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Abstract

In this paper the notion of fuzzy resolvable functions between fuzzy topological spaces, is introduced and
studied. The mathematical directions under which fuzzy functions defined between fuzzy spaces for being fuzzy
resolvable functions, are obtained. By applying fuzzy resolvable functions, the mathematical means under which
fuzzy topological spaces becoming fuzzy Baire spaces, fuzzy D-Baire spaces and fuzzy second category spaces,

are explored.
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1. Introduction

The introduction of fuzzy sets by L.A. Zadeh [29] in 1965,
as an approach to a mathematical representation of vagueness
in everyday language, was realized by many researchers and
has successfully been applied in every branch of Mathematics.
Fuzzy topological spaces introduced by C. L. Chang [4] in
1968, had a significant role in the subsequent tremendous
growth of the numerous fuzzy topological notions .

In the recent years, a considerable amount of research
has been done on various types of fuzzy sets and many types
of continuity between fuzzy topological spaces . The notion
of resolvable sets in topological spaces were studied in [7].

Fuzzy resolvable sets in topological spaces was introduced
and analyzed in [20]. In this article, a new type of fuzzy
functions, namely, fuzzy resolvable functions are introduced
and several characterizations of fuzzy resolvable functions are
established. The mathematical directions through which the
fuzzy functions defined between fuzzy spaces, for becoming
fuzzy resolvable functions, are obtained. By applying fuzzy
resolvable functions, the mathematical means through which
fuzzy topological spaces becoming fuzzy Baire spaces, fuzzy
D-Baire spaces and fuzzy second category spaces, are also
explored in this paper.

2. Preliminaries

For the purpose of having the exposition self-contained,
some basic concepts and results used in the sequel, are pre-
sented. In this paper, (X,T) or simply X, means a fuzzy
topological space due to Chang (1968). A fuzzy set A de-
fined in X, is a mapping from the set X into the unit interval
I =[0,1]. The fuzzy set Ox will be defined as Ox (x) = 0, for
all x € X and the fuzzy set 1x will be defined as 1x(x) =1,
forall x € X.

Definition 2.1. [4] Let A be any fuzzy set in the fuzzy topo-
logical space (X, T). The fuzzy interior, the fuzzy closure and
the fuzzy complement of A are defined respectively as follows

(i) Int (A) =v{u/p<A,ueT}



(ii) CL(A)=NMp/A <p,1-peTh.
(iii) A'(x) =1—A(x), forall x € X.

The notions union Y = V(A;) and intersection 6 = \;(A;), are
defined respectively, for the family {;/i € I} of fuzzy sets in
(X,T) as follows :

(iv) 2(x) = sup{2i(x)/x € X}:
(v) 6(x)=infi{A;(x)/x € X}.

Lemma 2.2. [1] For a fuzzy set A of a fuzzy space X,
(i) 1—int(A) =cl(1— 1) and
(i) 1—cl(A) =int(1—A1).

Definition 2.3. Let A be a fuzzy set in the fuzzy space (X,T).
Then A is called a

(1) Fuzzy regular-openif A =intcl(1); Fuzzy regular-closed

if A =clint(A) [1].

(2) Fuzzy semi-open if A < clint(A); Fuzzy semi-closed if
intcl (A) <A [I]

(3) Fuzzy oi-open if A <intclint(A); Fuzzy a-closed if cl
intcl (A) <A [3]

(4) Fuzzy Gg-setin (X,T) if A = A2 (Ai), where A; € T
foriel[2].

Definition 2.4. Let A be the fuzzy set in the fuzzy space (X, T).
Then A is called a

(i) Fuzzy dense set if there exists no fuzzy closed set L in
(X,T) such that A < u < 1. That is, cl (A) = 1, in the
Suzzy space (X, T)[11].

(ii) Fuzzy nowhere dense set if there exists no non-zero
Sfuzzy open set W in (X, T) such that u < cl(A). That is,
int [cl(A)] =0, in (X,T)[11].

(iti) Fuzzy first category set if A = V| (A;), where (A;)'s
are fuzzy nowhere dense sets in (X, T). Any other fuzzy
setin (X,T) is said to be of fuzzy second category [11].

(iv) Fuzzy Baire set if A = WA\ 8, where L is the fuzzy open
set and O is the fuzzy residual set in (X,T) [9].

(v) Fuzzy resolvable set in (X,T) if for each fuzzy closed
set pin (X, T),{cl(UAA)Acl(uN[1—A])} is a fuzzy
nowhere dense setin (X,T) [20].

(vi) Fuzzy somewhere dense set if int cl (L) #0in (X,T)
[12].

(vii) Fuzzy simply open setif [ cl (A) Acl(1— Q)] is the fuzzy
nowhere dense set in the space (X,T) [17].

(viii) Fuzzy simply * open set if A = NV 8, where W is a fuzzy
open set and 0 is a fuzzy nowhere dense set in (X, T)

[18].
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(ix) Fuzzy pseudo-open set if A = WV & where U is the non-
zero fuzzy open set and 8 is the fuzzy first-category set
in (X,T) [19].

Definition 2.5. [14] Let A be the fuzzy first category set in
the fuzzy topological space (X,T). Then 1 — A is called the
fuzzy residual set in (X,T).

Definition 2.6. [21] If A is the fuzzy somewhere dense set in
the fuzzy topological space (X, T), then the fuzzy set 1 — A is
called the fuzzy cs dense set in (X,T).

Definition 2.7. Let (X,T) be the fuzzy topological space and
(X,T) is called

(i) Fuzzy Baire space if int (Vi (4;)) = 0, where (4;)'s
are fuzzy nowhere dense sets in (X,T) [14].

(ii) Fuzzy submaximal space if for each fuzzy set A in (X, T)
such that cl (M) =1,A €T [2].

(iii) Fuzzy hyper-connected space if every non-null fuzzy
open subset of (X,T) is fuzzy dense in (X,T) [8].

(iv) Fuzzy P-space if each fuzzy Gg-set in (X,T) is fuzzy
openin (X,T) [10].

(v) Fuzzy globally disconnected space if each fuzzy semi-
open set is fuzzy open in (X,T) [27].

(vi) Fuzzy resolvable space if there exists fuzzy dense set A
in (X,T) such that cl (1— L) = 1. Otherwise (X,T) is
called the fuzzy irresolvable space [13].

(vii) Fuzzy perfectly disconnected space if for any two
non—zero fuzzy sets A and U defined on X with A <
1 _H?Cl(l) < 1 _CI(.U')7 in (XvT) [26]

(viii) Fuzzy strongly irresolvable space if cl int (A) = 1 for
each fuzzy dense set A in (X, T) [28].

ix) Fuzzy D -Baire space if every fuzzy first -category set in
(ix) Fuzzy D -Bai . .
(X,T), is the fuzzy nowhere dense set in (X,T) [16].

Definition 2.8. Let (X,T) and (Y,S) be any two fuzzy topo-
logical spaces. The function f: (X, T) — (Y,S) is called a

(i) Fuzzy continuous function if for the fuzzy open set A in
(Y,8)f~Y(X) is fuzzy open in (X,T) [4].

(ii) Fuzzy semi-continuous function if for the fuzzy open set
Ain (Y,8)f~Y(A) is fuzzy semi-open in (X,T) [1].

(iii) Fuzzy contra-continuous function if f~'(A) is fuzzy
closed in (X,T), for the fuzzy open set A in (Y,S) [5].

(iv) Fuzzy Baire continuous function if for every non-zero
fuzzy open set A in (Y,S), f~' (L) is the fuzzy Baire set
in (X,T) [22].



(v) Somewhat fuzzy continuous function if A € S and
FYA) #0, there exists a non-zero fuzzy open set | in
(X,T) such that u < f~Y(A). That is, Int [f~'(1)] # 0,
in (X,T) [11].

(vi) Somewhere fuzzy continuous function, if whenever Int
(L) # 0, for the fuzzy set A defined onY, then f~1 (1)
is fuzzy somewhere dense in (X,T) [21].

(vii) Fuzzy simply continuous function if f~'(A) is the fuzzy
simply open set in (X,T), for the fuzzy open set A in
(Y.8) [17].

(viii) Fuzzy simply  continuous function if f~'(A) is fuzzy
the simply x open set in (X,T), for a fuzzy open set A
in (Y,8) [18].

