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Minimum irregularity of totally segregated bicyclic
graphs
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Abstract
A connected graph G is totally segregated if every edge in G joins vertices of different degrees. In this paper
we focus on special class of graphs called totally segregated ∞+- bicyclic graphs and Θ- bicyclic graphs. Here
we make an attempt to find the minimum irregularity of totally segregated ∞+- bicyclic graphs and Θ- bicyclic
graphs and present those extremal graphs.
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1. Introduction
In many situations, it is of great importance to know the

irregularity a given graph. In literature, several measures of
such ‘irregularity’ were proposed [3] [6] [5] [4]. Among
them, the most investigated one is irregularity of a graph in-
troduced by Albertson [2]. Albertson defines the imbalance
of an edgee= uv∈E(G) as|degG u−degG v| and irregularity
of G as

irr(G) = ∑
uv∈E(G)

|degG u−degG v | (1.1)

The imbalance of an edgee in G is denoted byimbG(e) or
imb(e) if the graph under discussion is clear. Edges of a
graph with different end vertex degrees are called imbalanced
edges and edges with same end vertex degrees are called bal-
anced edges. Note that graphs with same degree sequence
may have different irregularity ( Figure1). Two non-isomorphic
graphsG1 andG2 have the same degree sequence 3,3,2,1,1,1,1.
They have different irregularities(irr(G1)= 10 andirr(G2)=
8).

Figure 1. Two non-isomorphic graphs with same degree
sequence

Another measure of irregularity is the total irregularity of
a graph introduced by H. Abdo and D. Dimitrov in [1], which
is defined as:

irrt(G) =
1
2 ∑

u,v∈V (G)

|degG u−degG v| (1.2)

A connected graphG is totally segregated ifdegG u 6= degG v,
for every edgeuv ∈ E(G). The class of totally segregated
graphs was studied by Jackson and Entringer [7]. For con-
venience, we abbreviate totally segregated bicyclic graphto
TSB graph. There exists no connected totally segregated
graph of order 2. A connected graphG is uniformly segre-
gated if for every uv ∈ E(G), |degG u−degG v| is a constant.
When this constant is zero the graph is regular. When this
constant isk 6= 0, the graph is calledk- segregated graph[8].
In [10] L.You et al. introduced three types of bicyclic graphs
and discussed the total irregularity of those bicyclic graphs.
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In [9] minimum irregularity of∞- TSB graphs is determined.
In this paper we make an attempt to find minimum irregular-
ity of ∞+- TSB graphs andΘ- TSB graphs and to present
those extremal graphs.

2. Minimum Irregularity of Totally
Segregated ∞+- Bicyclic Graphs and Θ-

Bicyclic Graphs

To make this work self content, we present∞+- bicyclic
graph andΘ- bicyclic graphs which is introduced in [10]. A
bicyclic graph is a simple connected graph in which the num-
ber of edges will exceed the number of vertices by one. Here
we see two bicycles∞+- bicycle andΘ- bicycle. The∞+-
bicycle denoted by∞(a,b,c),a,b ≥ 3,c ≥ 2 ( Figure2) is
obtained from two vertex-disjoint cyclesCa andCb by con-
nectingCa andCb with a pathPc of lengthc− 1 ( c ≥ 2, )
wherea,b ≥ 3 andc ≥ 2.

Figure 2. The graph∞(a,b,c) with a ≥ 3, b ≥ 3 andc ≥ 2
.

The Θ- bicycle , denoted byθ(a,b,c) ( Figure 3), is a
graph ona+ b− c vertices with the two cyclesCa andCb

havingc common vertices, wherea,b ≥ 3 andc ≥ 2.

Figure 3. The graphθ(a,b,c) with a ≥ 3, b ≥ 3 andc ≥ 2
.

Set of graphs each of which is a bicyclic graph with∞+

bicycle,∞(a,b,c),(a ≥ 3, b ≥ 3, c ≥ 2) is called∞+- bicyclic
graph and withΘ- bicycle,Θ(a,b,c) (a ≥ 3, b ≥ 3, c ≥ 2) is
calledΘ- bicyclic graph.
Observe that any∞+- bicyclic gaphG (Θ- bicyclic graph) is
obtained from a∞+ bicycle,∞(a,b,c),a,b ≥ 3,c ≥ 2 (Θ- bi-
cycleΘ(a,b,c) (a ≥ 3, b ≥ 3, c ≥ 2) ) (possibly) by attaching
trees to some of its vertices. IfG is obtained from∞(a,b,c)
(Θ(a,b,c) ) by attaching trees to some of its vertices, then we
call G as∞+- bicyclic graph (Θ- bicyclic graph).

Remark 2.1. For n ≤ 9, a∞+- TSB graph of order n does
not exist.

In the following theorem we find∞+- TSB graphs onn
vertices with minimum irregularity.

Theorem 2.2. If B
+
n is the set of all ∞+- TSB graphs on

n vertices, (n ≥ 10) and B
+
n = B+

1 ∪ B+
2 ∪ B+

3 ∪ B+
4 ∪ B+,

where

• B+
1 = {G ∈ B

+
n : n = 4k, k = 3,4, · · ·}

• B+
2 = {G ∈ B

+
n : n = 4k+1, k = 3,4,5, · · ·}

• B+
3 = {G ∈ B

+
n : n = 4k+2, k = 4,5, · · ·}

• B+
4 = {G ∈ B

+
n : n = 4k+3, k = 4,5, · · ·}

• B+ = {G ∈ B
+
n : n = 10,11,14,15}.

then,

1. min{irr(G)}G∈B+
1
= n+2

2. min{irr(G)}G∈B+
2
= n+1

3. min{irr(G)}G∈B+
3
= n+2

4. min{irr(G)}G∈B+
4
= n+1

5. min{irr(G)}G∈B+ =







20 if G ∈ B
+
10

14 if G ∈ B
+
11

18 if G ∈ B
+
14∪B

+
15

Proof. Let G ∈ B+
1 . SinceG is a bicyclic graph,G has odd

number (n + 1) of edges. But irregularity of any graph is
always even [2]. Hence at least one edge has an imbalance
greater than one. Henceirr(G)≥ n+2.
TSB graphsG ∈ B+

1 with irregularity n+ 2 are depicted in
the Figure4.

