iy; € C(i) and 2o = xp +iy2 € C(i)
are complex numbers with imaginary units i and j respectively.
Also require i = j> = —1.

The set 2 of hyperbolic numbers is defined as

2 ={a=0o1+kay: a;,0p € R},

where k is hyperbolic unit such that k> = 1.
The hyperbolic numbers ¢ and ¢ are defined as

1—k

1+k .
=——and e' =

‘T )
Here, e and e’ form a pair of idempotents such that their
product is zero and sum is equal to 1. Thus these are the zero
divisors and we denote the set of zero divisors of A% by NC

ie.,

NC={W |W #£0, z1? + 2> =0}.

A bicomplex number W = z; + jzp can be uniquely written as

Bie+ Bae’,

where 1 = z; — iz and B, = z1 +izp € C(i).
The set of bicomplex numbers %% has three conjugations
that are given for W = Bie + Bre’ € B as follows

(i) W=Pre+Bie’,
(i) W' = Bre+ Biel,
(iii) W* = Bie+ Bre’,

The above conjugations commute with each other and the
composition of any two of them gives the third one.

Each conjugation gives a corresponding moduli but we con-
sider the only |.|; which is defined as

Wle=[Bile+IBale’, |W[;=ww*

for W = Bie+ Bre’ € B%.
The real valued norm on A% is defined as

wi=/la P+

The norm | . | is such that | u-v [< V2 [u|-|v], (cf. [1]).
A hyperbolic number o = ; + k3, can be written as

a=oge+ e,

where o = B; + B2, o = B — B, are real numbers.
The set of all ”positive” hyperbolic numbers are denoted by
2., The set

Dy ={x+ky /| ¥* —y* =0, x = 0},
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is called the set of positive hyperbolic numbers, (cf. [1], Page
5 and [14], Page 7).

For P,Q € 2, (set of hyperbolic numbers) we define a
relation <’ on 2 by P < Qe Q-Pc D,.
This relation is reflexive, anti-symmetric as well as transitive
and hence defines a partial order on 2, (cf. [1]).
A A€ -module (or Z-module) B can be written as

B=¢B,+¢'B,, (1.1)

where B| = ¢B = ¢B and B, = ¢'B = ¢"B, are C(i)-vector
(or R-vector) spaces.
In this paper, we study bicomplex matrix-valued semigroups.
We also investigate uniformly and continuous semigroups of
linear operators with bicomplex scalars. For above discussion
we refer to [1],[14] and [22]. The complex matrix semigroup
and the uniformly continuous semigroups of linear operators
for complex scalars was proved in [5, Chapter I].
A family of bounded linear operators on a Banach #% - mod-
ule B is called a (one-parameter) semigroup or linear dynami-
cal system on B if it satisfies the Functional Equation (F.E)

@(p+q) =D(p).®(g) forall p,q='0
®(0) =1.

where, @(.) : 2, — L(B).

There is a vast literature on the semigroups of linear operators.
The theory of semigroups of linear operators is used in the
study of linear parabolic, hyperbolic partial differential equa-
tions, Ergodic theory, Markov process etc.

In the first half of the century, the theory of one-parameter
semigroups of linear operators on Banach space was initi-
ated, and in 1948 it acquired its core with the Hille-Yosida
generation theorem. In 1957, the edition of semigroups and
Functional Analysis, by E. Hille and R. S Phillips, the theory
of one-parameter semigroups on Banach space attained its
first peak. For the detailed study of the theory of semigroups
one can refer to [5] and [21] .

The exponential function of bicomplex variable is defined as

W n
& = lim (1+)
n—oo n

n n
= Jim (145) e (14 2) !

= ¢le+e2el,

(cf. [16, Theorem 10]).

2. Bicomplex Matrix Semigroups

In this section, we study the bicomplex matrix semigroups.
We start with the problem of finding all the maps satisfying
the Functional Equation (F.E)

(p+q) =D(p)®(q), forall p,q*> 0,



B(0) = 1.

where ®() : D, — M, ($BE€) is a map.

