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1. Introduction

The theory of discrete fractional calculus has started to
receive desirable attention in last two decades. On the other
hand, the theory of continuous fractional calculus has seen
tremendous development. However, there is huge scope for
the development of discrete fractional calculus.

Initially, Atici and Eloe [2—4] published some important
results on discrete fractional calculus with delta operator dur-
ing last few years. Atici and Sengul [5] provided some initial
attempts at using the discrete fractional difference equations
to model tumor growth. Goodrich [8—11] explores the theory
of fractional difference equations in his work. He deduced
some important existence and uniqueness theorems for frac-
tional order discrete boundary value problems. In his research
he used Krasnosel’skii fixed point theorem to prove existence
results. However, H. Chen, et al. [15, 16] followed this trend
to provide some results about positive solutions to boundary

value problems of fractional difference equations under cer-
tain conditions. H. Chen, et al. [6] provided multiple solutions
to fractional difference boundary value problem using Kras-
nosel’skii and Schauder’s fixed point theorem. D. B. Pachpatte
et al. [17] and Jinhua Wang, et al. [18] established the exis-
tence results for a discrete fractional boundary value problem
using Krasnosel’skii and Schaefer fixed point theorem.

Getting inspiration by all this work, in this paper, we
consider a discrete boundary value problem of fractional dif-
ference equation of the form,

—Ay (@) =AR(t+u—1)fE+p—1), 1D

y(pu—=2)=0, Ay(u—2)=Ay(u+b-1),

where 7 € [0,b]y,, f : [0,00) — [0,00) is continuous.
h:lv=1v+bly  —[0,0), 1 <v<2and A is a positive
parameter. We established the existence results for this prob-
lem using Krasnosel’skii fixed point theorem and to illustrate
our main result we provide two examples at the end of this
paper.

The present paper is organized in 3 sections. In section
2, together with some important basic definitions, we will
demonstrate some important lemmas and theorem in order
to prove our main result. In section 3, we establish the main
results for existence of solutions to the boundary value prob-
lem (1.1)—(1.2). We conclude the paper with some examples
illustrating the results which are proved here.

(1.2)
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2. Preliminaries

In this section, let us first collect some basic definitions
and lemmas that are very much important to us in the sequel.

Definition 2.1 ([4, 12]). We define

It+1)
r=———"" 2.1
C(t+1-v)’ @b
for any t and v for which right hand side is defined. We
also appeal to the convention that if t +v — 1 is a pole of the
Gamma function and t + 1 is not a pole, then t* = 0.

Definition 2.2 ([12, 14]). The v-th fractional sum of a func-
tion f, for v > 0 is defined as

ASf)=Af(t,a):

( ), (2.2)

fort € Ny n_,. We also define the v-th fractional difference

of f by
Auf(t) =

where t € Ngyn—, and N € N is chosen so that 0 <N —1 <
v <N.

ANV F (),

Now, we give some important lemmas.

Lemma 2.3 ([4, 10]). Let t and v be any numbers for which
¥ and t*=L are defined. Then At = yr*=1

Lemma 2.4 ([4, 10]). Let 0 <N —1<v <N. Then

AYALY(t) = y(t) + O P G2 - Oy Y, (2.3)

for some C; € Rwith 1 <i<N.

Lemma 2.5 ([18]). Leth:[v—1,v+bly | — [0,00) be given.
Then the unique solution of discrete fractional boundary value
problem

—Apy()=h(t+v—1),
y(v=2)=0, Ay(v—-2)=Ay(v+b—1),
where t € [0,b],, is
b
y(t):—msgbG( Yh(s+v—1) (2.4)
where G : [v—2,v+bly  x[0,bly — Ris defined as
%-ﬁ-O—s 1=t
0<s<t—v<bh
G(t,s) = Pl (v+b—s—2)2 (2.5)

C(v—1)—(v+b—1)2

0<r—v<s<h.
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Theorem 2.6. Let f : [0,00) — [0,00) and h: [v—1,v+b]y
— [0,00) be given. A function y(t) is a solution of discrete
fractional boundary value problem (1.1)—~(1.2) iff y (¢) is a
fixed point of the operator F : 38 — A defined as,

A Xh:G(t,s)h
V) s=0

(s+v=1)f(y(s+v—-1)), 2.6

where G(t,s) is given in above Lemma 2.5 and 9 is defined
after Theorem 2.8.

Proof. From Lemma 2.4, we say that a general solution to
problem (1.1)—(1.2) is

Ly Cor=2,
(2.7)

¥(£) = =8, Ah(t4+v—1) f(3(t+v—1)) +Crr2=L

from the boundary condition y(v —2) = 0, we get

Y(v=2) = =A Ah(t+v—1) (e +v—1))| _,
+CI (v =24+ GOy (v—2)=2

f(y(s+v—1))}|t v TG 1)
=GI(v—1)=0.

Since, (v—2)"" =0and (v—2)"2 =

G, =0.

