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In this paper, we establish the oscillatory criteria for the third-order neutral type difference equation of the form
Ala(n) (A% (x(n) + p(n)x(n—k)))*) +q(n) f (x(n—1)) = 0.

We derive new oscillation condition that really take into account the advanced arguments.
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1. Introduction

This article concerns the oscillatory criteria of solutions
for the third-order neutral type difference equation

Aa(n)(A* (x(n) + p(n)x(n—k)))*) +q(n) f(x(n—1)) =0
(1.1)

where n € N = {ng,ny,...}, no, k and [ are non-negative inte-

ger, {a(n)} is a positive real sequence with X, m = oo,

{p(n)} and {g(n)} are positive real sequences, f : R — R is
continuous with uf(u) > 0 for u # 0 and ¢ is a ratio of odd
positive integers.

Let 8 = max{k,/}. By an answer of condition (1.1), we
mean a real sequence {x(n)} characterized for all n > ng —
0, and fulfills condition (1.1) for all » > N. A nontrivial
arrangement of condition (1.1) is supposed to be oscillatory
if the particulars of the sequence {x(n)} are neither in the all
positive nor in the all negative, what’s more, nonoscillatory
something else.

We established sufficient conditions for the oscillation and
asymptotic behavior of all solutions under the condition

. 1

n=no c1/a(p) =0, 0<p(n)<p<ee.

For more details on this theory and on its applications, we
suggest the reader to refer [1-6].

2. Oscillation Theorems

In this segment, we acquire some sufficient conditions
for the oscillation of all solutions of (1.1). We may manage
the positive solutions of equation (1.1) since the verification
for the negative case. We additionally present a typical show,
to be specific, for the sequence {f(j)} and any m € N we
put Z;-"z_ﬂll (j)=0and H;”:_ni (j) = 1. We start with certain
lemmas that will be utilized to demonstrate our main results.
In the accompanying, for accommodation we mean

2(n) = x(n) + p(n)x(n — k), and B (n) = min{q(n),q(n—k)}.
Lemma 2.1. [7] Assume that o0 > 1, x(1),x(2) € [0,00). Then

1
(1) +x4(2) 2 23
Lemma 2.2, Assume that0 < o0 <1, x(1),x(2) € [0,00). Then

2(1) +x%(2) > (x(1) +x(2))%

(x(1) +x(2))%.
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Proof. Letx(1) =0orx(2) =0. Assume x(1) > 0, x(1) > 0.
Define x*(1) +x%(2) — (x(1) +x(2))*. Then

2/l i2) (,g()é;(z)) — o 1(2) — ax(1) +x(2))* !
= af* 1 (2) = (x(1) +x(2)* "] > 0.
which yields f(x(1),x(2)) > 0. 0

Lemma 2.3. Ler {x(n)} be a positive solution of equation
(1.1), then

(a) z(n) >0, Az(n) > 0, A’z(n) > 0, A(a(n)(A%z(n))*) <
0;

(b) z(n) >0, Az(n) < 0, A’z(n) > 0, A(a(n)(A%z(n))%) <
0,

foralln > ny € N, where ny is large.

Lemma 2.4. Suppose that {z(n)} satisfies Lemma 2.3 for all
n>Né€N. Then

=)= 2.1
=) 2 S0l g, e
where  t(n,N) = X' ll/a and t(n — Ln)
as
ZZ?;,Z,?] (Ef;ll\, ll/a)for some ny > N.

Proof. Since A(a(n)(A?z(n))*) < 0, we have a(n)(A%z(n))*

is non-increasing for all n > N. Then

(a(s)(A%2(s))*)"/*
al/e(s)

> a'/%(n)A%z(n)t(n,N).

Az(n) > Az(n) — Az(N) = £12)

That is
a%(n)Az(n) — Nz(n)T(n,N) > 0,

which yields

A( Az(n) ) <o.
T(n,N)
Since n — [ < n, we have

Az(n—1) _ T(n—LN)
Az(n) t(n,N)

from (2.2), we obtain
2(n) = z(m) + £{2, Az(s)

n1 Az(s)
> sz,il T(S,N)T(S7N)

from (2.3) and (2.4) is that

2(n—1)  Az(n—1) z(n—1) - t(n—
Az(n)  Az(n) Az(n—1) —

for all n > n;. This completes the proof. O

2.2)

2.3)

2.4

lvnl)
7(n,N)
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Lemma 2.5. Assume that {z(n)} satisfies Lemma 2.3 for all
n>N € N. Then

Az(n) > (a"/*(n)A%z(n))T(n,N),
2(n) > (a'/*(n)A%2(n))n (n,N),
(n—1—ys)

al/e(s)
Proof. Since A(a(n)(A%z(n))%) < 0, then

(als)(A%z(n))®)/*
al/o(s)

> () E rg

where n(n,N) =Z'_\,

Az(n) > Az(n) — Az(N) = T2,

Similarly

z(n) = (aV/*(n)A%2(n) 2y 2 p

Therefore

Lemma 2.6. Let a > 0. If f(n) > 0 and Af(n) > 0 for all
n>N €N, then

Af*(n) > af* ' (mAf(n) ifa>1,

Af%(n) > af* '(n)Af(n) f0<a<l
foralln > N.

Proof. we have n > nyg
Af%(n) = f*(n+ 1)+ f%(n) = at* 'Af(n) where f(n) <
t< f(n+1). O

Next, we state and prove our main results.