Firstly we study the matrix-valued linear dynamical system
on finite dimensional bicomplex module space. The work of
this section is essentially based on [5, Section 2, Page 6].
We consider the space B = #%" and L.(B) = M,,(#%) acts
as #%€ module space of H%€-linear operators on B. We
have matrix-valued linear dynamical system on B, defined as
() : D+ — My(HBE) satisfying the FE

D(p+q) =D(p)®(q), forall p,q> 0, D(0)=

Time evolution of a state x, € B is a map 0, : 2. — B
defined by &, (p) = ®(p)x,. We call {®(p)x.: p = 0} orbit
of x, under @(+).

The main problem is to characterize all the maps ®(-) : Z+ —
M, (B%E) satisfying F. E .

We consider a solution posed by the matrix valued expo-
nential function

hed mAm
=Y 2

7 2.1)

where A € M, (#%).

For example, if A = [a;j]nxn = [zl-lj +jzl‘2j]nxn € M,(%%),
then its bicomplex Hermitian adjoint is defined as A* = [a];]xn,
where z, it z € C(i) and * denotes the i and j conjugate of
the blcomplex numbers a;;. We can also write A = Ay + jA3,

where A1, Ay € M,(C(i)).

Now we discuss some properties of matrices with bicom-
plex enteries.

Proposition 2.1. The bicomplex matrix A is skew-Hermitian
if and only if the complex matrices A1 is skew-Hermitian and
Ay is Hermitian.

Proof. We have, A =A| + jAy , A,Ay € M,C(i).

First suppose that A and A, are skew-hermitian and hermi-
tian matrices respectively. We have to show that A is skew-
hermitian.

Since A7 = —A1 , A5 = A,

we have A'= AT — jAS

A* = —Al — ]A2

= —(A1+ jA2)

——(4)

=—A.

Hence A is skew-Hermitian.

Conversely, suppose A is skew-hermitian.

We have to show that AT = —A,A5 =A»

Since A = A1 + jA>

A" =A] - jA;

So —A = A} — jA}

Then —(A; + jA2) = (A} — jA3)

On comparing, we get A} = —A;,A5 = As. O
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Proposition 2.2. The bicomplex matrix A is Hermitian if and
only if the complex matrices Ay is Hermitian and A; is skew-
Hermitian.

Proof. First suppose A is hermitian, We have to show that A
is hermitian and A, is skew-hermitian.

Since A = A; + jAz , A1,Ar € M, C(i)

AlsoA*=A

implies A} — jAS = A + jA2

On comparing, we get A} = Aj,A5 = —A;

Hence A; is hermitian and A, is skew-hermitian.
Conversely, A} = A1,A5 = —A>

We have to prove that A is hermitian. Since A = A + jA>

A" =A] - jA;
A" = A + jAy = A.
Hence A is hermitian O

A bicomplex matrix can also be expressed as

A=Aje+Ase’, (22)

where A;, As € M, (C(i)) such that A; = A,
Ay +iA;.

Taking any 8% -norm on #%" and the corresponding ma-
trix norm on M,,(%%’), one can show that the partial sums of
the series (2.1) form a Cauchy sequence as the corresponding
sums of the series of the form

ZP

—iArand A4 =

Al 1A2 lAz) (23)

and

P (A +iAy)
m!

ePA1+idz) _ Z

m=0

(2.4)

are Cauchy sequences and hence both the series converges
and satisfy the following

P4 ]| = ||eP(A|*iAz)H < ePlAill = gpllAi—idz]|
and
||ePAQH _ ||eP(A|+iA2)H < ePIAsll — opllAr+idall
forall p =" 0.
PAY 121 11,P%5 12
We have [|eP|| = [|ePdie + ePA2el|| = Ve TP +le™ 2%

V2

Remark 2.3. Forall p il 0. we have,
[lleP g | = |llePtie+ePael| |

| le”i e+ [le”2 2e" |

Vlleri [+ fler 3
V2

= ™.




