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The study of effects of surface tension, magnetic
field and non-uniform salinity gradients on the onset
of double diffusive convection in composite system

R. Sumithra ' and B. Komala ¢*

Abstract

The effects of surface tension, magnetic field and basic non - uniform salinity gradients on the onset of double
diffusive convection is studied analytically in composite system comprising an incompressible, two component,
electrically conducting fluid lying above a saturated porous layer of the same fluid in the presence of vertical
magnetic field imposed. The governing partial differential equations are solved by the method of regular
perturbation. The upper boundary of the fluid layer is free and the lower boundary of the porous layer is rigid,
insulated to heat and mass. The fluid flow in porous layer is governed by the Darcy-Brinkman equation. The
critical Rayleigh number which exhibits the stability of the system is accomplished for piece wise linear salting
below, desalting above and step function salinity gradients. We have figured out that by increasing Darcy number,
due to the presence of magnetic field the convection is accelerated in all the three non uniform salinity gradients
considered.
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porous and fluid layers by using linear stability analysis for
an empirical interfacial condition at the fluid-porous inter-
face suggested by Beavers and Joseph. Chen et al., (1991)
discussed the onset of buoyancy-driven convection due to
heating from below in a system consisting of a fluid layer
overlying a porous layer with anisotropic permeability and
thermal diffusivity. Convective instability in a liquid saturated
porous layer due to surface tension and/or buoyancy forces
has also been investigated by Hennenberg, M.Z et al.,(1997
), N. Rudraiah et al (1998) and references therein . Shivaku-
mara et al. (2006) studied the onset of Marangoni convection
in a composite porous-layer system and the Beavers-Joseph
slip condition is used at the interface and the Darcy law is
employed to describe the flow in the porous medium. Shiv-
akumara et al. (2011) investigated the criterion for the onset
of surface tension-driven convection in the presence of tem-
perature gradients in a two-layer system comprising a fluid
saturated anisotropic porous layer over which lies a layer of
fluid. The lower rigid surface is assumed to be insulated to
temperature perturbations, while at the upper non-deformable
free surface a general thermal condition is invoked. Both
the Beavers—Joseph and the Jones conditions have been used
at the interface to know their preference and prominence in
the study of the problem. The resulting eigenvalue problem
is solved exactly and also by regular perturbation technique
when both the boundaries are insulating to temperature pertur-
bations.

The purpose of the present work is to derive the analytical
expression for critical Rayleigh number for the onset of con-
vection for basic non - uniform salinity gradients and hence
the influence of various physical parameter on the stability of
the system through graphical interpretations.

2. Problem Configuration

The composite system with free top layer and rigid bot-
tom layer is considered. At the interface, the velocity, shear
stress, normal stress, heat, heat flux, mass and mass flux are
presumed to be continuous with magnetic field along verti-
cal z - axis. The governing equations following the laws of
conservation of mass, solenoidal property of magnetic field,
momentum, heat and salinity, with Boussinesq approximation
are as below
For region-1,

Vg = 0 @1
V-H = 0 (2.2)
aq — - 2=
po |5+ V)G =-VP+uV G+ pgk+
w(A-V)H 23
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aT

= F@vT= KV2T (2.4)
%f +(g-V)C=DV?C (2.5)
0H Lo -
p=po[l —04(T—Tp)+ o (C—Co)] 2.7
and for region-2,
VoiGm = 0 2.8)
Vou-H = 0 (2.9)
1 azjm 2
2 —Vu P+ uV3g
Po e o1 + +u
%Qm ngk-f—lip ( )H+ \/—Cb‘qmlcbn
(2.10)
oT, .
A at”’ + (G- Vi) Tp = K V2 T (2.11)
8C
e+ (Gn- Vi) Cn = D, V3G, (2.12)
0H q .
e = Vou X G X Hy + Ve V2, H,yy (2.13)
Pm = Po [1 — Oy (Tm - TO) + Otsm (Cm - CO)] (214)

The basic steady state is assumed to the quiescent, since the
stability of the basic solution is at interest, the basic equations
are then perturbed by considering infinitesimal perturbations.
The perturbed variables are then rendered dimensionless and
subjected to normal mode analysis. An Eigen value problem
with the subsequent ordinary differential equations is attained
by presuming that the principle of exchange of instabilities
holds good for composite system.

