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M-Fuzzy hyponormal operators
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Abstract

In this paper, We introduce the definition of M-fuzzy hyponormal operator and also explored about some
important properties of M-Fuzzy hyponormal operator from Fuzzy hyponormal operators in fuzzy Hilbert space.
For a fuzzy continuous linear operator 7 on a Fuzzy Hilbert space H there exists a real number M > if
(T —2I)"ul| <MI|(T—zl)ul| for all u € H and for all z € C (field of complex numbers).We have given some
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1. Introduction

In very first, Katsaras[4] introduced the notation of Fuzzy
Norm on a linear space in 1984. In 1991, First Biswas[10]
introduced the definition of Fuzzy Inner Product space[FIP
space].Some other mathematicians like Kohil and Kumar also
gave an alternate definitions of Fuzzy Inner Product space[FIP-
space] in[6][8][9][10]. Youngfusu[13] gave Riesz theorem
using fuzzy concept in 2007.The definition of a Fuzzy Hilbert
space has been first introduced by Goudarzi and Vaezpour
[8] in 2009. The concept and properties of Adjoint Fuzzy
operator and Self-adjoint fuzzy operators using the triplet ,
(H,F,*) where H is a real vector space, F is the Fuzzy Set
on H% x R and * is continuous - norm in a Fuzzy Hilbert
space which was first introduced by Sudad M Rasheed [3].
An operator T € FB(J) be a 75 Continuous linear functional
3 T* € FB(H) such that (Tu,v) = (T*u,v) Vu,v € T.Also T
is a Self - Adjoint Fuzzy operator if T = J*.Fuzzy Normal
operator (FN operator) was introduced by Radharamani et

al.[2] in 2008 . If T is said to be Fuzzy Normal operator then
it commutes with its Ajoint Fuzzy operator. i.e. T*T = TT™.

In 2019, Fuzzy Hyponormal operators and their properties
were studied by A.Radharamani et al.[1, 18] and investi-
gate many interesting properties of some Fuzzy Hyponor-
mal operators similar to these of Fuzzy Normal operators.An
operator T € FB (H) is said to be Fuzzy Hyponormal if
T*T > TT*.Also Fuzzy class of N operators were defined if
(| T2ul| > || Tul|* Ve € FC,||u]| = 1.

Here we introduced M-Fuzzy hyponormal operator if

(T —2D)"ull <M|[(T —2I)u]

for all u € 3 and for all z € C (field of complex numbers). We
have given some lemmas and properties of M-Fuzzy Hyponor-
mal operator. An operator T € FB () is M-Fuzzy Hyponor-
mal operator then ||(T — 1) ~'u|| <M ||(T —2I)~'ul| for each
u € H.An operator T € FB (H) is M-Fuzzy hyponormal oper-
ator then their powers also M-Fuzzy hyponormal operator.We
will also discuss these in detail. If an operator T is a M -Fuzzy
hyponormal operator then M > 1 and 7 is fuzzy hyponormal
operator iff M = 1.

2. Preliminaries

In this section , we recollect some basic definitions and
theorems of fuzzy operators which will be used in this paper.



Definition 2.1. [FIP-Space][8] A Fuzzy Inner Product space
(FIP- Space) is a triplet (H,F,*), where H is a real vector
space, * is a continuous t-norm, J is a fuzzy set on H2 xR
satisfying the following conditions for every u,v,w € 3 and
s,r,t €R.

FI-1: F(u,u,0) =0 and F(u,u,t) > 0, for eacht >0
FI-2: F(u,u,t) # H(t) for some t € R if and only if
u # 0, where
1 ift>0
H(t)_{ 0 ift>0
FI-3: F(u,v,t) =F(v,u,r)
FI-4: Forall @ € R,
F(u,v, L) >0
Fou,vt) =< H(r) o=0
1—F(x,y, &) o<0
FI-5: F(u,u,t)«F(v,v,s) < Fu+v,u+vit+s)

FI-6: Supsir—[F(u,w,s)x«Fv,w,r)] = F(u+v,w,t)

FI-7: F(u,v,.): R — [0,1] is continuous on R\ {0}

FI-8: lim F(u,v,1) = 1

f—o0

Definition 2.2. [13] Let (H,F, x) be probabilistic inner prod-
uct space.