Example. The following example is based on [5, Page 9].
Here we take the entries as bicomplex numbers.

(i) A diagonal matrix A =diag(ay, az,-- -, a,) generated the
(semi)group which is given by
ePA = diag(eP™, eP® ... eP™) foray,ay, - ,a, € BE.

(i) We also have a case of m x m Jordan block.
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r 2 m—1
Lp & (5711
plﬂf
R 2
+ ef
2
P
o
0 1
A4 mxXm

fu 1 0 0
0 u 1 0
A:
0
: . . .. A |
_0 0 'u-m><m

where, L = Uy + jiup € BYE, is an eigen value of A. Also
U = ey + €'y as its idempotent decomposition.
Now we write A as

R 0 N ()
0w 1 B ()
A= e
0
: _ ) . |
-0 R o e O IJ“I—me
w1 0 7
0 w 1 0
+ ef
0
: . . . |
_0 e e .o 0 ,u-2_m><m

Using idempotent decomposition of A we can decompose
Ainto A = D+ N, where,

D=ul

= (me+we')(he+he').

Then the mth power of N is zero i.e N is a nilpotent matrix
and the power series 2.1 with A replaced by N, becomes as

Since DN = ND we have,
ePA — oP(D+N)
— pPH PN
— Pl PN
Thus eP4 = ePHePN.
Proposition 2.4. Let A € M,,(B%C). Then the map 9 > p —

ePr € M, (B€) is continuous and satisfies

P A — ePAe®™  for p, g t, 0, " =1 (2.5)

Proof. We know that the series ), _ % converges So
that

oo pmAm oo quﬂ‘l _ i i pn*l’f’IAn*m . qum _ i (p+q)nAn
= ml 4 m! =y (n—m)! m! = n!

Thus we have EE 2.5. To show that p — eP! is continuous,
we first show that by F.E one has e(P+7)4 — ePA — oPA (¢4 —
1),V p,r € 2. Thus it suffices to show that

lim ¢ =1.
r—0

It follows from the estimate that

le™ —1I||»

= |[(eMie+e™2e") — (Ie+he')||p
(e —I)e+ (e = h)e'||p
et — 11| 1e+ ||le™2 — D|2e"

(Al — 1Ye + (sl — )

IN

PA _

1
0

p

1

2

hS] !\_)"t

pm—l
m—1)!
")

(m=2)!

NI

laS

d mxm
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= lim, o [|le” — 1| < 0.

We have the mapping p — ®(p) is a homomorphism from
the additive semigroup (%%, +) into the multiplicative semi-
group (M, (#%),).

We call (eP4 )pt’o’ the one-parameter semigroup generated
by the matrix A € M,,(#F).



Theorem 2.5. Let ®(p) = eP* for some A € M,,(%€). Then
the function ®(-) : Dy — M, (PE) is differentiable and sat-
isfies the differential equation

d

—P(t) =AP

L a(1) = A(p)

Conversely, every differential function ®(-) : D — M,(BE)

satisfying the above differential equation is already of the
form ®(p) = eP? for some A € M, (% ). Moreover, we have
A =d(0).

for p = 0, ®(0) =1.

Proof. Suppose that ®(-) satisfies D.E . Since the FE in
Proposition 2.4 implies that
P(p+r)—P(p) _ P(r)—1

r r

so it suffices to show that

d(r)—1
tim 20 =Ly
r—0 r
Now
d(r)—1
n-1_,
r
rA
-1
- ¢ y
r
rAi rAi } _ I 'i'I
_ (MeteMel) —(ehte 2)—(A16+A26T)
r
erAi_I erAj_I
= ) e (B e
r r
Also
rA; T [P llA; 1 —
i—1 . l 1
lim||e ||§11m(67—|Af )=0, where i=1,2
—0 r—0 r
which further implies that
d(r)—1
im 20 =14,
r—0 r

Conversely, we prove this by uniqueness.
LetU(.): P+ — My (%€ ) be another function satisfying D.E.
Then the function V(.) : [0, p] = M, (#%’) defined by

