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Minimum irregularity of totally segregated bicyclic
graphs
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Abstract

A connected graph G is totally segregated if every edge in G joins vertices of different degrees. In this paper
we focus on special class of graphs called totally segregated - bicyclic graphs and ©- bicyclic graphs. Here
we make an attempt to find the minimum irregularity of totally segregated «™- bicyclic graphs and ©- bicyclic
graphs and present those extremal graphs.
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. Figure 1. Two non-isomorphic graphs with same degree
1. Introduction sequence

In many situations, it is of great importance to know the
irregularity a given graph. In literature, several measure
such ‘irregularity’ were proposed3] [6] [5] [4]. Among
them, the most investigated one is irregularity of a graph i
troduced by Albertson?]. Albertson defines the imbalance

Another measure of irregularity is the total irregularity o
a graph introduced by H. Abdo and D. Dimitrov it][which
Ns defined as:

of an edgee= uv € E(G) as|degs U—degs v| and irregularity : 1 -
of G as im(G)=7 > |degsu—deggV| (1.2)
u,veV(G)
r(G) = z |dege u—dege V| (1.1) A connected grapk is totally segregated degg u # degg Vv,

WeE(®) for every edgeuv € E(G). The class of totally segregated

The imbalance of an edgein G is denoted byimbg(e) or  graphs was studied by Jackson and Entringér For con-
imb(e) if the graph under discussion is clear. Edges of aenience, we abbreviate totally segregated bicyclic gtaph
graph with different end vertex degrees are called imba&dnc TSB graph. There exists no connected totally segregated
edges and edges with same end vertex degrees are called gedph of order 2. A connected graghis uniformly segre-
anced edges. Note that graphs with same degree sequegeted if for every uv € E(G), |degg u — degg V| is a constant.
may have differentirregularity ( Figud§. Two non-isomorphicWhen this constant is zero the graph is regular. When this
graphsG; andG; have the same degree sequence 3,3,2,1,1,tdnstant ik +# 0, the graph is calle#d- segregated grap8i|
They have differentirregularitigérr (G;) =10 andrr(Gz) =  In[10] L.You et al. introduced three types of bicyclic graphs
8). and discussed the total irregularity of those bicyclic gsap
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In [9] minimum irregularity ofeo- TSB graphs is determined. In the following theorem we findo™- TSB graphs om
In this paper we make an attempt to find minimum irregulavertices with minimum irregularity.
ity of co™- TSB graphs and®- TSB graphs and to present

those extremal graphs. Theorem 2.2. If #; is the set of all ot~ TSB graphs on
n vertices, (n > 10) and 4 = B} UBJ UB3 UB; UB™,
where

2. Minimum Irregularity of Totally
Segregated o'- Bicyclic Graphs and ©- B = {GEZ n—akk=34)
Bicyclic Graphs ! n ’ '

° T — + . — — cee
To make this work self content, we present- bicyclic By ={Ge %y :n=4k+1 k=345 -}

graph and2- bicyclic graphs which is introduced id{]. A
bicyclic graph is a simple connected graph in which the num-
ber of edges will exceed the number of vertices by one. Here
we see two bicycleso™- bicycle and®- bicycle. Theoo™-
bicycle denoted byo(a,b,c),a,b > 3,c > 2 ( Figure?2) is .

obtained from two vértex—gjisjoint cycl&g, andC;, by con- * BT ={Ge % :n=10111415}
nectingC, andC, with a pathPR; of lengthc—1 (¢ > 2,)
wherea,b > 3 andc > 2.

. B;Z{Geﬁa—n:4k+27k:4157}

. BI:{GG%rTn:4k+3ak:475’}

then,
1 min{irr(G)}GeBI =n+2

: min{irr(G)}GeB; =n+1

w

k=
.
A

3. min{irr(G)}GeBg =n+2
Figure 2. The graphro(a,b,c) witha> 3,b> 3 andc > 2
. 4. min{irr(G)}GeBz =n+1

The ©- bicycle , denoted byd(a,b,c) ( Figure3), is a 20 ifGe Bt
graph ona+ b — c vertices with the two cycle€; andCy 5. minfi B . 10
) . - min{irr(G)}gep+ = 14 ifGe A;
havingc common vertices, wherg b > 3 andc > 2. 18 ifGe % Uz
14~ %15

. o v "'s Proof. Let G € B]. SinceG is a bicyclic graphG has odd
> - number 6+ 1) 01% edges. But irregularity of any graph is
fank e ; ' ; always evenZ]. Hence at least one edge has an imbalance
' o ; c ' ; c c ' greater than one. Hende (G) > n+ 2.
l a I b I Wzl a Iwb st TSB graphsG € B; with irregularity n+ 2 are depicted in
: : : : : : the Figured.
x4 b Yq X4 w, Y1 Gio Gio4ak

Figure 3. The graphf(a,b,c) witha> 3,b> 3 andc > 2 I ; -

Set of graphs each of which is a bicyclic graph with

bicycle,»(a b,c),(a> 3,b > 3, c > 2) is calledo™ - bicyclic @ ®)
graph and with®- bicycle,0(a,b,c) (@>3,b>3,¢>2)is  Figyre 4. ot~ TSB graph with minimum irregularity onké
called®- bicyclic graph. vertices k> 3

Observe that any ™ - bicyclic gaphG (©- bicyclic graph) is
obtained from ao™ bicycle,»(a,b,c),a,b > 3,c> 2 (©- bi-
cycle®(a,b,c) (a>3,b> 3, c > 2)) (possibly) by attaching
trees to some of its vertices. @ is obtained fromm(a, b, c)
(©(a,b,c) ) by attaching trees to some of its vertices, then w
call G ase™- bicyclic graph @- bicyclic graph).