1. A sequence {u,} € H is called t- converges to u € H, if
forany €>0and A >0,3 Ne€Z", N=N(g,A) such
that F(u, — u,u, —u,€) > 1 — A, whenever n > N.

2. A linear Functional f(u) defined on 3 is called Ty -
continuous, if uy, L implies f(uy) = f(u) for any
{un},u € H.

Definition 2.3. [8] Let (H,F,* be a FIP-space, where x is
strong t - norm, and for each u,v € 3, sup{t € R: F(u,v,1) <
1} < oo. Define (.,.) : H x H — R by

(u,v) =sup{t e R: F(u,v,t) < 1}.

Then (3,(.,.)) is an IP-space(Inner Product space), so that
(3, ]].]|) is a N-space(Normed space), where ||.|| = (u,u)'/?,
Yu € H.

Theorem 2.4. [8] Let (H,F, ) be a FH-space with IP:{u,v)
=sup{t € R: F(u,vt) < 1}, VY u,v € H for u, € H and

. T
Uy Mu then u, 2

Theorem 2.5. [Riesz Theorem][8][13] Let (3,F,x) be a
FH-space. For any Tty -continuous functional, 3 unique v € JH
such that for all u € H, then we have

g(x)=sup{r eR: Flu,v,t) < 1}
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Theorem 2.6. [3] Let (H,F,x) be a FIP-space, where * is
strong t - norm , and sup{u € R : F(u,v,t) < 1} < oo for all
u,v € H, then

sup{t eR: F(u+v,w,t) <1} =sup{t e R: F(u,w,t) < 1}
+sup{t €eR:F(v,w,t) < 1},
Yu,v,w € I

Remark 2.7. [3] Let FB(X) be the set of all Fuzzy Bounded
linear operators on J{.

Definition 2.8. [Fuzzy Hilbert Space][8] Let (H,F, ) be a
FH-space with IP:(u,v) = sup{t € R: F(u,v,t) < 1},Vu,v €
. If H is complete in the ||.|| then H is called Fuzzy Hilbert
space (FH -space).

Theorem 2.9. [Adjoint Fuzzy operator in FH-space][3] Let
(H,F,*) be a FH-space and let T € FB(H) be 15 - contin-
uous linear functional, then 3 unique T* € FB(H) such that
(Tu,v) = (u, T*v),Yu,v € H.

Definition 2.10. [Self -Adjoint Fuzzy operator][3] Let (H,F,
) be a Fuzzy Hilbert space with IP:

(u,v) =sup{r e R: F(u,v,t) < 1},

Yu,v € H and let T € FB(H). Then T is Self -adjoint fuzzy
operator if T=T*, where T* is adjoint fuzzy operator of 7.

Theorem 2.11. [3] Let (3,5, *) be a FH-space with IP:{u,v)
=sup{t €R:F(u,v,t) <1} Vu,v € H. Let T € FB(H) .Then
|Tul| = ||T*u|| for all u € K.

Theorem 2.12. [3] Let (3,5, x) be a FH-space with IP: (u,v)
=sup{t €R: F(u,v,t) <1} forallu e H. Let T € FB (H).
Then T is a Self -adjoint fuzzy operator.

Definition 2.13. [Fuzzy Isometry Operator][2] Let(H,F, *)
be a FH-space with IP:(u,v) = sup{t € R : F(u,v,t) < 1},
Yu,v € H. and let T € FB (3). Then 7 is said to be Fuzzy
Isometry Operator if ||Tu|| = ||u|| for any u € H. i.e. (Tu,Tv)
= (u,v).

Definition 2.14. [Fuzzy Hyponormal operator][1] Let (K, T,
*) be a FH-space with IP:(u,v) = sup{t € R: F(u,v,t) < 1},
Vu,ve H. Let T € FB (H). Then T is a Fuzzy Hyponormal op-
erator if || T u|| <||Tu||, Yu € H or equivalently T*T —TT* >

0.

Theorem 2.15. [1] Let T € FB (H) be Fuzzy hyponormal iff
1T ul| <||Tul, for all u € H.

Theorem 2.16. [1]Let T € FB (K). Then T=0< (Tu,u) =
0, uecH.