(ix) Fuzzy pseudo continuous function if f~1 () is the fuzzy
pseudo-open set in (X,T), for the fuzzy open set A in
(v,S) [19].

(x). Fuzzy skeletal function if Int {f~'[cl(1)]}
< CLf~Y(A), for the fuzzy open set A € S such that
fHR) #0in (X,T) [9].

Theorem 2.9. [1] In a fuzzy space X,

(a) The closure of a fuzzy open set is a fuzzy regular closed
set.

(b) The interior of a fuzzy closed set is a fuzzy regular open
set.

Theorem 2.10. [20] If A is the fuzzy resolvable set in the
fuzzy topological space (X,T), then 1 — A is also the fuzzy
resolvable setin (X,T).

Theorem 2.11. [20] If (A;)'s are fuzzy resolvable sets in the
fuzzy topological space (X,T), then N [AiV (1 —2;)V 8]
(wWhere 6 € T) is the fuzzy residual set in (X, T).

Theorem 2.12. [27] If A is the fuzzy nowhere dense set in the
Sfuzzy globally disconnected space (X, T), then A is the fuzzy
closed setin (X, T).

Theorem 2.13. [27] If A is the fuzzy semi-closed set in the
Sfuzzy globally disconnected space (X, T), then A is the fuzzy
closed setin (X, T).

Theorem 2.14. [27] If A is the fuzzy &-open set in the fuzzy
globally disconnected space (X,T), then A is the fuzzy open
setin (X,T).

Theorem 2.15. [27]If A is the fuzzy dense and fuzzy G g-set in
the fuzzy strongly irresolvable and fuzzy globally disconnected
space (X, T), then A is the fuzzy open set in (X, T).

Theorem 2.16. [27] If A is the fuzzy first category set in the
fuzzy Baire, fuzzy strongly irresolvable and fuzzy globally
disconnected space (X, T), then A is the fuzzy closed set in
(X,T).
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Theorem 2.17. [27] If Int (A) # 0, for the fuzzy set A de-
fined on X in the fuzzy globally disconnected and fuzzy hyper-
connected space (X, T), then A is the fuzzy open set in (X, T).

Theorem 2.18. [9] If A is the fuzzy Baire set in a fuzzy glob-
ally disconnected and fuzzy P- space (X,T), then A is the
fuzzy open set in (X,T).

Theorem 2.19. [24] If A is the fuzzy semi-open and fuzzy
dense set in the fuzzy globally disconnected space (X,T),
then A is the fuzzy resolvable set in (X,T).

Theorem 2.20. [24] If A is the fuzzy set such that Int (A) #0
in the fuzzy globally disconnected and fuzzy hyperconnected
space (X, T), then A is the fuzzy resolvable set in (X,T).

Theorem 2.21. [20] If A is the fuzzy simply open set in the
Sfuzzy topological space (X,T), then A is the fuzzy resolvable
setin (X,T).

Theorem 2.22. [I8]If f: (X,T) — (Y,S) is the fuzzy simply
* continuous function from the fuzzy hyper-connected space
(X,T) into the fuzzy topological space (Y,S), then f is a fuzzy
simply continuous function.

Theorem 2.23. [I8]If f: (X,T) — (Y,S) is the fuzzy simply
* continuous function from the fuzzy strongly irresolvable
space (X, T) into the fuzzy topological space (Y,S) and each
Sfuzzy simply x open set is fuzzy dense in (X,T), then f is a
fuzzy simply continuous function.

Theorem 2.24. [19] If A is a fuzzy pseudo -open set in the
fuzzy hyperconnected space (X,T), then A is a fuzzy resolv-
able set in (X,T).

Theorem 2.25. [9]If f: (X,T) — (Y,S) is a fuzzy continuous
function from the fuzzy topological space (X,T) into the fuzzy
topological space (Y,S) such that Int [f~'{Bd(1)}] = 0, for
the fuzzy open set A in (Y,S), then the function f is the fuzzy
simply continuous function.

Theorem 2.26. [26] If A is the fuzzy nowhere dense set in
the fuzzy perfectly disconnected space (X,T), then L =0, in
(X,T).

Theorem 2.27. [9] If A is the fuzzy Baire set in the fuzzy
submaximal and fuzzy P-space (X,T), then A is the fuzzy
open setin (X,T).

Theorem 2.28. [19] If A is the fuzzy pseudo -open set in
the fuzzy hyperconnected space (X,T), then A is the fuzzy
resolvable set in (X, T).

Theorem 2.29. [18] If A is the fuzzy simply x open set in the
fuzzy hyperconnected space (X, T), then A is the fuzzy simply
open setin (X,T).

Theorem 2.30. [24] If A is the fuzzy Baire set in the fuzzy
hyperconnected, fuzzy submaximal and fuzzy P-space (X,T),
then A is the fuzzy resolvable set in (X,T).



Theorem 2.31. [25] If A is the fuzzy somewhere dense set in
the fuzzy topological space (X,T) in which fuzzy open sets
are fuzzy resolvable sets, cl [ANV (1 —A)] =1, in (X,T).

Theorem 2.32. [6] Let (X, T) be the fuzzy topological space.
Then the following properties are equivalent :

(i) (X,T) is fuzzy hyperconnected.
(ii) 1x and Ox are the only fuzzy regular open sets in X.

Theorem 2.33. [27] If A is the fuzzy nowhere dense set in
the fuzzy globally disconnected space (X,T), then 1 — A is
the fuzzy dense and fuzzy open setin (X,T).

Theorem 2.34. [28] If the fuzzy topological space (X,T)
is the fuzzy hyperconnected space, then (X,T) is the fuzzy
irresolvable space.

Theorem 2.35. [14] If (X,T) is the fuzzy Baire space, then
(X, T) is the fuzzy second category space.

Theorem 2.36. [27] If (X,T) is the fuzzy strongly irresolv-
able and fuzzy globally disconnected space, then (X, T) is the
fuzzy submaximal space.

Theorem 2.37. [9] If the function f : (X,T) — (Y,S) is the
fuzzy continuous and fuzzy skeletal function from the fuzzy
topological space (X,T) into the fuzzy topological space
(Y,S), then f is the fuzzy simply continuous function.

3. Fuzzy resolvable functions

Definition 3.1. [20] Let (X,T) and (Y,S) be any two fuzzy
topological spaces. The function f : (X,T) — (Y,S) is called
the fuzzy resolvable function, if for each fuzzy open set A in
(Y,S),f~Y(A) is the fuzzy resolvable set in (X,T).

Example 3.1. Consider the set X = {a,b,c}. Let I = [0,1] .
The fuzzy sets o, 3,A and L are defined on X as follows:

o:X =1 isdefinedby a(a)=0;0(b)=0;0(c)=0.6,
B:X—1 isdefinedby B(a)=1;B(b)=0.8;B(c)=0,
A:X —1 isdefinedby A(a)=0;A(b)=0;A(c)=0.7,
w:X—1 isdefinedby u(a)=0.7,u(b)=0;u(c)=0.

Now T ={0,a,B,aV B,1} and S = {0,u,1} are fuzzy
topologies for the set X. By computation, one can ﬁnd that
It CU(ICI{(1 — &) AAY A[CI{(1— ) A (1= A)}]) =
Int CI(ICI{ (1 = B) AAYIA[CH{(1 = B)A(1=2)}]) =
Int CI(ICK{ (1 = [a vV B)) AA A ICK{ (1 = [V B]) A ( )}]):0-

By the definition 2.4 (v), A is the fuzzy resolvable set in
(X,T). Now let us define a function f: (X,T) — (X,S) by
f(a) = b; f(b) = c; f(c) = a. By computation, for the non-
zero fuzzy open set W in (Y,S), £~ (1) = A, which is the fuzzy
resolvable setin (X,T). Hence f: (X,T) — (Y,S) is the fuzzy
resolvable function.
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Remark 3.2. It is to be noted that fuzzy resolvable function
need not be the fuzzy continuous function. For, in Example 3.1,
for the non-zero fuzzy open set W in (Y,S), f~'(u) = A and
since A is not fuzzy open in (X,T), the function f : (X, T) —
(Y,S) is not the fuzzy continuous function from (X,T) into
(v,S).