Theorem 2.7. Consider the sequences t(n—1,n1) and t(n,N).
Let o > 1 and | > k. Assume that there exist a positive non-
decreasing real sequence {p(n)} and a nonnegative real se-
quence {6(n)} such that

(2.5)

for a sufficiently large N € N, and for some ny > n; > N,

where
_ (Alp(n)*H!
M = (a1 1pe(a)
+A(p(n)a(n)d(n) + p“p(n)a(n—k)&(n — k).
If

(a(n)+ p“a(n—k))

sy Ly (35 5) ) > ()

foralln > N €N, then equation (1.1) is oscillatory.
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Proof. Expect the opposite that equation (1.1) has an in the
long run positive solution {x(n)}, that is, there exists an; € N
with the end goal that x(n) > 0, x,,_ > 0 furthermore, x,_; >0
for all n > ny. From the definition of z(n), we have z(n) > 0
forall n > N € N(n;), where N is is picked with the goal that
two instances of Lemma 2.3 hold for all n > N. We will show
that for each situation we are directed to an inconsistency.
Case (i): By Lemma 2.1. To see,

Ala(n)(A%2(n)%) + p*Ala(n — k) (A%2(n — K))*)
B(n)

B ) <0, nzn.
@.7)
Define
a(n)(A%z(n))®
wtn) =p () (I o). w2 28

Then w(n) > 0 for all n > N, and from (2.8) and Lemma 2.6,
we have

w(n-+ 1)+ p(n)Ala(n)3(n))

A(a(n)(A%z(n))%)
(Az(n ))
@t D@+ 1)
P )(Az(n+1)) o(Az(n))®

Ap(n) w(n+1)

T pntl)
Ala(n)(A%z(n))*)

+p(n)

7 A((Az(n)%)

+p(n)A(a(n)d(n)) +p(n) (Az(n))*

1)(A%z(n+1))* A%2(n)
Az(n+1))® Az(n)
2.9)

- ap(n)a(nt

From (2.8) and (2.9), we sustain

Ap(n)
A < Sl )

1
—a(n+l)5(n-|—l)>

Ala(n) (82(n))
e "=

vt 1)- 2200, (2t

al/%(n)\p(n+1)

+1/o
+p(n)Aa(n)d(n))

+p(n)
(2.10)
From (2.10) and (2.8), we have
ap(n)
a'/%(n)
+A(p(n)a(n)é(n))
Z(

A(a(n)(A%(n))*)
Az(m)* 7

Aw(n) < Ap(n)u(n) — ———u'+1/%(p)

~—

+p(n) (2.11)
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where u(n) = ZEZiB —a(n+1)8(n+1) > 0. Now using the
inequality
_puttije o0t €
Cu—Du Vo < o e e D0 @12
In (2.11), put C = Ap(n) and D = a‘f’gﬁ’}zx , we obtain
a(n)(Ap (m))**!
) < R+ Alp(n)a(n)5()
A(a(n)(A%2(n))*)
+p(n) T (2.13)
Define another function v(n) by
—k)(A%z(n—k))*
v(n) :p(n)(“(” (M)((n _Zi’;)a ) +a(nfk)5(nfk)).

(2.14)
Similarly, we get,

aln— n))e+l
(é - lk))off{’p(al)l ) AP (aln —5(n k)

Ala(n—k)(A%z(n—k))%)
TP T Ak
from (2.13), (2.15) and (2.7) is that

Aw(n) + p*Av(n)

Aa(n)(A%2(n))*) + p*Ala(n — k) (A*z(n—k))*)
P (8en))* j
+ A(p(n)a(n)(n) + p*p(naln —K)S(n —K))

Ap(n))o+1 «
Gy (a(n) %l 0)

-M *(n—1)
< Fp(n)ﬁ(”)w

Using Lemma 2.4, we obtain

Av(n) <

(2.15)

+G(n), n>n; >N.

i 2 ep(o)pio) (L) - 6o

< (i) + p*v(ny) < oo
which contradicts (2.5).
Case (ii): Let n > N € N, and adding the inequality (2.7)
from n to j, we have
a(j+1)(A%2(j +1))* — a(n)(A%z(n))*
+p%a(j+1—k)(A%z(j+1—k))*
— p%a(n—k)(Az(n—k))*

M .
S Y_.Bt))*(t—1<0.

Put j — oo, since {a(j)(A%z(j))*}.

+

M /o
—Azz(n — k) + (m)
1 - o 1/a
() (g FaP O —0") <0,

0854,
5804 %.

<03



Oscillation criteria for third order neutral type advanced difference equation — 790/790

Adding again from n to j, we obtain

_Az(j+l—k)+Az(n—k)+(Nl(ﬁﬂ_poz))l/(x
()=, (izgznﬁ(s)) l/az(t —1)<0.
ar—k

Put j — oo, since {Az(j)}, we have

Az(n—k)+( M ))l/a

22114 p9)

(X)ZZ, (ﬁzgznﬁ(s)) 1/mz(t —1)<0.

Adding the above inequality from n+ k to j, we obtain

2+ 1—k) —z2(n) + (za_l(ﬁpa))‘/“
()%, [ZQ:n (ﬁzﬁzsﬁ(n) V- l)} <0.

Put j — oo, since {z(n)} , we have

which contradicts (2.6) as n — c. This completes the proof.
O
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