Theorem 2.17. [1] Let (3, F,*) be a FH-space with IP:{u,v)
=sup{r € R: F(u,v,t) < 1}, Yu,v € H and let T € FB(H)
be a Fuzzy hyponormal operator on 3. Then ||(T — zl)u|| >
(T —zhul|, Vu € K, i.e. T—zl is Fuzzy hyponormal opera-
tor.



3. Main Results of M- Fuzzy Hyponormal
Operator
In this section we introduced the definition of M- Fuzzy

hyponormal operator and some theorems are discussed in
detail.

Definition 3.1. [M-Fuzzy hyponormal operator] Let (3, T,
) be a FH-space with IP : {u,v) = sup{t € R: F(u,v,1) < 1},
Yu,v € H and let T € FB(XH) is called a M-Fuzzy hyponormal
operator if there exist a real number M, > ||(T — zl)*ul|| <
M||(T —zD)u|| for all u € H and for all z € C.

Theorem 3.2. T is a M-Fuzzy hyponormal operator iff M?
(T—z)*(T—2) —(T—z)(T—z2)* > 0forall z€ C.
Proof. Given T is a M-Fuzzy hyponormal operator,
ie||(T—zl) ull <M(T —zD)uf

Consider,

M(T —z2D)*(T —2l) — (T —2)(T—z0)* >0
S(M*(T—z2D)(T—20) — (T —2)(T—2l)*u,u) > 0
(MY (T —2)" (T —zh)u,u) — (T —2I) (T —z)*u,u) >0
eM?sup{t € R: F((T—20)* (T — zl)u,u,t) < 1}

—sup{t eR: F(T—z)(T—z)*u,u,t) <1} >0
M2 sup{t €R: F((T—zl)u, (T —zl)u,t) < 1}

—sup{r e R: F((T—zl)*u, (T —zl)*u,t) <1} >0
SM2(T—z2l)u, (T —z2D)u) — (T —20)*u, (T —z0)*u) >0
SM|(T —zDul* = (T —20)"ul* > 0
SM (T —h)ul® > [[(T 1) ul?

SM|[(T = zul| = [|(T—2I)"ull
<7 is M- Fuzzy hyponormal operator

O

Theorem 3.3. Let T is a M - Fuzzy hyponormal operator
then M > 1.7 is Fuzzy hyponormal operator iff M = 1.

Proof. Given T is a M— Fuzzy hyponormal operator then
M>1.

ie |[(T—zl)*ul| < M||(T —zl)u|| for all u € H and for all
z€C.

If M =1, then

(T —zl)*ul] < 1.|(T—zl)ul| for all u € H and for all z € C
by the definition

< T is M Fuzzy hyponormal operator O

Theorem 3.4. Let T is a M-Fuzzy hyponormal operator then
Sor any complex number A, T — Al and AT are also M - Fuzzy
hyponormal operator

Proof. Given 7 is an M-Fuzzy hyponormal operator,
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i). For any complex number A,we consider

I((T = A0) =) ul| = [[(T = AL —2l)"ul|
=(T=@A+2)D)7u|

Since T is M -Fuzzy hyponormal operator, we have

(T =20)"ul] <M||(T —zl)ull
[((T=A1) —zD) ul| <M[|(T— (A +2)D)ul|
<M[[((T— A1) —zl)ul,
YueH

Therefore, T — Al is M-Fuzzy hyponormal operator.

ii). To prove AT is M - Fuzzy hyponormal operator
If A=0, then AT = 0.
Since T is M - Fuzzy hyponormal operator then

(T —20)"ul] <M|[(T =zl )ull
If A # 0, consider

[z —eall <ial]| (7 (7)) o

(7))

<M||(AT —2I) ul|

Therefore AT is M-fuzzy hyponormal operator.
O

Theorem 3.5. IfT is M - Fuzzy hyponormal operator Tu = zu
then T*u = zu.

Proof. Given T is M -Fuzzy hyponormal operator.

Let ‘w0’ be an eigen vector of T corresponding to the eigen
value z.

Since, Tu = zu

=>Tu—zu=0
=TJu—zIu=0
=T —=z2u=0
=(T—z)=0

We know that, T = 0 iff (Tu,Tu) = 0.