Example 3.2. Consider the set X = {a,b,c}. Let I = [0,1].
The fuzzy sets o, 3,A and L are defined on X as follows :

o:X —1 isdefinedby ofa)=0;a(b)=0;a(c)=0.6,
B:X —1 isdefinedby p(a)=1;B(b)=0.8;B(c)=0,
A:X =1 isdefinedby A(a)=0;A(b)=0;A(c)=0.7,
w:X—1 isdefinedby p(a)=0.7,u(b)=02;u(c)=0
0:X —1 isdefinedby 6(a)=0.2;6(b)=0;6(c)=0.7

Now T = {0,a,B,00V B,1} and S = {0,u,1} are fuzzy
topologies for the set X. By computation, one can find that Cl
(a)=1-B,Cl(B)=1—aandCl(aVB)=1,In(l—a)=
B,Int(1-B)= Ocandlnt(l—[oc\/ﬁ]) :O, in (X,T).

IntCl([Cl{(l—oc)A?L}]/\[Cl{(l—a) M) =
Int CL([CH{(1 = B) AA A[CH{(1 = B) A ( )}]):
It CI(ICH{(1 = [V B)) AR A CH(1 = [V B)) A (1= 2)}]) = 0.

By the definition 2.4 (v), A is the fuzzy resolvable set in (X,T).

Also by computation Int Cl ([cl {(1—a) ASHA [el {(1—o) A
(1—98)}]) =B # Ox, implies that § is not the fuzzy resolvable
setin (X,T). Define the function f : (X,T) — (Y,S) by f(a) =
b; f(b) = c¢; f(c) = a. On computation, for the non-zero fuzzy
open set W in (Y,S), f1=(u) = 8 # A. Hence the function
(X, T)— (Y,S) is not the fuzzy resolvable function.

Proposition 3.3. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy topological space (X,T) into another
fuzzy topological space (Y,S), then for the fuzzy open set A in
(¥.5),

(i) unf!
(X,T).

(AA(1=Q)) is the fuzzy nowhere dense set in

(ii) int [ WA fTHAN(1=A))]

in (X,T).

Proof. (i)Let f:(X,T)— (Y,S) be the fuzzy resolvable func-
tion. Then, for the non-zero fuzzy open set A in (Y, S), f~' (1)
is the fuzzy resolvable set in (X,T). This implies that for
each fuzzy closed set g in (X,7), Int C1[CI (u A f~1(A)) A
Cl(uA(1—f1(A)]=0in (X,T). Now Cl (LA f~1(A)) A
ClpA (1~ (A) > Ul A S~ (A A A (L~ £ ()]
and then, C1 (u A f~ Y A)ACIH(uA(1—f~1A)) > Cll(uA
FHA) A (1= F7YA))]. Now Int C1 {Cl (u A fHA)) A
Cllw A (1 = F1A)} = IiCHCI(H A f1(A) A
(1= ]} = tCH{[(u A £~ A) A (1— £71{2))]} and
thus 0 > intcl[(u A f~'(X) A (1 — £71(1))]. That is, Int Cl
[(UAf T (AA(1—=2))]=0.Hence uAf HAA(1—A))is
the fuzzy nowhere dense set in (X, 7).

(ii). From (i), for the fuzzy open set A in (¥,S),
F YA A (1=2)) is the fuzzy nowhere dense set in (

=0, where W is fuzzy closed



Then, IntCl [uAf~H(AA(1—21))] =0.ButInt [uAf~H(AA
(1-21))] <IntCl[u A f~1(A A (1—1))] implies that Int [p A
FTYAA(1=A)]=0,in (X,T). O

Proposition 3.4. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy topological space (X,T) into another
Suzzy topological space (Y,S), then for the fuzzy open set A
in (Y,8),8V f~'(1—=A)VA] is a fuzzy dense set in (X,T),
where 8 € T.

Proof. Let f:(X,T) — (Y,S) be the fuzzy resolvable func-
tion. Then, for the fuzzy open set A in (Y,S), by proposi-
tion 3.3, Int C1 [u A f~1(A) A (1 — f~1(A))] = 0, where p is
the fuzzy closed setin (X, T). Then 1 — IntCl[u A f~1(A) A

(1—fYA)]=1. Thus, Cl Int {1 —[uAf 1 A)A( -
f l(l))]} 1. This implies that CI Int [(1 —u) Vv ((1 —
7))V )] = 1 Bur Gl (1) V(1 =7 (1)
S SCI =)V ((1—7 1A V1) Then 1 <

CI{(1—p)V((1—fYA)) V£ 1(A)] and hence CI[(1 — u V
(I—=fYA)Vvf ( )]=1.Let1—u=3§. Then, Cl [§V
(1—fYA))VfY(A)] =1, where § is the fuzzy open set

in (X, T) This means that cl {SV (f~'[(1-2)VA])} =

Thus, for the fuzzy open set A in (¥,S),5V f~'[(1—A) V]
is the fuzzy dense set in (X, T'), where § is the fuzzy open set
in (X,T). O

Proposition 3.5. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X, T) into another
fuzzy topological space (Y,S), then for the fuzzy open set A
in (Y,8), Int [f(AAN[1—=A))] < CI(1— ), where L is the
Sfuzzy closed set in (X,T).

Proof. Let f: (X,T) — (Y,S) be the fuzzy resolvable func-
tion. Then, for the fuzzy open set A in (Y, S), by the proposi-
tion 3.3 (i), Int [u A f 1 (A) A (1 — f~1(L))] =0, where u is
the fuzzy closed set in (X, T). Since Int [u A f~H(A) A (1 —
AN = dme(u) A Ie[fTA) A (1 = QA
Int(W) AInt[f Y (A)A(1—f~1(2))] =0. Then, Int [f =1 (1) A
(1—f7Y(A))] €1 —Int(u) and this means that Int [f =1 (1) A
(1—f~Y(A))] < CI(1 — ), for the fuzzy closed set u in
(X,T). O

Proposition 3.6. If f : (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X,T) into another
fuzzy topological space (Y,S), then for the fuzzy open set A in
(Y,S), there exists a fuzzy regular closed set v in (X,T) such
that Int [f ' (A) A (1— £ (2))] < 7

Proof. Let f: (X,T) — (Y,S) be the fuzzy resolvable func-
tion. By proposition 3.5, for the fuzzy open set A in (¥, S), Int
[f Y (AA[1=21)] <CI(1 — ), where p is the fuzzy closed
setin (X,T). Because U is the fuzzy closed set, 1 — p is the
fuzzy open set in (X, 7). Let | — u = 7. By the theorem 2.9,
Cl(7y) is the fuzzy regular closed set in (X, T'). Thus, for the
fuzzy open set A in (Y,S), there exists a fuzzy regular closed
set yin (X,T) such that Int [f "' (A)A(1—f1(A)]<y. O
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Proposition 3.7. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy topological space (X,T) into another
fuzzy topological space (Y,S), then for the fuzzy open set A in
(v.5),

(i) there exists a fuzzy regular open set 8 in (X,T) such
that § <CI[f"{(1-A)VA}].

(i) f~H (1 —=A)V A} is the fuzzy somewhere dense set in
(X,T).

Proof. (i). Let f: (X,T) — (Y,S) be the fuzzy resolvable
function. Then, for the fuzzy open set A in (Y,S), by proposi-

tion 3.3 (ii), Int [u A f~'(A) A (1= f~1(2))] = O, in (X, T).
This implies that Int (u) Alnt[f~'(A) A (1 — f~1(1))] = 0.
Then Int (u)glflnt[f‘l(l)/\(lff‘l( ))],in( T).
This implies that Int (1) < CI{1 —[f~"(A) A (1 — (l))]}

-1

Hence Int (1) < CH{[1—f~(A)]V 1 (A)}in (X T) Since
U is the fuzzy closed set, by theorem 2.9, Int (i) is the
fuzzy regular open setin (X, 7). Letint () = 8. Then, <
CUl(1 — f T ANV LA = CULF (1= M)V 1 (A)] =
cl[f"{(1—2)VA}]. Hence if f is a fuzzy resolvable func-
tion, there exists a fuzzy regular open set 6 in (X, T') such that
S<Clf YH(A-A)VAa}.