I'(v—1). Therefore,

On the other hand, using boundary condition Ay (v —2) =
Ay(v+b—1) and Lemma 2.32 in [12], for all # € [0, b]n,, we
get

1 t—(v—1)

Ay(t):—m ;) (t—s—1)"2Ah(s+v—1)
FO(s+v—1)+C (v—1)=2+0,
A © v—2
Ay(va):fm;)(tfsfl)fh(s+vfl)
'f(y(s+v_l))|t—v—2
+C (v—1)(v=—2)"2
=C(v=1)IC(v=1)
= I(v), (2.8)
b
Ay(v+b—1)= o1 Y v+b—s-2 2)v=2
V_ S_O
'lh(s ) fy(s+v—1))
+C(v=1)(v+b—1)"2 (29
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equating equations (2.8) and (2.9) we get,

c (r(v)—(v— 1) (v+b— 1)ﬂ)
1 b

_ v bh—s_ V=2
= r(v—l);( +b 2)

Ah(s+v—1)f(y(s+v—1)),

1
C — —
1 F(v—l)(F(v)—(v—l)(erb—l)d)
-Xb;(wb—s—z)dx
s=0
h(s+v—1)f(y(s+v—1)).

Thus, from equation (2.7) we have,

1 t—v

== s D™= k(s +v—
(1) F(V)Sg(')(t 1) h(s+ 1)
S O(s+Hv—1))+r=L
—1
Fv=1) (T0) = (= 1) (45— 1)2)
Zb: Vb —s—2)"2Ah(s+v—1)
s=0

f(s+v—1))
B A{ r—v 1
~TI0) )} {(’_S_ =

s=0

(v4b—s—2)=2. =L
(r(v—l)—(v+b—1)ﬂ)

d (v4+b—s—2)2. =L
s=t—v+1 (F(V— 1) _ (V+b— l)d)
h(s+v—1)f(y(s+v—1))

) b

— _WS;)G(I’SM(HV_l)f(y(Hv_ 1)).

+

Consequently, we observe that y(¢) implies that whenever
y is a solution of (1.1)—(1.2), y is a fixed point of (2.6), as
desired. U

Lemma 2.7 ([18]). The function G given in Lemma 2.5 satis-
fies the following conditions:

1. 0<G(t,s) < %G(s—i—v 1,s);
(t.s) € v—=2,v+b]y,_, x[0,b]y,
: C(v)
2. > -1 0.
te[v—l%{g;]N Glr5) 2 (s+v—1)r=L rGls+v—1.s)>

v—1
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Tv—1)—(v+b—1)"2

D= max ¢ 1+ v=D=+ ,72)
5€[0,b] (v+b—s— 2)17

C(v—1)—(v+b—1)2

(v+b—2)"2

Theorem 2.8 ([16, 18]). Let E be a Banach space, and let

H C E be aconein E. Assume that Q1 and Q» arejounded

open sets contained in E such that 0 € Qp and Q; C €,

and let S: # N (Qy\ Q1) — K be a completely continuous
operator such that either

LSyl < [Iyll for y € M Qy and ||Sy|| > ||| for y €
%0392; Or

2. |ISyl| = |yl for y € £ N 9Q and ||Sy|| < ||y|| for y €
K NIOQ,.

Then, S has at least one fixed point in & N (Q \ Q1).

(2.10)

Let 2 be the collection of all functions y : [v — 2,v + b]y
— R with the norm

Il =max {[y ()] : 1 € v =2, v+ Bl }.
Now, we define the cone %2~ C A by
I'(v)
y(t) > Y] ¥
N, _1 ( +b)

Lemma 2.9 ([18]). Let F be the operator defined in (2.6) and
J be the cone defined as above, then F : X — ¥ .

v=2

%:{ye%’: [ min

re[v—1,v+b)

Proof. The proof of Lemma 2.9 is similar to Lemma 3.4 in
[18], hence omitted. O

3. Main Results

In the sequel, now we present the next structural assump-
tion that can be impose on (1.1)—(1.2) to get the existence of
solution.

HI: lim 9 — oo,
y—=0 Y

H2: lim L2 o,

y—b
H3: lim 7Y =, 0<l<eo
y—0 Y
He: lim { =1, 0<L<w
y—eo Y
Also, we consider
b
o= max =y 2, G h(s+v—1), G.D
te[vfl,v+b]NV7] (V) sg(’)
b
T= min = L Gs)h(s+v—1). (32)
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Theorem 3.1. Assume that the function f : [v—1,v+b]y  So,
— [0, 00) is continuous and the conditions H1 and H2 holds.
Then problem (1.1)—(1.2) has at least one solution. 1Fy]| < Zb: (v+ b)v vl (s+v—1,s)
y v—1
Proof. From Lemma 2.9, we know that F (J¢") C ¢ . By con- 5=0 (s+v—1)—
dition H'1, we can select a number n1 > 0 sufficiently small so D(s+v—1) M
. G(s+v—1 s)h(s+v 1) 2
that both Ogglrlf(y) and?L Z Db syt > M <|yll-
holds forallz € [v—1 v+b] N, and 0 <y <r; where
ri=ri(Mm). It implies that ||Fy|| < ||y|| for any y € dQa N7 .