In region-1
(D*— @)*W = Ra*® — Rya®S — QD*W (2.15)
(D*—a®)O+W =0 2.16)
T(D*—a’)Z+Wg(z) =0 2.17)
In region-2
((D},—az) B —1) (D} —al) W =
(Rn®m — RgmZm) ayzn - QmD,anm (2.18)
(D3~ a3) O+ Wy =0 2.19)
Tpm (Di - al2n) L+ Wagm (Zm) =0 (2.20)
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3. Boundary conditions

To obtain the solution of the above ordinary differential
equation, the following boundary conditions are used
At z,, = d,, the boundary conditions are

oW 0T, oS,
Wm 9 aZm ) aZm ) aZm
At z = d the boundary conditions are,
92
Y M0 +M2S =0,
07>
00 S
w ’ 3Z 9 az
At z =0 and z,,, = 0 (following Nield (1977)),
ow  dwp,
= ms _= 5 T == T 5
w=wy 7z 92, n
K'al =K % S — S Kﬁ = K. aﬁ
8Z - m aZ’n? — My az - S azin7
2%\ ow Wy OW
Vif | — =2
u( 2+8z2> dz K 8zm+
2%\ dw,
2 2 m

3V — ) —

i < et 32%1) Izm’

2w 3w,
(53] (< o)

The above boundary conditions are made dimensionaless and
exposed to Normal mode expansion which are as below,

D*W(1)+Ma*®(1) +Ma*S(1) =0,
W(1)=0, DO(1)=0, W,(0)=0,
DuW,, (0) =0, D,,0,,(0)=0,

DSy (0) =0, DS(0)=D,Su(1),
TW(0) =W, (1), TdDW(0)=D,W,(1),

Td* (D*+a*)W(0) = i (D5 +az,) Wn(1),

0(0) = 70,(1),

DS(1) =0, S(0)=S8S,(1),

Td*B* (D*W(0) — 3a*>DW(0)) =

Dy W (1) (ﬂﬁsznWm (H)—1)— 3ﬂﬁ2a,2anWm (1.

4. Solution by Regular Perturbation
technique
For the constant heat and mass flux boundaries, convection

sets in at small values of horizontal wave number a, accord-
ingly, we expand

w - [W
0 | =Y da’| 0 .1
S =0 S;
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Wm Y ij
6n | =Y (da) O j 4.2)
Sm J=0 Smj

Substituting equation (4.1) and (4.2) in equations (2.15) to

(2.20) we get the following leading order equations in a” as,

For the fluid layer

D*Wy — QD*Wy =0 (4.3)

D*@y+ Wy =0 (4.4)

D?Lo+Wog(z) =0 4.5)
For the porous layer,

LB%D2% Wyno — D2 Wio — QD2 Wio = 0 (4.6)

D280+ Wi =0 4.7)

Tml),znzm() + Winogm (Zm) =0 (4.8)

The boundary conditions to solve the above first order equa-
tions are,
Wo(1) =0, D*Wp(1) =0, DOy(1) =0,
DSo(1) =0, TdDWy(0) = DyWyo(1),
Td*D*Wy(0) = D;Wono (1),
DO(0) = DpnOpo(1),
50(0) = 8S,0(1),  DSo(0) = DyuSmo(1),
Td> B> D*Wo(0) = —DyuWono (1) + 1B D;, W (1),
TWo(0) =Wino (1),  DpSmo(0) =0,
©0(0) = T0(1),  DwOpo(0) =0,
Wino(0) =0, Dy Wino(0) =0,

With an arbitrary factor, the solutions for zero order equations
are:

Wo(z)=0, So(2)=S8, ©(2)=T,
Win (Z) =0, Simo (Z) =1, O (Z) =1.
The equations at first order in a® are
For the fluid layer
D*W, — OD*W, —RT +R,$ =0 (4.9)
D*@ —T+W; =0 (4.10)
tD’L; — 1S+ Wig(z) =0 4.11)
For the porous layer,
B> Dy Wit — Dy Wyt — Qi8> D Wyt —
Ry+Ryn =0 (4.12)
D20, — 1+ Wy =0 (4.13)
T Dy Znt — T+ Wit @ (2m) = 0 (4.14)
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The corresponding boundary conditions are,