@(q)U(p—q)

for 0 <’ q =<' p for some fixed p ~' 0 is differentiable with
derivative

V(s)

d
—V(q) =0.
da (9)
This shows that ®(p) = V(p) = V(0) = U(p) for arbitrary

p>' 0. O

Theorem 2.6. Let ®(.) : D1 — M,(BE) be a continuous
Sfunction satisfying the F.E. Then there exists A € M,(#%F)
such that ®(p) = eP* for each p = 0.
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Proof. :Since ®(.) : D1 — M,,(B%) be a continuous func-
tion. The function I(.) defined by

I(p) = /OPCI)(q)dq; p=0

is differentiable with

L) = o (p)
This implies that
lim ~1(p) = [(0) = ®(0) =1, p¢NCU{0}.
p—0p

Therefore, I(py) is different from zero, hence invertible, for
some pg =" 0.

With this theorem, we have characterized that all continu-
ous one-parameter (semi-groups) on %" as matrix-valued
exponential function (eP4) O

[)E/O'
3. Uniformly Continuous Operator
Semigroups
In this section, we study dynamical system (semigroup)
on infinite-dimensional Banach modules. The work of this
section is based on [5], Section 3 [Page 14].
Next let L(B) denote the space of all bounded (continuous)
linear operator ®(.) : 2 — B with bicomplex scalars. We

know that L(B) is a #% -Banach algebra with respect to
operator norm

!’
18]} = supyp { [y Il < 1}

= SUPnyp {Hquthp : ”x”hyp = 1}~

(cf. [1, Page 76]).

Again we consider the Cauchy’s problem in this context.

Problem 3.1. Find all the maps ®(.) : 2+ — L(B) satisfying
the FE

D(p+q) =D(p)®(q), forall p,q>= 0, ®(0)=1.

Definition 3.2. A family (®( p))p>-,0 of bounded linear oper-
ators on a Banach PBE€ -module B is called a ( one-parameter)
semigroup (or linear dynamical system) on B if it satisfies the
FE. If the FE holds even for each p,q € 9, we call (®(p))pca
a one-parameter group on B.

Remark 3.3. A semigroup (( p))p>’0 is a linear dynamical
system such that -
(i) pistime,

(ii) EE is a law of determinism,



(iii) {®(p)x: p € D.} as the orbit of the initial value x.
For any operator A € L(B). As in matrix case, define a bicom-
plex operator-valued exponential function by

where, the convergence of this series takes place in the gener-
alized € Banach-algebra L(B).

Lemma 3.4. Let B be a Banach module which is also a al-
gebra and 1P (B) be the space of all p-summable sequence

x = (x1,%2,x3,....) of bicomplex numbers such that

Z Ixily = |x1]f + [x2|f 4 [x3] +- -+ converges in BE .
i=1

Then
Z|xl|k < oo
i=1

if and only if
Y IEP < o
i=1

and

™

&7 <" oo,
1

where x; = Eley + Eles.
Note 3.5. The P-norm on [P (X) for 1 < p < oo is defined as

1

- g
Ixll2 = (Z Ixz-f> :
i=1

Proposition 3.6. Let B be a Banach module which is an alge-
bra and I>(B) be the space of all square summable sequence
of bicomplex numbers. Then an element x = (x;) in I>(B) is
in NC of I*(B) if and only if x; is either zero or x; € NC of B
for some i, where NC denotes the null cone.

Proof. First suppose that x = {x;} belongs to the null cone
of I2(B). Then there exists 0 # y = {y;} in [*(B)) such that
xy = 0. Thus one has

}:{0’0707...}

{x1y1,x2y2,Xx3y3, -

Now since y # 0 implies that y; # 0 for some i say y; # 0.
Therefore, x;y; = 0 and y; # 0 implies that either x; = 0 or
X has to be an element of the null cone NC of B. This proves
the direct part.