Define Q; = {y € #: [yl <1}, we have Hence, by Theorem 2.8, there exists a function y € KN

(©2/Q1) such that Fy =y, where y is solution to problem

b
Fyll = A G(t,s)h(s+v—1 (1.1)—(1.2), which completes the proof. O
IFl= _ max, o B GG +v=1)
SO s+Hv=1)[}
PR Theorem 3.2. Suppose H3 and H4 holds. For each A satis-
> — min ~ {G(t,s)h(s+v—1) fring
['(v) Sg%)te[t771,v+b]N71
AfOs+v=1)I}, 1 1
< — 33
AT (3-3)
from the condition 2 of Lemma 4, we get
or
b
G(s+v— y
131> £y L ) | |
= m’ — <A< —, (3.4)
Tl oL

using the definition of cone, we have
equation (1.1)—(1.2) has a solution.

A iG(s—i—v 1,s)

1yl = ryv) & (s+v— I)Lh( stv—1)- - m Proof. Suppose A satisfies the condition (3.3). Let & > 0 be
such that
Ly
( +b)‘ D(v+b)"! # <A< #
i (s+v—Ls)h(s+v=1) |l t(L—a) =" " o(l+a)

(v+b) Hs+v—1)= m . .
By condition H3 there exists u; > 0 such that £ (y) < (I+ ) ||yl

- ||y|| for 0 < ||y|| < u1. Hence, for y € ¢ and ||y|| = u;, we have

It implies that ||Fy|| > ||y| for any y € 9Q N7
On the other hand, from condition H2, we can select

Fy| = ma G(t,s)h(s+v—1
M, > 0 sufficiently large so thatboth  max  f(y) < 2 I ze[vfl,vfb]N71 L'(v) s;){ s)h(s+v—1)
e PG tv-1))
L) Af sy =
and A z Dlvib) — = ‘;g:_;ﬁ* U < 1 holds for all s
te [v— 1 v—|—b]Nv_1 andb—ry <y <b+rywherery:=ry (1) <A(l+ O‘)te[vf}lf‘fb] m Z {G(1,9)
and0<r; <b-+n. WTOIN-1 s=0
LetQ, ={y€ % :|ly|| <b+r}. Thenforye dQ,N. %7, “h(s+v—=1) ]y}
from the condition 1 of Lemma 4, we have <A(l+a)-o- |yl
1
b <——(I4+a)-o-u
IFyll= max |=~ Y G(t,s)h(s+v—1) o(l+a)
rebtritl [ T0) 2 ==y
S (s+v=1))
A & DO +b)LG (s +v—1,9) Thus, ||Fy|| < ||y| fory € 2 and ||y|| = u;.
< ) & (stv_ 1)t Next, by condition H4 there exist 7, > 0 such that f (y) >

(L—a)|ly| for ||y|| > %,. Let up = max {2u;,u,} . Then for
(s +v=1If (s +v=1)]. y € # and ||y|| = ua, we have

835 X
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A b
) P _ ) A G
e i, YO = min ey B {609)
ch(s+v=1)f(y(s+v—1))}
1

=A min
telv—1v+b]N_;
“h(s+v=1)|f(y
2A(L—o)-T-yl
1
T(L— o)
=uy = yll.
Thus, |Fy|| > ||y|| fory € # and ||y|| = us.
Hence, from Theorem 2.8, we see that equation (1.1)—(1.2)

have a solution.
The other case is similarly proved. O

(L—a) T u

4. Example

Example 4.1. Consider the following fractional boundary
value problem,

By a2 (i) 3
A y(t)=—2 (y (H— 10) Sy (H— 10))
3
-log (y (l+lo>>, “4.1)
7 7 53
y (—10> =0, Ay (—10> =Ay (10>, (4.2)

where v = %,b =35 f(y)= (y2—5y) logy, t € [O,S}NO. We
have

fO) o 0P =5y)logy

lim )
y—=0 'y y—0 y
and
2 _5y)1
tim 70 _ jiy 07 lo8y
y=5 0y y—=5 y

That is, the conditions of Theorem 3.1 are satisfied, hence the
fractional boundary value problem (4.1)—(4.2) has at least
one solution.

Example 4.2. Consider the following fractional boundary
value problem,

Aéy(t) =-Ay <t+;) {l—i—e*y(”%)},

o))

where v =3,b =10, f(y) =y(1+e7), € [0,10]y,. We
have

4.3)

4.4)

-y
im 7O _ 2 te™)
y—=0 'y y—0 y

)

836

and

1 -y
_ i 20
yoe oy

im £ O

y=eo Y

That is, the conditions of Theorem 3.2 are satisfied, hence the
fractional boundary value problem (4.3)—(4.4) has at least
one solution.

5. Conclusion

In this paper, we have developed an existence results for
the solutions to the class of discrete boundary value problem
of fractional difference equations. We obtained the sufficient
conditions for the existence of solutions to the problem (1.1)—
(1.2). We developed the corresponding Greeen’s function for
the problem (1.1)—(1.2). By means of Krasnosel’skii fixed
point theorem we established our main results. Finally, two
illustrative examples have given to show the applicability of
our main results.
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