=sup{t eR:F((T—z)*u,(T—z)*u,t)} =0

=(T —zI)*u = 0 then for each u € H

=T -2Zu=0

=T —zZlu=0

ST u=17u
Thus, u is an eigen vector of T* corresponding to a eigen value
Z. O



Theorem 3.6. T is M -Fuzzy hyponormal operator. If Tu =
ziu and Tu = zu, 71 # z2 then (u,v) = 0.

Proof. Since T is M -Fuzzy hyponormal operator.
If Tu=ziu and Tu = 20u, 71 # 22
then by the theorem, T*u = Zju and T*v = Zpv

Let z; (u,v) =(z1u,v)

=sup{t € R: F(zju,v,t) < 1}
=sup{t € R;F(Tu,v,t) < 1}
=sup{t € R: F(u,T"v,1) < 1}
=sup{t € R: F(u,2ov,t) < 1}
=sup{t € R: F(zu,v,t) < 1}
=(z2u,v)

21 {(u,v) =22 (u,v)

Hence if z; # z2, then (u,v) =0 O

Theorem 3.7. If T is M -Fuzzy hyponormal operator then
1(T* =20~ ') <M||(T —2I)~'ul| for each u € H.

Proof. Foreachu € H,

1T

— ) P <(@ -2

=sup{r €R: F

u, (7" —
(77—
T
(T—
(T—

(
=sup{r € R: F((
(

(T2
((T—=20))" M||2
(

(T

(T—20)") | Jull?
—2l)*|| 72 Jul?

<(M|T —z[]) >

<M2|T =2l 7l ?

1 _
SWH‘T*HH 2[lul?

1
SW”(T_

1 _
SWH(‘T—ZI) hu|?

)™

)™ | lulf?
(T —zD)~"ul?

1(T"—z)” ful <M[(T—z20) "l

1
all <2117 -

—zl)~! o)~!

This implies ||(T*
number M.

ul| <MJ|(T— u|| for any real

O

Theorem 3.8. If T is M -Fuzzy hyponormal operator then
(T = 2l)u]|" " < MPOHD2|(T = 20| for each u € H

Proof. Given T is M -Fuzzy hyponormal operator. by the
definition , 3 a real number M such that
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(T —20)"ul| < M| (T -
To prove that

(T = 2D)ul"" <

By using the mathematical induction,
Forn =1, | (T — zh)ul? < M|(T — 1)
Let us assume that it is true n = k,

Zu| forallu e Handz€ C

Mn(n+l)/2|| ((.T— ZI)nJrluH

ie. ||(T—zl)u|/*! < MEEED/2|| (T — z1)k+1y||

Now, we have to prove that it is true for n = k+ 1.

1T = 2Du| S = [(T = 2D)u SV (T 2]
<MAEEDR (T — 2 ||| (T — 2|
<MD (T — 2Dl |[(T — 21 u
<Mk(k+l)/2||(rJ~ Zl)k H

(T ZI)uH D+ (T— ZI) (k+1) +1u||

Hence proved. 0

Theorem 3.9. If T is M -Fuzzy hyponormal operator then if
(T—zlu* =0 then (T —zl)u=0.

Proof. Given T is M -Fuzzy hyponormal operator. Then we

have ||(T —zl)*u|| <M||(T —zl)u|| for all u € H and for all
zeC.
Given that (T —zl)u* =0
Consider,
(T = 2B)ul> =((T — 21", (T — 21" )
=sup{t e R: F((T—zl)*u, (T —z)*u,t) < 1}
Since(T —zl)'u=0
= 0=sup{r e R: F(T—zD)u, (T —zlt)u,t) < 1}
ie. sup{t e R: F((T—zDu, (T —z)u,t) <1} =0
= (T —2h)u, (T - ) )=0
= (T —zhul]* =
= (T—zl)u=0.

Hence the proof. O

Theorem 3.10. Ler T be a M -Fuzzy hyponormal operator
and let K = {u € 3 ||(T" = 2hul| = M||(T — 2l )u||, z € C}.
Then K is a closed subspace of H.