Figure 4. ∞+- TSB graph with minimum irregularity on 4k
vertices ,k ≥ 3

.

Let G ∈ B+
2 . SinceG is a TSB graph, it hasn+1 edges.

Henceirr(G)≥ n+1. TSB graphsG ∈ B+
2 with irregularity

n + 1 is presented in Figure5. G13, the 1-segregated∞+-
bicyclic graph with 13 vertices, is given in Figure5 (a). 1-
segregated graph of this type on 4k + 1 vertices,k ≥ 3, is
constructed fromG13 ( Figure5 (b)).
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Figure 5. ∞+- TSB graph with minimum irregularity on
4k+1 vertices,k ≥ 3

.

Let G ∈ B+
3 . In this case, order of the graphG is even and

hence it has odd number (n+1) of edges. But irregularity of
a graph is even [2]. Thusirr(G)≥ n+2. TSB graphG ∈ B+

3
with irregularityn+2 is presented in Figure6.

Figure 6. ∞+- TSB graph with minimum irregularity on
4k+2 vertices,k ≥ 4

.

Let G ∈ B+
4 . SinceG is TSB graph, it hasn+ 1 edges.

Henceirr(G) ≥ n+ 1. TSB graphsG ∈ B+
4 with irregular-

ity n+1 is given in Figure7. G19, the 1-segregated∞+ bi-
cyclic graph with 19 vertices, is depicted in Figure7 (a). 1-
segregated∞+- bicyclic graph on 4k+ 3 vertices,k ≥ 4, is
constructed fromG19 ( Figure7 (b)).

Figure 7. ∞+- TSB graph with minimum irregularity on
4k+3 vertices,k ≥ 4.

Let G ∈ B+. In this case∞+- TSB graph with minimum
irregularity is given in Figure8.

Figure 8. ∞+- TSB graph with minimum irregularity onn
vertices,n = 10,11,14,15.

Remark 2.3. For n ≤ 4, aΘ- TSB graph of order n does not
exist.

In the following theorem we findΘ- TSB graphs withn
vertices having minimum irregularity.

Theorem 2.4. If B
++
n is the set of all Θ- TSB graphs on n

vertices, (n ≥ 5) and B
++
n = B++

1 ∪ B++
2 ∪ B++

3 ∪ B++
4 ∪

B++, where

• B++
1 = {G ∈ B

++
n : n = 4k, k = 3,4, · · ·}

• B++
2 = {G ∈ B

++
n : n = 4k+1, k = 3,4,5, · · ·}

• B++
3 = {G ∈ B

++
n : n = 4k+2, k = 3,4,5, · · ·}

• B++
4 = {G ∈ B

++
n : n = 4k+3, k = 3,4,5, · · ·}

• B++ = {G ∈ B
++
n : n = 5,6,7,8,9,10,11}.

then,

1. min{irr(G)}G∈B++
1

= n+2

2. min{irr(G)}G∈B++
2

= n+1

3. min{irr(G)}G∈B++
3

= n+2

4. min{irr(G)}G∈B++
4

= n+1

5. min{irr(G)}G∈B++ =















6 if G ∈ B
++
5

8 if G ∈ B
++
6 ∪B

++
7

10 if G ∈ B
++
8 ∪B

++
9

14 if G ∈ B
++
10 ∪B

++
11

Proof. Let G ∈ B++
1 . SinceG is a bicyclic graph onn ver-

tices,G has odd number (n+1) of edges. But irregularity of
any graph is always even [2]. Hence at least one edge has an
imbalance greater than one. Henceirr(G)≥ n+2.
TSB graphsG ∈ B++

1 with irregularityn+2 are depicted in
Figure9.
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Figure 9. Θ- TSB graph with minimum irregularity on 4k
vertices,k ≥ 3 .

Let G ∈ B++
2 . Then irr(G) ≥ n+ 1. TSB-graphsG ∈

B++
2 with minimum irregularityn+ 1 are presented in the

Figure10.

Figure 10. Θ- TSB graph with minimum irregularity on
4k+1 vertices,k ≥ 3 .

Let G ∈ B++
3 . Then irr(G) ≥ n+ 2. TSB-graphsG ∈

B++
3 with minimum irregularityn+ 2 are presented in the

Figure11.

Figure 11. Θ- TSB graph with minimum irregularity on
4k+2, k ≥ 3 .

Let G ∈ B++
4 . Then irr(G) ≥ n+ 1. TSB-graphsG ∈

B++
4 with minimum irregularityn+1 are given in the Figure

12.

Figure 12. Θ- TSB graph with minimum irregularity on
4k+3 vertices,k ≥ 3.

Let G ∈ B++. Θ- TSB graphs with minimum irregularity
are presented in Figure13.

Figure 13. Θ- TSB graph with minimum irregularity onn
vertices wheren = 5,6,7,8,9,10,11.
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