(ii). Since each fuzzy regular open set is the fuzzy open
set in the fuzzy topological space, the fuzzy regular open set §
is the fuzzy open set in (X,T). Then, Int (C1 [f~'{(1-A)V
A}]) # 0 and hence f~'{(1—21)V A} is the fuzzy somewhere
dense setin (X,T). O

Proposition 3.8. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X,T) into another
fuzzy topological space (Y,S) and if A is the fuzzy open set in
(Y,S), then 1 — f~Y(A) is the fuzzy resolvable set in (X, T).

Proof. Let A be the fuzzy open setin (Y, S). Since f: (X,T) —
(Y,S) is a fuzzy resolvable function, f~!(A) is the fuzzy re-
solvable set in (X, T). Then, by the theorem 2.10, 1 — f~1(1)
is the fuzzy resolvable set in (X, 7). O

Proposition 3.9. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X, T) into another
fuzzy topological space (Y,S) and if (A;)'s are fuzzy open
sets in (Y,S), then N2, [f "NV (1 =)}V 8] is the fuzzy
residual set in (X,T), where 6 € T.

Proof. Let (A;)'s (i = lto=) be fuzzy open sets in (¥,S).
Since the function f: (X,T) — (V,S) is fuzzy resolvable,
F Y A))'s are fuzzy resolvable sets in (X, 7). By the theorem
211, A2 N () v (1 — YA v 5] is the fuzzy residual
setin (X,T). Now f~' () V(11— YA =7 Hauv(1-
Ai)}. Hence A2 [f (M) Vv (1 — fH{A4}) v 8] is the fuzzy
residual set in (X, T'), where 6 € T. O

Proposition 3.10. If f: (X,T) — (Y,S) is the fuzzy resolv-
able function from the fuzzy topological space (X, T) into the
fuzzy topological space (Y,S) and g : (Y,S) — (Z,W) is the
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Juzzy continuous function from (Y,S) into the fuzzy topolog-
ical space (Z,W), then go f : (X,T) — (Z,W) is the fuzzy
resolvable function from (X,T) into (Z,W).

Proof. Let A be the non-zero fuzzy open setin (Z,W). Since g
is the fuzzy continuous function from (¥, S) into (Z,W),g ' (1)
is the fuzzy open set in (Y, S). Since f is the fuzzy resolvable
function from (X,T) into (¥,S),f '(g"'(A)) is the fuzzy
resolvable set in (X, T). Hence (go f)~'(A) is the fuzzy re-
solvable set in (X, T), for the fuzzy open set A in (Z,W).
Therefore go f is the fuzzy resolvable function from (X, 7T)
into (Z,W). O

It is to be analyzed that whether the fuzzy continuous
function from the fuzzy topological space into another fuzzy
topological space need necessarily be the fuzzy resolvable
function. For, consider the following example:

Example 3.3. Consider the set X = {a,b,c}. Let I = [0,1].
The fuzzy sets A and [ are defined on the set X as follows:

A:X =1 isdefinedby A(a)=0;A(D)=
W:X —1 isdefinedby p(a)=0;u(b)=

Now T = {0,A,1} and S = {0,u,1} are fuzzy topologies
on X. By computation, one can find that Cl (L) =1— 1 in
(X,T). Now for the fuzzy set A,CI{(1 —A)ANA} ANCI{(1—
MAA=)}=CIANCI(1-A)=(1-2A)A1-A)=(1—
A)and Int CL(CI{(1=A)AANA[CH{(1-=A)A(1-A)}]) =
IntCl(1—A)=Int(1-A)=1-Cl(A)=1—-[1—-A] =24 #0,
in (X,T). This implies that A is not the fuzzy resolvable set in
(X, 7).

Now define the function f: (X,T) —
a, f(b) = b f(c) =

0.2;A(c) =0.2,
0.2;1(c) =0.7.

(X,S) by f(a) =
b. On computation, for the non-zero fuzzy
open set win (Y,S), f~1 (1) = A, the fuzzy open set in (X, T).
Hence f: (X,T) — (Y,S) is the fuzzy continuous function.
But f : (X,T) — (Y,S) is not the fuzzy resolvable function
since =1 (W) is not the fuzzy resolvable set in (X,T). Thus,
the fuzzy continuous function need not be the fuzzy resolvable
function.

Proposition 3.11. If f: (X,T) — (Y,S) is the fuzzy simply
continuous function from the fuzzy topological space (X,T)
into the fuzzy topological space (Y,S), then f: (X, T) — (Y,S)
is the fuzzy resolvable function.

Proof. Let f:(X,T)— (¥,S) be the fuzzy simply continuous
function from the fuzzy topological space (X,7) into the
fuzzy topological space (Y,S). Now for the non-zero fuzzy
open set A in (¥,S), f~'(A) is the fuzzy simply open set in
(X,T). By theorem 2.21, f~'(1) is the fuzzy resolvable set
in (X,T) and hence f: (X,T) — (Y,S) is the fuzzy resolvable
function. O

Remark 3.12. It is to be noted that the fuzzy resolvable func-
tion between fuzzy topological spaces need not be the fuzzy
simply continuous function. For, consider the following exam-

ple:
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Example 3.4. Consider the set X = {a,b,c}. Let I = [0,1].
The fuzzy sets a3, A and [ are defined on X as follows :

o:X — lis defined by a(a)=1;a(b) = l;Oc(c):O.47

Y:X — lis defined by 7y(a)=0;y(b) =0.2;v(c) =

A:X — lisdefined by A(a)=0.3;1(b) =0;A(c ): 3,

W:X — lis defined by u(a)=0.7,u(b) =0.5;u(c) = 0.6.

B :X — Iis defined by B(a) =0.5;8(b) =0.5;B(c) =0.5
Now T ={0,a,7,aAy,1} and S = {0,A,u,1} are fuzzy

topologies for X. By computation , one can find that
IntCI(ICI{(1 = ) ABY A[CH{(1 — @) A (1= B)}]) = IntCI(1 — ax)

=Int(l1—a)=0,
Int CL([CH{(1 =) ABHAICK (1 =) A(1 = B)}])) = IntCI(1 - 7)
= Int(1—7) =0.

This means that B is the fuzzy resolvable set in (X, T). Define

the function f : (X,T) — (X,S) by f(a) =b; f(b) =b; f(c) =
b. By computation, for the non-zero fuzzy open sets A, [l in
(X,8), f~1(X) =0, f~'(u) = B which are fuzzy resolvable
sets in (X,T). Hence f: (X,T) — (X,S) is the fuzzy resolv-
able function. Now Int Cl(Bd [B]) = IntCI(cl[B] Acl[1 —B] =
IiCU([1 — (@ AP AL~ (@ AD)]) = IiCH([1 — (@A 7)]) =
o ANy # Ox and then B is not the fuzzy simply open set in
(X,T). Hence f : (X,T) — (X,S) is not the fuzzy simply con-
tinuous function.

The conditions for fuzzy functions between fuzzy topo-
logical spaces to become fuzzy resolvable functions are given
in the following propositions.

Proposition 3.13. If f : (X,T) — (Y,S) is the fuzzy function
from the fuzzy topological space (X, T) into the fuzzy topolog-
ical space (Y,S) and if each fuzzy set is the fuzzy simply open
setin (X,T), then f: (X,T) — (Y,S) is the fuzzy resolvable
function.

Proof. Let f: (X,T) — (Y,S) be the function from (X,T)
into (Y,S) and each fuzzy set defined on X be the fuzzy
simply open set in (X,T). Then, for the fuzzy open set A
n (¥,5),f (1) is the fuzzy set in (X,T). By hypothesis,
f~Y(A) is the fuzzy simply open set in (X,T) and thus Int
Cl [ Bd f~'(1)] = 0. This means that Int C1 {CI[f~'(1)] A
CI[1 - f~'(2)]} =01in (X,T). Now , for the fuzzy closed
set 1 in (X.7).CIL7 (1) AW ACH(L = /() A} <
Cl[ffl( )]/\Cl[l— '(1)]. Hence Int C1 {CI[f~" (X) Au] A
Cllt— £~ (3) A} < InCl{elly " (A)] nCil1 - £ (A))
in (X, T). This means that Int C1 {CI[f~'(A) Au] ACI([1 —

771 A A} < 0. Thus, Int CHCIF! () Al ACI(1 -
f '(A)] Au]} =0 and hence f~!(A) is the fuzzy resolvable
setin (X, T). Thus the function f: (X,T) — (¥, S) is the fuzzy
resolvable function. O

Proposition 3.14. If f : (X,T) — (Y,S) is the fuzzy contra-
continuous function from the fuzzy topological space (X,T)
into the fuzzy topological space (Y,S) and if the interior of
each fuzzy closed set is zero in (X,T), then f : (X,T) — (Y,S)
is the fuzzy resolvable function.