Proof. For u € 3, we have

(T = 2)ul|* = M?||(T —2l)ul|?

i.e. by a known theorem,

(T —2l)*ul|> = M?||(T —2I)*ul]®

(T — 20", (T — D)) = M2((T — 2)u, (T — D))
sup{t e R:F((T—zl)*u, (T —zl)*u,t) <1} =

M?sup{t € R: F((T —zl)u, (T —zl)u,t) < 1}
sup{r e R:F((T—zD)(T —z)*u,u,t) < 1} =
M?sup{t € R: F((T —zl)*(T — zl)u,u,t) < 1}



0=M?sup{r €R: F((T—zD)* (T — zl)u,u,t) < 1}—
sup{t eR: F((T—z2D)(T—zl) u,u,t) < 1}

M2 (T —zD)*(T — 2l u,u) — (T —2I)(T —z)*u,u) = 0
(M*(T—zD)*(T—z2l)u— (T —zI) (T —2I)*u,u) = 0

= [M2(T—2D)*(T—2l) — (T —2I)(T—zl); =0, forallz€ C.
From this it follows that K is the null space of the operator
M2(T —z2D)"(T — 2l — (T — ) (T —2)*.

Hence K must be a closed subspace of 7. O

Theorem 3.11. Let T be a M-Fuzzy hyponormal operator
and let 71,22 be in G4, (T) with z1 # z2. If (un) and (v,) are
the sequence of unit vectors of H such that ||(T —z11)uy,|| — 0
and ||(T — z2l)vy|| — O then (u,,v,) — 0

Proof. Let T be a M-Fuzzy hyponormal operator and let z1,z>
be eigen values in 6,,(T) with z; # zo. Then we write

((z1 — 22)Un, V)
=sup{t € R: F((z1 —22)un,vn,t) < 1}
=sup{t e R:F(((T—z1I) — (T —zI) )y,
Vp,t) < 1}
=sup{t € R: F((T — z1])ttn,vp,1) < 1}
—sup{t € R: F((T—z20)uy,vn,1) < 1}
=sup{t e R: F((T—z1l)uy,vn,t) < 1}
— sup{t €R: F(uy, (T —z220)*vy,t) < 1}
(21 = 22) (s i) =((T — 21D )tn, V) — (tn (T — 220) "v)

(21 = 22)(Un, V)

Now,

1(z1 = 22) (s v | =[{(T = 200)tn, vi) = Cttn, (T = z21) W) |
121 = 22) G, vi) | SI(T = 22D uan [ + (| (T = 220) v
121 = 22) (s va) || ST =21 Dt | + M| (T = 22L)v|| = O

Since ||(T —zil)up|| = 0 and || (T —z20)vy]| — 0
(21 — 22) (tn, Vi) || = O @s (un,vy) =0

Hence the proof. O

Theorem 3.12. Suppose that a subspace K of H reduces an
operator T on H. Then T is M - Fuzzy hyponormal iff T|K
and T|K* are Fuzzy hyponormal .

Proof. Let us assume that T is M - Fuzzy hyponormal

e, || (T—zh)*u|) < M||(T — zl)u|| for all u € H and for all
z€C

Let T) = J|K and T, = T|K* for u € K

by the definition of M-Fuzzy hyponormal,

(Tt =) ul| = [|(T = 20)"ul|
< M[(T —zl)u|
<M[(T1 =2 )u]
i.e|[(TIK —20) ul] < MI|(T|K — 21 )ul|
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Therefore T|K is M - Fuzzy hyponormal operator
Again, for u € K*
1(T2 —20)"ul| = [[(T —2I)"u|
SMI|(T —zh)ul|
< M|(T> — 2h)u|
i, | (TIK: —z0) ul| < M||(TIKE —z2)ul|
Therefore T|K* is M - Fuzzy hyponormal operator.
Hence T|K and T|K* is M - Fuzzy hyponormal operator.
Conversely, let us assume that T|K and T|K* are M - Fuzzy
hyponormal operator.
For every u € J{(, it can be written as u = u; + u>
where u; € K and uy € K= for z € C and for all vectors of

ueH.
Consider

(T =20 ull* = (T —20)*u, (T —2l)"u)
=((T—z20)" (u1 +uz), (T —2I)" (u1 +uz))
=sup{t e R: F((T—zI)" (u1 +uz),
(T —al) (a1 +12),1) < 1}
=sup{t e R: F(T—z)*u1, (T —z2l)*u;,t) < 1}
+sup{r eR:F((T—zD)*uz, (T —2l) up,1) < 1}
=sup{t e R: F((T1 —zI)* w1, (T1 — 2l ) uy,t) < 1}
+sup{t €R:F((T2 —zl) ua, (T2 — 2l ) ua,t) < 1}
=((T1 —2) w1, (T1 —2) ur)+
((Ta —z)*uz, (T2 — 20)*uz)
=T =) w | + (T2 — 20) "ua |
<MP((Ty — 2D |+ [[(T2 — 2Dz |}
SMHII(T = 2Dt [|* + (T — 2D |1}
<MP[(T —20) (ur +ua)||?