D*Wi (1) +M®q (1) +M;So (1) =0,
DO(1)=0, DS;(1)=0,W,;(0)=
Wi(1) =0, D,uWu(0)=0,
D01 (0) =0, D,S,1(0) =0,
TW1(0) = d*Wui (1), ©;(0) =
TdDW,(0) = d*D,,W,1 (1),
Td*D*W;(0) = QD2 W, (1)d?,
DS1(0) = d*DypSmi (1),

DO (0) = d*Dy @, (1), S1(0) = 8d>S, (1),
Td*B*D*W;(0) = —d*DyWi1 (1)

+ AB2d* DA W (1).

0,

Td*0,,(1),

The solutions of the Eqs.(4.9) and (4.12) give W and W,
respectively which are important in obtaining the Eigen values
and are found to be,

2

Wi (z) = a1 +arz+as — (RT —R,S) ZZ—Q (4.15)
2.2
m m =b b m bs — Rm*Rsm —
Wint (zm) = b1 +bazm +bs — ( )2(1+Qm[32)
(4.16)
1 2
where § = —;%;ﬁ and ay, aj, as, a4 and by, by, b3, by

are found using the velocity boundary conditions as below

py— B186 —83hs) & (AsAs—AiA)
(A2As — AjAs)’ (A2Ay—AjAs)
by = —by, by=—-b/C,

bs = bycosh (Lzm) + basinh ({zm) ,

B —u&?cosh¢  d*(coshg —1) _2R

a) = b3 ( TQ + ’f Q
o 2 (cinhé —
10 T

e (e __ 2Rm

"\te"T) T Tdpovo
a3 = %R T g (3¢ cosh +buL sinkg —2R,]
4 — <a’sn}hg —A\/§> b3+

2dR

(dcosh{: —B\/>> by

733
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as =b3A+bsB+C,

as = sech (\/éz) <a3 + agtanh (\/éz)) ,
_ C(APPE2 1) sinh¢
Tdpove
¢ (AaB*L%coshl — coshE +1)
Tdp*Qv/Q '

B:

4.1 Solvability condition

The solvability condition is obtained by using equations (4.10),
(4.11), (4.13) and (4.14) with their respective boundary condi-
tions as below

1 1 1
/Wle+Tprn/WIg(Z)dZ+d?/Wnlem+
0 0 0

td? / Woni8m (zm) dam =T +d* + T Ty (S+d°)

4.17)

By substituting expressions for W,,, and W,,;; in equation (4.17)
we obtain an expression for critical Rayleigh number for dif-
ferent basic salinity profiles which are as discussed below.

4.2 Piecewise linear salting below salinity profile :
For this case following Currie (1967),

()7 8_17 0<z<e
W= 0, e<z<1
-1
_ Sm; ngmggm
gm(z’”){ 0, &n<zm<l

For this profile, the critical Rayleigh number is established

K A37

from (4.17) and is accessed as R.4 = , where &'s are

38
given by

mSinh
6 = sinh\/@-F TpmSInR (EVEL 8[8\/@ 5
8 — coshy/O— 1+ Tpm (cosh [€/O] — 1)

=

. Tsinh [§€y)
63 = Slnhc =+ T,
T(cosh[Cen] — 1)

04 = cosh{ — 1+
03

=——-1-r7,

4

m

& ¢

05 56=C >

(1+7&m),
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o = <\§2Q) Ay7 +d*85A 16+ d* 8517
o (ltgt
d ( )
_ (& P 0
&= 70 Az1 —d”85A18 +d OsA19,
(& 2 o
09 = @ Axz —d“OsA14 +d”GAi5—

1+,
2

)Azs-f—
>A29+
>A21+

Azg = (14 Tpm) Aos + (
( é
(51
VO
Azg = (14 Tpm) Moo+ (
(Ve

VO
4.3 Piecewise linear desalting above salinity profile

1

Vo

= (14 Tpm) Aog + (

Ay + 87,

L+ eTyn
2

Az + G,

I+ ety
2

)A22+59

For this case following Vidal and Acrivos (1966) ,

(o) = 0, 0<z<(l—¢)