Proof. Let f: (X,T) — (Y,S) be the fuzzy contra —contin-
uous function and A be the fuzzy open set in (¥,S). Then,
f~Y(A) is the fuzzy closed set in (X, T). By hypothesis, Int
[f~'(2)] =0, in (X,T). Now, for the fuzzy closed set ,u in
(). (Cllung~ A ACHA (L~ £~ () <CIlF - (2)
ACI[1 —f’l(l)l Then {Cl{uAf~ ( IAA=F1(A))}
< Q) A {1 - i A)E (X7,
Since Int( 1A ))fOCl[f "2 )]A{l—lnt( "Nt =
CI[f " (M)Al O] = [ '(1)]. Since f~'(A) is the fuzzy
closed set, Cl[ (), ]=7f""(A)and then {CI[u A f~(A)] A
Cllun(1—f£71(1) }gf Y(A). Now Int CL{CI[u A f~
A= £ Q) Il (A)] =Tt £ (A)
for each fuzzy closed set pin (X, T), Int C1 {CI[u A f~
ClluA(1—f~1Y(1))} =0, implies that f~1(2) is the fuzzy
resolvable set in (X,T) and hence f: (X,T) — (Y,S) is the
fuzzy resolvable function. O

HA)]A

Remark 3.15. The fuzzy resolvable function between fuzzy
topological spaces need not be the fuzzy contra —continuous
function.

For, in example 3.1, f: (X,T) — (¥,S) is the fuzzy re-
solvable function, but f is not the fuzzy contra—continuous
function, since for the fuzzy open set A in (Y,S), f~!(u) = A,
which is not the fuzzy closed set in (X, T).

Proposition 3.16. If f: (X,T) — (Y,S) is the fuzzy continu-
ous function from the fuzzy topological space (X,T) into the
fuzzy topological space (Y,S) such that Int [f ~'{Bd(1)}] =0,
for the fuzzy open set A in (Y,S), then f is the fuzzy resolvable
function.

Proof. Let f: (X,T) — (Y,S) be the fuzzy continuous func-
tion from (X,T) into (Y,S) such that Int [f~'{Bd(A)}] =0,
for the fuzzy open set A in (Y, S). Then, by the theorem 2.25, f
is the fuzzy simply continuous function and by the proposition
3.11, f: (X,T) — (¥,S) is the fuzzy resolvable function. [

Proposition 3.17. If f : (X,T) — (Y,S) is the fuzzy simply *
continuous function from the fuzzy strongly irresolvable space
(X, T) into the fuzzy topological space (Y,S) and each fuzzy
simply x open set is fuzzy dense in (X,T), then f: (X,T) —
(Y,S) is the fuzzy resolvable function.

Proof. Let f:(X,T) — (Y,S) be the fuzzy simply * continu-
ous function from the fuzzy strongly irresolvable space (X, T)
into the fuzzy topological space (Y,S). By hypothesis, each
fuzzy simply * open set is fuzzy dense in (X,T). Then, by
the theorem 2.23, f is the fuzzy simply continuous function.
and by the proposition 3.11, f: (X,T) — (¥,S) is the fuzzy
resolvable function. O

The conditions for the fuzzy topological spaces to become
fuzzy Baire spaces under fuzzy resolvable functions are given
in the following propositions:

Proposition 3.18. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X, T) onto another

718

HA)IA

=0. Thus,

On fuzzy resolvable functions — 718/723

fuzzy topological space (Y,S) and if Int (V2 f~ A A (1—
A)]) =0, where (A;) s are fuzzy open sets in (Y,S), then

(i) Int (VZ (LA ST AA (L= 2)]) =0in (X, T).

(ii) (X,T) is the fuzzy Baire space.

Proof. (i). Let f: (X,T) — (Y,S) be the fuzzy resolvable
function from (X,T) into (Y,S). Then, by the proposition
3.3, for fuzzy open sets (4;) s in (¥,S), (A f~HAA (1 —
Ai)])’s are fuzzy nowhere dense sets in (X T), where u is
the fuzzy closed setin (X,T). Now U A f~ [l A (l -] <

T (= ), means that Vi (A i (1= 29)]) <
o P (A0, ThenTn v s A(l— ) <
int V| f~ A A (1= 4;)]. By hypothesis, Int (V£ A A
(1 —=A:)]) = 0 and this implies that Int (V2 (LA f~ A4 A
(1= 2,)])) = 0in (X, T).
(ii). From (i), (V2 (UAF T AA (1= 4)])) =0,in (X, T).
Since (LA f~ A A (1 —A;)])'s are fuzzy nowhere dense sets
in (X,T),(X,T) is the fuzzy Baire space. O

Proposition3.19. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy topological space (X, T) into another
fuzzy topological space (Y,S) and if Int (V2 f~ A A (1—
A)]) =0, where (A;)'s are fuzzy open sets in (Y,S), then (X, T)
is a fuzzy second category space.

Proof. Let f: (X,T) — (Y,S) be the fuzzy resolvable func-
tion from (X, T) into (¥, S) and (A;)'s be fuzzy open sets in
(Y,S). By hypothesis, Int (V&2 £~ [&; A (1= 24;)]) = 0. Then,
by proposition 3.18, (X,T) is the fuzzy Baire space. Since
each fuzzy Baire space is the fuzzy second category space [by
theorem 2.35 ], (X, T) is the fuzzy second category space. [J

Proposition 3.20. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy topological space (X, T) into another
fuzzy topological space (Y,S) and if Int (V& f~'[A]) =0,
where (A;)'s are fuzzy open sets in (Y,S), then (X,T) is the
fuzzy Baire space.

Proof. Let f: (X,T) — (Y,S) be the fuzzy resolvable func-
tion from (X, T) into (Y,S). Then, by the proposition 3.3,
for fuzzy open sets (4;)'s in (Y,S), (LA £ A A (1= 2)])
s are fuzzy nowhere dense sets in (X,7), where u is the
fuzzy closed set in (X,T). Now uAfHAA(1-4)] <
PAFTHRIA = A) < f71A] and then, Int (VZ (u A
FHAA (L= A)]) < Int (Ve fHA). By hypothesis Int
(V2 £~ [A]) = 0 and this means that Int (V2 (LA fHAA

(1—=X)]) =0, where (LA f A A(1— l )]) s are fuzzy
nowhere dense sets in (X,T). Hence (X, T) is the fuzzy Baire
space. O

Proposition 3.21. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy topological space (X,T) into another
fuzzy topological space (Y,S) and if Int (V2 f~'[A]) =0

where (A;)'s are fuzzy open sets in (Y,S), then (X,T) is the
fuzzy second category space.



Proof. Let f: (X,T) — (¥,S) be the fuzzy resolvable func-
tion from (X, T) into (Y,S). By hypothesis, Int (Vi f~1[A;]) =
0, where (4;)'s are fuzzy open sets in (Y,S). Then, by the
proposition 3.20, (X,T) is the fuzzy Baire space. By the
theorem 2.35, each fuzzy Baire space is the fuzzy second
category space and hence (X,T') is the fuzzy second category
space. U

Proposition 3.22. If f: (X,T) — (Y, S) is the fuzzy resolvable

Sunction from the fuzzy topological space (X, T) onto another

fuzzy topological space (Y,S) and if (A;)'s are fuzzy open sets
n (Y,9),CLUAZ 8V ANV (1=L)]]) =1, where § € T.

Proof. Let f:(X,T) — (Y,S) be the fuzzy resolvable func-
tion from (X, T) onto (¥,S) and (4;)’s be fuzzy open sets in
(Y,S). Then, by proposition 3.18 (i), Int (V32 (u A £ A
(1—A;)]) = 0. This gives that 1 —Int (V2 (LA fH LA (1—
)] =1—0=1.Then, Cl (1— (V2 (LAFfIAA(1=1)]) =
Land C1 (A2, (1 —{uAf 1A A(1=A)]}) = 1. This gives
that C1 (A2, [(1— )]V (1— £~ A (1= A)])]) = Lin (X, T)
and this implies that C1 (A7, [(1— )]V AV (1=A)]]) =
1.Let § = 1 —p. Hence Cl (A2, 8V AV (1-4)]]) =1,
where 6 € T O

The condition for the fuzzy continuous function between
fuzzy topological spaces to be fuzzy resolvable function , is
given in the following proposition:

Proposition 3.23. If f: (X,T) — (Y,S) is the fuzzy con-
tinuous and fuzzy skeletal function from the fuzzy topolog-
ical space (X,T) into a fuzzy topological space (Y,S), then
f:(X,T)— (Y,S) is the fuzzy resolvable function.