1T —2)*ul|> < M?|[(T —zD)ul?
= [(T=zD)*ul < M2||(T = 2l)ull

Hence T is M-Fuzzy hyponormal operator O

Theorem 3.13. If T is M-Fuzzy hyponormal then Re 6,,(T) C
oup(ReT).

Proof. Let y= a+if3 € Reo,,(T) then 3 sequence (u,) of
unit vectors of fuzzy Hilbert space H 3 Tu, — yu, — 0 then
T uy — yu, — 0

(T+T (r+Y
(Re‘J’)unaun( 5 )Mn <2 >Mn

(T 7 o7

-(7-3)m+(7-1)w

T—vI
2

(ReT)uy, — au, — 0
= (ReT)u, — oy

s



therefore & € 0,,(Re 7).
Hence Re 0,,(7) C 0 4p(Re 7). O

Note 3.14. If a subspace K reduces on operator T then T is
fuzzy hyponormal iff T|K and T|K*+ are Fuzzy hyponormal.

Theorem 3.15. If T is M- Fuzzy hyponormal operator then
the span of all Eigen vectors of T reduces 7.

Proof. Given T is M- Fuzzy hyponormal operator.

We know that Tu = zu then T*u = Zu for all complex z.

It can be easily seen that the subspace K = {u € HTu = zu,z €
C} reduces 7.

Ifza#nthen{ueH: Tu=zu,z€C}L{ucH:Tv=
v,z € Ch

This follows from the known theorem, Ju = zju and Tv =
20,21 # 22 then (u,v) = 0.

We conclude that the restriction of T to each of eigen spaces
is fuzzy normal.

Hence the span of all eigen vectors of T reduces 7. O

Theorem 3.16. If H is finite dimensional and T is M-Fuzzy
hyponormal operator then T is Fuzzy normal.

Proof. Given X is finite dimenstional and J is M-Fuzzy hy-
ponormal operator.

To prove that T Fuzzy normal

We use mathematical induction to prove this.

Let us assume dimH = n.

If n = 1, then every operator on fuzzy Hilbert space JH is
fuzzy normal.

Let us assume that it is true for dimJH < n.

We know that every linear mapping on a finite dimensional
space has at least one eigen value.

7 has an eigen value say z.

Let K = KK, be the eigen spaces of TJ. associated with z.

By the above theorem K reduces T. T|K is fuzzy normal. K+
also reduces 7.

Since v € K* then for each u € K, (u,v) = 0.

Consider,

(Tv,u) = sup{t € R: F(Tv,u,1) < 1}
=sup{t eR:F(v, T u,r) < 1}
=sup{t €R:F(v,zu,t) < 1}
=zsup{r € R: F(v,u,r) < 1}
=z{vu)
= (Tv,u) =0
= Tve K+
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Again consider

(T*v,uy = sup{t e R: F(Tvu,t) < 1}
=sup{t eR:F(v,Tu,t) < 1}
=sup{r eR: F(v,zu,1) < 1}
=zsup{t e R: F(v,u,t) < 1}
=Z(v,u)
= (T'vu)=0
= TveKt

It is clear that T7|K and T|K* are M-fuzzy hyponormal opera-
tor.

By the induction Hypothesis, T|K* is fuzzy normal.

Hence 7 is fuzzy normal. O

4. Conclusion

As the new idea of M-fuzzy hyponormal operator in FH-
space is the old form of M- fuzzy hyponormal operator. The
conclusion that can be taken from M- fuzzy hyponormal op-
erator in FH- space, example and properties. Including its
relationship with Self Adjoint Fuzzy operator, Fuzzy Normal
operator and Fuzzy Hyponormal operators. In future we hope
it is very helpful to find many types of M-fuzzy hyponormal
operator and M-fuzzy paranormal operator.
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