W=V e, (1—g)<z<1
_ 07 ngmg(lfgm)

gm(Zm)_{ grzl7 (1—8m)§Zm§1

For this profile, the critical Rayleigh number is established

from (4.17) and is accessed as
K Asz7

cSZTi

where, A’s and 8's are given by
Asg

(H%"(lf(lfs)z)),
~ (- em)3)) ,
8= % (sinh\@+ T’”"j”) ;
81 = sinh/Q — sinh (\@(1 76)) :
5 = % (cosh\/é— 1+ T””fl) :
831 = (cosh/0—cosh (VO(1-#))),

734

diffusive convection in composite system — 734/737

8y — %(I—FT’%" (1—(1—8)3))7
05 = ;<1+<1—(1_£1n)2)>7
8 = %(smhc —sinh(C(1— &),
& = % <coshC—1—|—;m>,

671 = Cosh —Cosh (£ (1 —¢,)),

81 =d* (86— 1—7)A16+d> (87— §85) A —
d* 3,

8 =d* (8 —1—17)A1s +d* (8 — £ 85) Ao,
Sio=d* (86— 1— 1) Aig+d* (8 — £ 85) Ass,

Asq = (1 + Tpm) Aoa + 81A25 + SrA06+
03A27 + g1,

Azs = (1 + Tpm) Aog + 6129 + O2A30+
03A31 — &9,

Ase = (1 + Tpm) Ago + 81421 + S0+
03423 — 84 — 610

4.4 Piecewise linear step function salinity profile

In this salinity gradient the basic concentration drops instantly
by AS at z = € and AS,, at z,, = &, otherwise uniform. Ac-
cordingly, g (z) = 6 (z—¢€) and gy, (zm) = O (2 — €n) Where
€ is the saline depth in region 1 and g, is the saline depth in
the region 2. The critical Rayleigh number for this profile is

where, A's

KA
obtained from (4.17) and is given by R.¢ = — 37

T Asg
and &'s are as below,

51 = 1+Tpm7 62 - +efpmy
h
& = sm\/\éf —&—Tpmcoshs\/>7
cosh\/Q .
04 = ——— + Typsinhe -,
7o eV 75
1
85 = 3 + Ty’ & = 3 + 182,
inh
8 = smc 6 + tcoshe, —1—1,
h 1
5 = 6‘02 C _i,_fsinhgem— Z — % _TC£m7

Azq = 81A24 + 82A25 + 83M06 + A7+

d* 8616+ d*1A17 — d* 8,

Ass = 81 Az + 8229 + 03A30 + OsA31 —
d*SA1s +d” &A1,

Azs = 01A20 + 0201 + 83A22 + 64A23 — 05—
d* 614 +d* A5
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5. Graphical Interpretations

Figure 1 depicts the variations of thermal Rayleigh num-
ber R, for Salting below, Desalting above and Step function

profiles with respect to the € for Da =0.01, k=1, =
5, =05, 1,,=075 R;=10, M;=100, =
10,6, =0.75, ¢=0.1, =25 ¢g=5 S=1T=
9.2
— SALTING BELOW PROFILE
9.1 \
\4> DESALTING ABOVE PROFILE
g ool N h
s > _
S T~
2 ssf ~ R
s ~ 7
= =~ -,
F< -7
E 88l ”,/’ ]
o e
87 W —
= STEP FUNCTION PROFILE
a5 ‘ ‘ ‘ ‘

0.0 0.2 0.4 06 0.8 1.0
SALINE DEPTH €

Figure 1. The variation of thermal Rayleigh number R, for
Salting below, Desalting above and Step function profiles
with respect to the saline depth €.

From the graph we have

Interval Stable Profile | Unstable Profile

0<e<03 Desalting Step function profile
above profile

0.3 <€ <0.85 | Salting below | Step function profile
profile

085<e<1 Salting below | Desalting above profile
profile

By selecting the relevant salinity profile, the onset of double
diffusive magneto — Marangoni convection in a composite
layer can be restrained.