Proof. The proof follows from the theorem 2.37 and the
proposition 3.11. O

4. Fuzzy resolvable functions and fuzzy
globally disconnected spaces

Proposition 4.1. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy topological space (X,T) into the fuzzy
globally disconnected space (Y,S). Then,

(i) If A is the fuzzy nowhere dense set in (Y,S), then 1 —
f~Y(A) is the fuzzy resolvable set in (X, T).

(ii) If A is the fuzzy semi-closed set in (Y,S), then 1 —
f~Y(A) is the fuzzy resolvable set in (X, T).

Proof. (i). Let A be the fuzzy nowhere dense set in (Y,S5).
Because (X, T) is the fuzzy globally disconnected space, by
the theorem 2.12, A is the fuzzy closed set in (X, T') and hence
1 — A is the fuzzy open set in (X,T). Since f: (X,T) —
(Y,S) is the fuzzy resolvable function , f~!'(1 — 1) is the
fuzzy resolvable setin (X,T). Now f~'(1-1)=1—f"1(1),
implies that 1 — f~!(1) is the fuzzy resolvable set in (X,T).
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(ii). Let A be the fuzzy semi-closed set in (Y,S). Because
(X,T) is the fuzzy globally disconnected space, by the theo-
rem 2.13, A is the fuzzy closed set in (X,T) and hence 1 — A
is the fuzzy open setin (X, T). Since f: (X,T) — (¥,S) is the
fuzzy resolvable function, f~!(1 — 4) is the fuzzy resolvable
setin (X,T) and hence 1 — f~!(A) is the fuzzy resolvable set
in (X,T). O

Proposition 4.2. If [ : (X,T) — (Y,S) is the fuzzy resolv-
able function from the fuzzy topological space (X, T) into the
Juzzy globally disconnected space (Y,S) and A is the fuzzy
o-open set in the fuzzy globally disconnected space (Y,S),
then f~1(A) is the fuzzy resolvable set in (X,T).

Proof. Let A be the fuzzy a-open set in (Y,S). Since (Y, S) is
the fuzzy globally disconnected space, by the theorem 2.14,
A is the fuzzy open set in (V,S). Since f: (X,T) — (Y, S) is
the fuzzy resolvable function, f~!(1) is the fuzzy resolvable
setin (X, 7). O

Proposition 4.3. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy topological space (X, T) into the fuzzy
strongly irresolvable and fuzzy globally disconnected space
(Y,S) and A is the fuzzy dense and fuzzy Gg-set in (Y,S), then
F~Y(A) is the fuzzy resolvable set in (X, T).

Proof. Let A be the fuzzy dense and fuzzy Gg-set in (Y,S).
Since (Y, S) is the fuzzy strongly irresolvable and fuzzy glob-
ally disconnected space, by the theorem 2.15, A is the fuzzy
open set in (Y,S). Because f: (X,T) — (¥,S) is the fuzzy
resolvable function, f~!'(1) is the fuzzy resolvable set in
(X,T). O

Proposition 4.4. If f: (X, T) — (Y,S) is the fuzzy resolvable
function from the fuzzy topological space (X,T) into the fuzzy
Baire, fuzzy strongly irresolvable and fuzzy globally discon-
nected space (Y,S) and A is the fuzzy first category set in
(Y,S), then 1 — f~Y(A) is the fuzzy resolvable set in (X,T).
Proof :

Proof. Let A be the fuzzy first category set in (Y,S). Because
(X,T) is the fuzzy Baire, fuzzy strongly irresolvable and
fuzzy globally disconnected space, by the theorem 2.16, A is
the fuzzy closed set in (X,T) and hence 1 — A is the fuzzy
open set in (X,T). Because f: (X,T) — (¥,S) is the fuzzy
resolvable function, f~!(1— 1) is the fuzzy resolvable set in
(X, T). This implies 1 — f~!(2) is the fuzzy resolvable set in
(X,T). O

Proposition 4.5. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy topological space (X,T) into the fuzzy
globally disconnected and fuzzy hyper-connected space (Y,S)
and for the fuzzy set A defined onY Int (1) #0in (Y,S), then
F~Y(A) is the fuzzy resolvable set in (X,T).

Proof. Let A be the fuzzy set defined on Y such that Int (1) #
01in (Y,S). Because (Y,S) is the fuzzy globally disconnected
and fuzzy hyper-connected space, by the theorem 2.17, A is

o
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the fuzzy open set in (Y, S). Because f : (X,T) — (¥,S) is the
fuzzy resolvable function , f~1(A) is the fuzzy resolvable set
in (X,T). O

Proposition 4.6. If f : (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X,T) into the fuzzy
globally disconnected and fuzzy P-space (Y,S), then for the
fuzzy Baire set A in (Y,S), f~1(A) is the fuzzy resolvable set
in (X,T).

Proof. Let A be the fuzzy Baire set in the fuzzy globally
disconnected and fuzzy P-space (X,T). Then, by the the-
orem 2.18, A is the fuzzy open set in (X,T). Because f :
(X,T) — (Y,S) is the fuzzy resolvable function from (X,T)
into (¥,S), f~' () is the fuzzy resolvable setin (X, 7). [

Proposition 4.7. If f: (X,T) — (Y,S) is the fuzzy semi-
continuous function from the fuzzy globally disconnected
space into the fuzzy topological space (Y,S) and each fuzzy
semi-open set is fuzzy dense in (X,T), then f: (X,T) — (Y,S)
is the fuzzy resolvable function.

Proof. Suppose that f: (X,T) — (¥,S) is the fuzzy semi-
continuous function from the fuzzy globally disconnected
space (X,T) into a fuzzy topological space (Y,S). Now, for
the non-zero fuzzy open set A in (¥,S), f~' (1) is the fuzzy
semi-open set in (X, T). By hypothesis the fuzzy semi-open
set is fuzzy dense in (X, T) and hence f~'(1) is the fuzzy
semi-open and fuzzy dense set in the fuzzy globally discon-
nected space (X,T). Then, by the theorem 2. 19, f~1(1) is
the fuzzy resolvable set in (X,T). Hence, for the non-zero
fuzzy open set A in (¥,S), f~' (1) is the fuzzy resolvable set
in (X,T), means that f : (X,T) — (Y,S) is the fuzzy resolv-
able function. 0

Proposition 4.8. If f : (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy globally disconnected space (X,T)
into another fuzzy topological space (Y,S), then for the fuzzy
open set A in (Y,S),[uAf~H (AN (1—RQ))] is the fuzzy closed
setin (X,T).

Proof. Supposethat f: (X,T) — (Y,S) is the fuzzy resolvable
function from (X, 7) into (Y,S). Then, for the fuzzy open set
A in (Y,S), by the proposition 3.3, u A f~H(AA(1—1)) is
the fuzzy nowhere dense set in (X,T). Because (X,T) is
the fuzzy globally disconnected space, by the theorem 2.33,

1—[uAfY(AA(1—2))]is the fuzzy dense and fuzzy open
setin (X, T). Then, [u A f~'(A A (1—2))] is the fuzzy closed
setin (X, T). O

Proposition 4.9. If f : (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X,T) into the fuzzy
globally disconnected space (Y,S), then,

(i) If A is the fuzzy nowhere dense set in (Y,S), f~
the fuzzy resolvable set in (X,T).

(M) is

(ii) If A is the fuzzy semi-closed set in (Y,S), f~!
fuzzy resolvable setin (X, T).

(M) is the
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Proof. The result follows from the proposition 4.1 and the
theorem 2.10. O

5. Fuzzy resolvable functions and fuzzy
hyperconnected spaces

The condition for fuzzy continuous functions between
fuzzy topological spaces to become fuzzy resolvable functions,
is given in the following proposition :

Proposition 5.1. If f: (X,T) — (Y,S) is the fuzzy con-
tinuous function from the fuzzy hyperconnected space
(X,T) into the fuzzy topological space (Y,S), then f :
(X, T)— (Y, S) is the fuzzy resolvable function.