Conversely suppose that x; = 0 or x; € NC for some i, implies
that x;y; = 0 for some y; € %% and so that

y=1{0,0,0---,y;,---0,0,0} € [*(B) such that xy = 0 implies
that x is in the null cone. O
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Definition 3.7. The point spectrum or the discrete spectrum
denoted by 65 (®) is the set of all bicomplex numbers |l such
that (®g — ul)~" does not exist.

Example 3.8. Let ¢ : N — NU{0} be given by ¢(n) =n—1
Then composition operator Cy : I>(NU{0}) — [*(N)
defined as

(x09)(n) =

Co(xn) =x,0¢ = x(n—1).

forall x, € >(NU{0})

has unbounded point spectrum. Infact it is a unilateral
shift operator.

Now we state some results from [2], which will be used
throughout this section.

Another notation of spectrum is defined in [2] and they
called it the reduced spectrum and also proved that this re-
duced spectrum is a non-empty compact subset of A%

So in this case the reduced spectrum of unilateral shift is unit
disc in #€.

For A € L(B), the reduced spectrum of A is denoted by
Oreqd(A) and its resolvent set Prey(A)= BE \ Oreq(A) . Since
Greq(A) is non-empty compact subset of A%, pr.q(A) is open,
and one can show that the resolvent map

(n—4)" € L(B)

constructs an analytic function from p,.;(A) into L(B), (cf.

(2D.

Definition 3.9. [2, Definition 3.13] The reduced spectrum of
any operator A € L(B) is denoted by G,,4(A) and defined as
Gred(A) = (e (A1) +eTC(i)) N (eC(i) +eTo(Ar)) = e (Ar) +
eTG(Az).

Red (.LL,A) =

Definition 3.10. [2, Definition 3.5] Let ® € L(B). The spec-
trum of ® denoted by Oy, (P) is defined as the complement

ofphyp(q))-
{UeP:(P—pul) isnotinvertible} .

ie., Ghyp(q)) =

Further, we define an operator R(u : ®) = (® — ul)~! for
every [ € Ppyy(®) called the resolvent operator.

Now, we consider for each p E 0, the function u — e,
is analytic on all of 8% . We can define the exponent of A
through the operator-valued version of Cauchy’s integral for-
mula.

Definition 3.11. [5, Definition 3.4] Let A € L(B) and choose
an open neighbourhood O of Gy.q(A) with smooth, positively
oriented boundary C such that

C,~:w,~:w:wle—|—wzeT eC,



fori=1,2.
In this case,we may write it as C = Cye + Cye", where C; are
corresponding curves. We define the exponential function as

1
epA = Tm/cep/ered(uvA)d“ (31)
1
= — [ ePHul-A)"ld
3 e =) au
1
= — pH1 L—A)) '
2m‘e/cle (etly —Ay) dw
1
i Pl (0T o — A 14
—|-2m.e /cze (e"uzly 2) H2
1
- P#er JADd
Zﬂie/c.e ed(M1,A1)d
1 .
+761/ €PH2R g (U2, A2)d pod Lo
(9] C

= ePheq el

for each p =0

We see from the general theory that e is bounded B%E linear
operator on B as ePA1 and eP*2 are bounded operators on com-
plex Banach space see, [5, Definition 3.4,page 15] and that
its definition does not depend on the particular choice of O.
As the Functional calculas give the homomorphism from the
generalized algebra of bicomplex holomorphic functions into
generalized algebra of bicomplex bounded linear operators
L(B). So we get, FE for (epA)W/Ofrom

ePran — ePH It

for p,q = 0.

Also the continuity of p — eP* € L(B) follows from the
continuity of p — elt) for the topology of uniform conver-
gence on compact subsets of € , see, [[5] Page 15].