Figure 2 (a), (b) and (c) depicts the effects of Da =
0.01, 0.02,0.03 on R, for Salting below, Desalting above
and Step function salinity profiles with respect to the € respec-

tively, fork =1, d=5, ©=0.5, 7,,=075 R;=
10, §=1, T=1, M;=100, M=10, &g,=0.75,
¢ =0.1, i =25 ¢g=>5. The curves are converging for

salting below and step function salinity profile showing that
the effect is less for greater values of €, also the curves are
diverging for desalting above profile showing that the effect
is larger as € increases. For a constant value of €, a small
increase in Da decreases R, thus the system is destabilized
and hence the onset of the convection is accelerated.

The effects of d = 5,6,7 on R, for Salting below, Desalt-
ing above and Step function profiles with respect to the €
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SALTING BELOW
90FT T T T T =]

—_—
—_ —
—_— — —

75+ -

70+ -

Da =003 __—e=="""
esf | == 4

SALINE DEPTH €

2a

CRITICAL RAYLEIGH NUMBER R,

95

—»Da = 0.01
90\‘¥

DESALTING ABOVE
T T

<
ﬁ ~———» Da=0.02
S 85 ~
2 ~
T N~ —~—
o ~ -
;1 So —_——
% ~
NS——————— =
2 g0 < Da = 0.03
<
Q
E
o
o

751 S~

—_——

SALINE DEPTH €

STEP FUNCTION PROFILE

e
-

CRITICAL RAYLEIGH NUMBER Rcg

®
°

o

5]

I

=1

=3

[
L

750 -, 4

70 /4 —

D‘O D‘Z 0‘4 0‘6 0‘8 1 ‘0
SALINE DEPTH €
2c
Figure 2. The effect of Darcy number Da on critical thermal

Rayleigh number R, with respect to saline depth €.
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CRITICAL RAYLEIGH NUMBER Rc4

CRITICAL RAYLEIGH NUMBER Rcs

CRITICAL RAYLEIGH NUMBER Rcg

SALTING BELOW

96 \—’&':6 4

! T T T
0.0 0.2 04 06 08 1.0

SALINE DEPTH €

3a

DESALTING ABOVE
T T T T R p—
98l ‘*» d=17 1
-
9.6 - —_— e — —— —
saf 1
s2f 1
——»d=>5
9.0 -
. . . . N :
00 02 04 06 08 10
SALINE DEPTH €
STEP FUNCTION PROFILE
e T T T T
98| .‘l*» d=17 R
o6l 1
-_— T — — — — — —
9.4 d=26 4
o2t 1
sof 1
* 7—_z’/7
0 n " . . .
00 02 04 06 08 10

SALINE DEPTH €

3c

Figure 3. The effect of depth ratio d on critical thermal
Rayleigh number R, with respect to saline depth €.
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CRITICAL RAYLEIGH NUMBER Rc4

CRITICAL RAYLEIGH NUMBER Rcs

CRITICAL RAYLEIGH NUMBER Rcg
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I
92} 1 —
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0.0 0.2 0.4 0.6 08 1.0

SALINE DEPTH €
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STEP FUNCTION PROFILE

0.0 02 04 06 08 1.0
SALINE DEPTH €

4c

Figure 4. The effect of thermal diffusivity ratio 7 on critical
thermal Rayleigh number R, with respect to saline depth €.
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are depicted in figures 3 (a), (b) and (c) respectively, for Kk =
1, Da=001, =05 71,,=075 R,=10, S=
1, T=1, M;=100, M=10, ¢,=0.75¢=0.1,
=25, ¢g=2>5. Fora fixed &, increase in d increases R.,
thus the system is stabilized and hence the onset of convection
is postponed.

The effect of T =0.25, 0.5, 0.75 on R, for Salting below,
Desalting above and Step function profiles with respect to €
are depicted in Figures 4 (a), (b) and (c) respectively, for Da =
001, k=1, d=5, Tom=0.75, Ry=10, M;=100,
M=10, &,=0.75 ¢=0.1, ¢g=5 S=1, T=1.
For a fixed &, increase in 7 increases R, thus the system is
stabilized and hence the onset of the double diffusive magneto

- Marangoni convection is postponed.

Conclusion

By increasing the Darcy number Da double diffusive mag-
neto - Marangoni convection for all the above profiles is ac-
celerated, which may be due to the presence of magnetic field.
Also by increasing depth ratio d and thermal diffusivity ratio T
the onset of double diffusive magneto - Marangoni convection
can be delayed for the above profiles.
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