Proof. Suppose that f: (X,T) — (Y,S) is the fuzzy contin-
uous function from the fuzzy hyperconnected space (X,T)
into the fuzzy topological space (Y,S). Now, for the non-zero
fuzzy open set A in (Y,S), f~'(1) is the fuzzy open set in
(X,T). Because (X ,T) is the fuzzy hyperconnected space, the
fuzzy open set f~1(A) is the fuzzy dense set in (X,T’) an thus
Cl (f~'(1)) =1, in (X,T). Now for the fuzzy closed set u
in (X,7),CluAf' (A )]/\Cl[u/\(l —f

L(A))] < [CT() A
Iy @NIAICI) ACI1 = ()] = [ AT A ACI(1 -
£7HQ) = A ACH—f ()] = (1= (2)] =

)

UA[L—f~Y(A)], in (X,T). Then, Int Cl {CI[u A f~1(A)] A
Clla (1 = 1))~ mcifu A 11 =7 (4]}
< In{Cl() N CI[1 — f O} = t{p A1 = YA}
= Int(u) Ant[1 = f~H(A)]} = Int(u) A{1 = CI[f~ ( )} =
Int(,u) (1-1)= Int(u) A0 = 0. That is, Int Cl {Cl[u A
YA ACHu A (1= f7Y(A)} = 0. Thus f~'(1) is the
fuzzy resolvable setin (X, T'). Hence the function f: (X,T) —
(Y,S) is the fuzzy resolvable function. O

Example 5.1. Consider the set X = {a,b,c}. Let I = [0, 1].
The fuzzy sets A, 1L, o and B are defined on X as follows :

A : X — Iis defined byA(a) = 0.5;4(b) = 0.6;A(c) =
U : X — Iis defined by (a) = 0.5;u(b) = 0.7, u(c) =
o : X — lis defined bya(a) = 0.6;0(b) = 0.5;a(c) = 0.6
B : X — Iis defined byP(a) = 0.6; 3(b) = 0.5;B(c) =

Now T ={0,A,u,1} and S = {0,a, B, 1} are fuzzy topolo-
gies for X. By computation, one can find that Cl (A) = 1 and
Cl (u) = 1. Hence (X,T) is the fuzzy hyperconnected space.
Also by computation, one can find that

IntCl([cl{(1 = M) ALY A[cl{(1=2) A (1=2)}]) =0,
IntCl([cl{(1 = W) AAA[el{(1—u)A(1=21)}]) =0,
IntCl([el{(1 = 2) A A[el{(1 =A) A (1= p)}]) =0,
IntCl([cl{(1 = ) A} A [el{(1 =) AN(1—p)}])) =0

This means that A and | are fuzzy resolvable sets in (X, T).
Now define the function f : (X,T) — (Y,S) by f(a) =b; f(b) =

c; f(c) = a. By computation, f~'(a) = A and f~'(B) =u
and A and U are fuzzy open sets in (X,T), implies that f :
(X,T) — (Y,S) is the fuzzy continuous function. Also A and
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U are fuzzy resolvable sets in (X,T). Thus f: (X,T) —
is the fuzzy resolvable function from (X, T) into (X,S).

(¥.$)

Proposition 5.2. If f: (X,T) — (Y,S) is the somewhat fuzzy
continuous function from the fuzzy globally disconnected and
Juzzy hyperconnected space (X,T) into a fuzzy topological
space (Y,S), then [ : (X,T) — (Y,S) is the fuzzy resolvable
function.

Proof. Let f: (X,T) — (Y,S) be the somewhat fuzzy contin-
uous function from (X, T) into (¥,S). Then, for the non-zero
fuzzy open set A in (Y,S),Int[f~'(1)] # 0, in (X,T). Be-
cause (X, T) is the fuzzy globally disconnected and fuzzy hy-
perconnected space, by the theorem 2.20, f~!(A) is the fuzzy
resolvable set in (X, T). Hence, for the non-zero fuzzy open
set A in (¥,S), f~'(4) is the fuzzy resolvable set in (X, T).
Thus f: (X,T) — (Y,S) is the fuzzy resolvable function. [J

Proposition 5.3. If f: (X,T) — (Y,S) is the fuzzy simply
* continuous function from the fuzzy hyper-connected space
(X, T) into the fuzzy topological space (Y,S), then f: (X,T) —
(Y,S) is the fuzzy resolvable function.

Proof. Suppose that f: (X,T) — (Y,S) is the fuzzy simply
* continuous function from the fuzzy hyper-connected space
(X,T) into the fuzzy topological space (Y,S). Then, by the
theorem 2.22, f is the fuzzy simply continuous function. By
the proposition 3.11, f: (X,T) — (¥,S) is the fuzzy resolv-
able function. O

Proposition 54. If f: (X,T) — (Y,S) is the fuzzy pseudo-
continuous function from the fuzzy hyperconnected space
(X,T) into the fuzzy topological space (Y,S) and then f :
(X,T) — (Y,S) is the fuzzy resolvable function.

Proof. Suppose that f: (X,T) — (¥,S) is the fuzzy pseudo-
continuous function from the fuzzy hyperconnected space
(X, T) into the fuzzy topological space (Y,S). Now for the non-
zero fuzzy open set A in (¥,S), f~'(1) is the fuzzy pseudo-
open set in (X,7T). Because (X,T) is the fuzzy hypercon-
nected space, by the theorem 2.24, the fuzzy pseudo-open
set f~1(A) is the fuzzy resolvable set in (X,T) and thus
f:(X,T)— (7,S) is the fuzzy resolvable function. O

Proposition 5.5. If f: (X,T) — (Y,S) is the fuzzy resolv-
able function from the fuzzy hyperconnected space (X, T) into
another fuzzy topological space (Y,S), then either there ex-
ists no non-zero fuzzy regular open set 8 in (X,T) such that
§<CU(1— 1)V W) or CL(F (1= A)VAD = 1,
in (X,T).

Proof. Let f: (X,T) — (Y,S) be the fuzzy resolvable func-
tion from (X, T) into (Y,S). Then, for the fuzzy open set A
in (7,S), by the proposition 3.7, there exists a fuzzy regular
open set § in (X, T) such that § < cl[(1— £~ (1)) Vf~1(A)].
Since (X,T) is the fuzzy hyperconnected space, by the the-
orem 2.32, 1x and Oy are the only fuzzy regular open sets
in (X,T) and hence either § = 0x or § = lx, in (X,T). If
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6 = Oy, then there exists no non-zero fuzzy regular open
set 8 in (X, T) such that § < CI[(1 — f~'(A)) v f~1(A)]. If
8 =1lx,then 1 <CI[(1—f~'(A))Vf~1(X)]. Thatis, CI [(1—
FYA) VY A)]=1and thus Cl (f~{(1-A)VA}) =1,
in (X,T). O

Proposition 5.6. If f: (X,T) — (Y,S) is the fuzzy continuous
Sunction from the fuzzy hyperconnected space (X,T) into the
fuzzy topological space (Y,S), then f~'{(1—A)V A} is the
fuzzy somewhere dense set in (X,T).

Proof. Suppose that f: (X,T) — (Y,S) is the fuzzy contin-
uous function from the fuzzy hyperconnected space (X,T)
into the fuzzy topological space (¥,S). Then, by the proposi-
tion 5.1, f: (X,T) — (Y,S) is the fuzzy resolvable function.
Now, for the fuzzy open set A in (Y,S), by the proposition
3.7, 7Y (1 —A) Vv A} is the fuzzy somewhere dense set in
(X,T). m

Proposition 5.7. If f: (X,T) — (Y,S) is the fuzzy continuous
Sfunction from the fuzzy hyperconnected space (X,T) into the
fuzzy topological space (Y,S), then there exists a fuzzy resolv-
able set w in (X, T) such that u < CI[f ' {(1-21)VA}].