Let G € B. SinceG is a TSB graph, it has+ 1 edges.
é—|enceirr(G) > n+ 1. TSB graphss € BJ with irregularity
n+1 is presented in Figurb. Gi3, the 1-segregatech™-
bicyclic graph with 13 vertices, is given in Figube(a). 1-
Remark 2.1. Forn< 9, ac™- TSB graph of order n does segregated graph of this type ok#1 vertices,k > 3, is
not exist. constructed front,3 ( Figure5 (b)).
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Gz Ciavak Gis Gy
© ®) (a) (b)

Figure 5. oo™~ TSB graph with minimum irregularity on

4k + 1 vertices,k > 3 Gyy G1o
LetG € BJ. In this case, order of the grafis even and © (d)

hence it has odd numben { 1) of edges. But irregularity of Figure 8. - TSB graph with minimum irregularity on
agraph is everd. Thusirr(G) > n+2. TSBgraptGe B  verticesn=10,11,14,15.
with irregularityn+ 2 is presented in Figur@

O

Remark 2.3. Forn< 4, a®- TSB graph of order n does not

Gy Cigeak exist.
In the following theorem we fin®- TSB graphs witm
<;>E<>£/ vertices having minimum irregularity.
Theorem 2.4. If %" isthe set of all ©- TSB graphs on n
@ (b) vertices, (n>5) and 4" =BT UB;TUBJTUBTU
B*, where

Figure 6. o™~ TSB graph with minimum irregularity on
4k+ 2 vertices k > 4 « BT ={Ge Bt n=4k k=34, -}

e Bit={Ge BT in=4k+1k=34,5}
« Bt ={Ge %t in=4k+2k=345,-}

Let G € B;. SinceG is TSB graph, it hasi+ 1 edges. B ={Ge Bt :n=4k+3,k=345,--}
Henceirr(G) > n+1. TSB graph<G € B} with irregular- . iy
ity n+ 1 is given in Figurer. Gig, the 1-segregated™ bi- * BT ={Ge%,":n=5678091011}
cyclic graph with 19 vertices, is depicted in Figuf€a). 1-  then
segregateco™ - bicyclic graph on &+ 3 vertices,k > 4, is o
constructed fronGg ( Figure7 (b)). 1. minfirr(G)}gep:+ =N+2

(

2. min{irr(G)}GeB? =n+1
(
(

Gyg Gyorax 3. min{irr(G)}gepy+ =n+2
e 4. min{irr G)}GijJr =n+1
6 ifGes"
@ ®) 5. min{irr(G)}gep++ = ?0 :Igggg:ﬂg?

Figure 7. o™~ TSB graph with minimum irregularity on 14 ifGe #{y VB

4k+3 verticesk > 4. Proof. Let G € B] . SinceG is a bicyclic graph om ver-
tices,G has odd numbem(4 1) of edges. But irregularity of
any graph is always eveg]| Hence at least one edge has an
imbalance greater than one. HenogG) > n+ 2.
LetG € B. In this caseo’- TSB graph with minimum TSB graphsG € B] * with irregularityn+ 2 are depicted in
irregularity is given in Figure. Figure9.
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Figure 9. ©- TSB graph with minimum irregularity onk4
vertices,k > 3.

Let G e By ". Thenirr(G) > n+1. TSB-graphsG €
B;* with minimum irregularityn+ 1 are presented in the
Figurel0.

¥ !

13+4K’

Figure 10. ©- TSB graph with minimum irregularity on
4k 41 vertices k> 3.

Let G € B". Thenirr(G) > n+2. TSB-graphsG €
B3 ™ with minimum irregularityn + 2 are presented in the
Figurell.

Gy Gygrai ﬁ(
(a) (b)

2
(3

(4

a,

Figure 11. ©- TSB graph with minimum irregularity on 2

4k+2, k> 3.

Let G e B;". Thenirr(G) > n+1. TSB-graphsG €
B, with minimum irregularityn+ 1 are given in the Figure
12,

; i - %
(a) (b)

Figure 12. ©- TSB graph with minimum irregularity on
4k + 3 vertices,k > 3.

(6]

(1

(8

[

(10

LetG € B**. ©- TSB graphs with minimum irregularity
are presented in Figuds.
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Gs Gs G; Cg
(a) (b) (c) (d)

G11

G9 G1 0
!
© 0
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Figure 13. ©- TSB graph with minimum irregularity on
vertices wheren=5,6,7,8,9,10,11.
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