Definition 3.12. Let X and Y be a &-normed %€ -module
and ® : X =Y be a B%E -linear operator. Then the adjoint
®* . X* — Y™ defined as

O*(f)(x) = (@) = (Cof) ¥ x €Xand V"

Theorem 3.13. [2, Theorem 3.15] Let ® € £(B) and Q C
HBE be a domain containing the reduced spectrum of ®. Let
w1+ jwr € Qand ¢ C Ay and ¢ C Ay be simple, positively
oriented, closed curves which are unions of continuously dif-
ferentiable Jordan curves and such that c| surrounds w1 — iwy,
¢y surrounds wi +iwy, and C= ¢y xcy C Q.

Then

(1) Let ® = e®; + &' ®@,. Then the resolvent operator series,

Z l—n—l(bn

n>0

converges in the bi-disk U(0,r,ry) centered in the origin for
r1 > || ®1|| and ry > || D2
(2) The reduced spectrum Gyoq(®) of P is non-empty and
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compact.
(3) For every m € NU{0}, we have

1

m__ - _ —1,,m
@ _szc(/u &) urdy.

Proposition 3.14. [2, Theorem 3.16], (Spectral radius) Let
B be a Banach module over 8% and let ® : B — B be a %€ -
linear bounded operator. The spectral radius r(®) satisfies

V2

r(®) < 7(r(¢1) +r(Dy)).

Theorem 3.15. [2, Theorem 3.19] Let B be a Banach mod-
ule over %€ and let ® € L(B). Let U(a; + jaz;ri,12) be a
bi-disk whose closure is contained in an open set V D Gppq(P)
on which f is bi-complex holomorphic. Let C; be union of con-
tinuously differentiable Jordan curves for | = 1,2 and such
that C = ¢ * ¢y is contained in U (a,ry,ry). Then the operator

2%. /Cf(u)(ul—@’ldu

does not depend on the choice of C.

Proposition 3.16. [2, Theorem 3.21] Let B be a 8% -module
and let u € L(B). Let f and g be two functions locally bicom-
plex holomorphic on the reduced spectrum of 1. Then

(i) (f+8)(P) = f(P)g(P);
(ii) (of)(®) = af(P),forall o€ BE,
(iii) (fg)(®) = f(P)g(P):

(iv) If f(Z) = ) 0 ®;Z’ on a suitable bi-disk, then f(®) =
Z;o:o a]¢]

Proposition 3.17. For A € L(B), define (")
tion (3.1). Then we have

i) (e 1o Is a semi-group on B such that p — e is a
(i) (eP4) ,rg i i-group on B such that p — eP* i

PE/O as m equa-

continuous map from 9+ — L(B)
(ii) The map p — eP* € L(B) is differentiable and satisfies
the D.E

L (@(p)) = ac(p)

dr pP))= P
for each p il 0, ®(0)=1.
Conversely, every differential function ®(.) : . — L(B) sat-
isfying the differential equation is of the form ®(p) = ePA for
some A € L(B) and A = %(CD(O)) =1



Proof. The resolvent of A satisfies

d d 1
“pA 2 7 PER(u.A)d
1
= — PHR(1, A
i /C pe’ R(p,A)dp
1

1
= — PRIAR(11,A ) )d —/ PRI
27rie/cle 1Rk, Av) u1+2m’e c]e i

1 .
= T P2 AL R Ar)d
+2m.€ /Cze 2R(Ua,Az)d Uy

1
= Lt Pl g
+27‘Cie /Cze o

1
= — PHAR Ad
27rie/cle 1R(py,Ar)d

1
= LT P2 AR A>)d
+2m.€ /cze 2R(12,A2)d s

1 PH1
= e— R(u1,A1)du
ezmi\/cle ( 1y 1) 1

¢ A2 PU
== R(u2,A2)d
te 2711'/(:26 (2,A2)d iy
= eAjePM fefAyert

for each p E 0.

The uniqueness is again proved as for Theorem 2.5. The above
properties of (epA)p>/0 for A € L(B), proved by using power
series or via, the functional calculas, will give us a simple and

suitable answer to Problem (3.1).
O

Conclusion

In this paper, we have concluded that all continuous one
parameter semigroup on BC" can expressed in the term of
exponential function e”, where p is greater than equal to 0.
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