Proof. Let f: (X,T)— (Y,S) be the fuzzy continuous func-
tion from the fuzzy hyperconnected space (X,T) into the
fuzzy topological space (Y,S), then by the proposition 5.6,
F~Y(1—=A)V A} is the fuzzy somewhere dense set in (X, T).
This implies that Int CI [f~'{(1 —A) vV A}] # 0 and then there
exists a fuzzy open set 1t in (X, 7') such that u < CI[f~'{(1—
A)V A}]. Because (X,T) is the fuzzy hyperconnected space,
by the proposition 5.1 , the fuzzy open set u is the fuzzy
resolvable set in (X, T). Thus, there exists a fuzzy resolvable
set i in (X, T) such that u < CI[f~{(1—-2)VA}]. O

Proposition 5.8. If f: (X,T) — (Y,S) is the fuzzy continuous
Sunction from the fuzzy hyperconnected space (X,T) into the
fuzzy topological space (Y,S), then for the fuzzy open set A in
(Y,S),f Y (A) V u is the fuzzy resolvable set in (X, T), where
W is the fuzzy nowhere dense set in (X, T).

Proof. Let f: (X,T)— (Y,S) be the fuzzy continuous func-
tion from (X, T) into (¥,S). Then, for the fuzzy open set A
in (¥,S),f~'(1) is the fuzzy open set in (X,T). Now, for
the fuzzy nowhere dense set g in (X,T),f~'(1)V u is the
fuzzy simply % open set in (X, T'). Because (X, T) is the fuzzy
hyperconnected space, by the theorem 2.29, f~!(1)V u is the
fuzzy simply open set in (X, 7T) and then, by theorem 2.21,
f~Y(A)V u is the fuzzy resolvable set in (X, T). O

Proposition 5.9. If f : (X,T) — (Y,S) is the somewhere fuzzy
continuous function from the fuzzy hyperconnected space
(X,T) into another fuzzy topological space (Y,S), then for the
fuzzy open set A in (Y,S),

(i) f7AV (1 —=2)] is the fuzzy dense set in (X, T).

(ii) Int (f'AV(1=2)])#£0, in (X,T).



Proof. (i) Suppose that f: (X,T) — (Y,S) is the somewhere
fuzzy continuous function from (X, T) into (¥,S). Then, for
the fuzzy open set A in (Y, S), f~' (1) is the fuzzy somewhere
dense set in (X, T). Since (X,T) is the fuzzy hyperconnected
space, by the theorem 2.31, for the fuzzy somewhere dense
set () in (X,T),clLf 1 APV AT = [F ()]} = 1, in
(X, 7). But fHA)V (A= [ A)]) =fHA)v -
My=f1AVv(1—-2A)]and then CI (f'[AV(1-1)]) = 1.
Hence f~'[A V (1 —A)] is the fuzzy dense set in (X,T).

(ii). Because (X,T) is the fuzzy hyperconnected space,
by the theorem 2.34, (X, T) is the fuzzy irresolvable space.
Hence, for the fuzzy dense set f ' [A vV (1—A1)]in (X, T),cl(1—
F7UAV(1—=21)]) # 1. This implies that 1 —Int(f~'[A V (1 —
A)]) # 1. Hence, Int(f'[AV (1 —A)]) #0,in (X, T).

O

6. Fuzzy resolvable functions and other
fuzzy topological spaces

Proposition 6.1. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sfunction from the fuzzy perfectly disconnected space (X,T)
into another fuzzy topological space (Y,S), then for the fuzzy
open set A in (X,T),uu < f~Y AV (1=2))], where u is the
fuzzy closed set in (X,T).

Proof. Let f:(X,T) — (Y,S) be the fuzzy resolvable func-
tion from (X,7T) into (Y,S). Then, for the fuzzy open set
A in (Y,S), by the proposition 3.3, u A f~ 1A A (1—2)] is
the fuzzy nowhere dense set in (X,T). Since (X,7) is the
fuzzy perfectly disconnected space (X,T), by the theorem
2.26, the fuzzy nowhere dense set A f~ (A A(1—1)) =0,
in (X,7T) and then u < 1—[f~'(A A (1—A))]. This implies
that u < f~1(A V(1= 1)), where y is the fuzzy closed set in
(X,T). O

Proposition 6.2. If f: (X,T) — (Y,S) is the fuzzy resolvable
Sunction from the fuzzy topological space (X,T) into the fuzzy
submaximal and fuzzy P-space (Y,S), then for the fuzzy Baire
set A in (Y,S), f~'(A) is the fuzzy resolvable set in (X,T).

Proof. Let A be the fuzzy Baire set in the fuzzy submaximal
and fuzzy P-space (Y,S). Then, by the theorem 2.27, A is
the fuzzy open set in (Y, S). Since f: (X,T) — (7,S) is the
fuzzy resolvable function from (X, T) into (¥,S),f (1) is
the fuzzy resolvable set in (X,T).

O

Proposition 6.3. If f: (X,T) — (Y,S) is the fuzzy Baire con-
tinuous function from the fuzzy hyperconnected, fuzzy submax-
imal and fuzzy P-space (X, T) into the fuzzy topological space
(Y,S), then f: (X,T) — (Y,S) is the fuzzy resolvable function
from (X,T) into (Y,S).

Proof. Let f: (X,T)
ous function from (X
open set A in (Y, S), f

— (Y, S) be the fuzzy Baire continu-
,T) into (Y,S). Then, for the fuzzy
~1(Q) is the fuzzy Baire set in (X,T).
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Since (X,T) is the fuzzy hyperconnected, fuzzy submaxi-
mal and fuzzy P-space, by the theorem 2.30, the fuzzy Baire
set f~1(A) is the fuzzy resolvable set in (X,T) and hence
f:(X,T) — (¥,S) is the fuzzy resolvable function from
(X,T) into (7,S5).

O

Proposition 6.4. If f : (X,T) — (Y,S) is the fuzzy resolv-
able function from the fuzzy topological space (X, T) into the
Sfuzzy strongly irresolvable, fuzzy globally disconnected space,
and fuzzy P-space (Y,S), then for the fuzzy Baire set A in
(Y,S),f~Y(A) is the fuzzy resolvable set in (X,T).

Proof. Let A be the fuzzy Baire set in the fuzzy strongly
irresolvable and fuzzy globally disconnected space and fuzzy
P-space (Y,S). Since (V,S) is the fuzzy strongly irresolvable
and fuzzy globally disconnected space, by theorem 2.36 (Y, S)
is the fuzzy submaximal space. Hence (Y,S) is the fuzzy
submaximal and fuzzy P-space. Then, by the theorem 2.37,
A is the fuzzy open set in (Y,S). Since f: (X,T) — (Y, S) is
the fuzzy resolvable function from (X, T) into (Y,S), f~' (1)
is the fuzzy resolvable set in (X, T). O

Theorem 6.5. [15] If cl (A2 (Ai)) = 1, where (A;)'s are
Juzzy dense sets in the fuzzy submaximal space (X,T), then
(X, T) is the fuzzy Baire space.

Theorem 6.6. [15] If the fuzzy topological space (X,T) is
the fuzzy submaximal Baire space, then (X,T) is the fuzzy
D-Baire space.

The conditions for fuzzy topological spaces to become
fuzzy Baire spaces under fuzzy resolvable functions are given
by the following proposition:

Proposition 6.7. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy submaximal space (X, T) onto another
Suzzy topological space (Y,S) then (X,T) is the fuzzy Baire
space.

Proof. Suppose that f: (X,T) — (Y,S) is the fuzzy resolvable
function from (X, T) onto (Y, S) and (4;)’ s be fuzzy open sets
in (Y,S). Then, by the proposition 3.22, C1 (A7 [8 V 1[4,V
(I1=A)]] =1, where 8 € T. Since f: (X,T) — (¥,S) is the
fuzzy resolvable function, for the fuzzy open sets (4;)’ s in
(Y,S), by the proposition 3.4, {3V f~ 1AV (1 —24)VA]}s
are fuzzy dense sets in (X, T), where 6 € T. Since (X,T) is
the fuzzy submaximal space, by the theorem 6.5, (X, T) is the
fuzzy Baire space. O

The conditions for fuzzy topological spaces to become
fuzzy D- Baire spaces under fuzzy resolvable functions are
given in the following proposition:

Proposition 6.8. If f: (X,T) — (Y,S) is the fuzzy resolvable
function from the fuzzy submaximal space (X, T) onto another
fuzzy topological space (Y,S) then (X, T) is the fuzzy D- Baire
space.

Proof. The result follows from the proposition 6.7 and the
theorem 6.6.
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