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1. Introduction

Let (by)r>0 and (cx )i=0 be two sequences satisfying the
following recurrence relation @, = Qay+ + Ba,, where o
and f are integers. According to [1], we have the identity

bucn-t —bp-1cn = (=B)"~" (brco — boct). (1.1)
If we take b,, = F,,;» and ¢, = F},41, then identity (1.1) reduces
to

FyFpa—Fpy = (-1)", (12)
where (F;,) denote the well known Fibonacci numbers. Iden-

tity (1.2) is called the Cassini identity [2—4], we can write it
as a 2 x 2 determinant

Fn Fn+l

— _1 VH—]C
Foo1 By =1

(1.3)

Martinjak and Urbiha [5] extend the Cassini determinant
(1.3) to the hyper-Fibonacci numbers defined by

El(r+1):ZFk(r)7 Fn(O):Fna F()(r):()’ Fl(r):17 (1.4)
k=0

where r is a nonnegative integer. The number F,,(r) is called
the nth hyper-Fibonacci number of the rth generation. Hyper-
Fibonacci numbers were introduced by Dil and Mez§ [6], they
satisfy many interesting number-theoretical and combinatorial
properties, e.g. [7]. Martinjak and Urbiha [5] define the matrix

(r) (r) (r)
Ty Tnig
r r r
Ar,n = Fn'+ 1 Fn.+2 F;1+'r+2
() " ")
Fn-::r+1 Fn-:r+2 Fn:2r+2

and prove that det(A,,) = (-1)"*10+3)/2] where n > 0 and
r >0 are integers. It is clear that for » = 0 we find (1.3).

In this paper we consider the (a,b)-Fibonacci numbers
(Gn)nxo defined by

{ Go=a, G =b, (L.5)

Gn+2 :Gn+l +Gna (I’ZZO)

where a and b are any integers. If we take b, = G4, and
¢n = Gy 1, then identity (1.1) reduces to

GnGnya— G2 = (-1)" N (b* —ab-a*). (1.6)
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In Section 2 we define the (a,b)-hyper-Fibonacci num-
bers associated to the sequence (G, ),>o and we give some
properties. In Section 3 we extend identity (1.6) to these
generalized hyper-Fibonacci numbers.

Throughout this paper we denote by C¥ the binomial co-
efficient which is defined for a nonnegative integer n and an
integer k by

n!

——— if 0<k<

ch={ Km-k 4 (17
0 othewise

For a negative integer n and an integer k we have

(-Dkck o, if k20

Cr=1 (-1)"*cmd, if k<n (1.8)
0 othewise

2. The (a,b)-hyper-Fibonacci numbers

The (a,b)-hyper-Fibonacci numbers associated to the se-
quence (G, )0 are defined by

G(H'l) ZG(r) Gr(LO) —

k=0

Gy, G(()r):a7 Ggr):ar+b,
2.1

where r be a nonnegative integer. The number G,Sr) is called
the nth (a,b)-hyper-Fibonacci number of the rth generation.

In this section we give some properties satisfied by the
(a,b)-hyper-Fibonacci numbers.

Lemma 2.1. Let n > 0 be an integer, then

GV = Gpyn - b. 2.2)

Proof. By induction on n. For n = 0, identity (2.2) is trivially
checked. Now assume that (2.2) is true for an integer n > 0,
then

n+1

.

n+l Z Gk
k=0
= Y Gi+Guui
k:O1
= GV 4G
= Gn+2 -b+ Gn+l
= Gp3-b.

We conclude that (2.2) is true for all n > 0. O

Proof. We deduce from Lemma 2.1 that (2.3) is true for = 1.
Now assume that (2.3) is true for an integer r > 1, then

n
Gr(zr+l) _ Z G]Er)
k_
n
= Z(Gk+2r ZCk+r1 1G21+1)
k=0
n n r—1
= > Grar—».2.Ck k+r1 162141
k= £=01=0
n+2r 2r—1 r—1 -1
= ZGI ZGI ZszZ Cirrinn
1 1
= Gi(H)Zr Ggr)l Z +r IGZIJF]
0
= Gu2r2-Gory1 - Z T G
1=0
= Gpiore2— ZCZIIr_szm .

=0

We deduce that (2.3) is true for all » > 1.
O

The next proposition expresses an (a,b)-hyper-Fibonacci
number of any positive generation in terms of an (a,b)-hyper-
Fibonacci number of the preceding generation.

Proposition 2.3. Let r > 0 be an integer, then

G,(,r+1) G(r) _

n+2 n+r+1 n>0.

~bCyya1s 2.4)

Proof. We deduce from Lemma 2.1 that (2.4) is true for » = 0.
Now assume that (2.4) is true for an integer r > 0, then

G . iG]Em)
k O
= Z(G/(c:)z aC k+r+] bck+r+])
k=0
() LN
= Z Gip—a Z bCy k+r+1 b Z bCsri1
k=0
n+2 D) n+2
= ZG CIZ l+r 1 bZClrJrrfl
n+2 o) n+é ? . n+2
= > G -a-ar-b-a) Cj;,_-b)>.C],,
1 0 =2 =2
) n+2 .
= ZG aZ l+r 1 bZCm_l
I=1
1 r ol
= G;(qu ) - C ner+2 ~ DG, :::’1”‘"2
We deduce that (2.4) is true for all » > 0. O

The following proposition expresses an (a, b)-hyper-Fibonacci

number of any generation r > 1 in terms of (a,b)-Fibonacci
numbers.

Proposition 2.2. Let r > 1 be an integer, then

G = Grany - Z n>0. 2.3)

+r 1 162141,

We get the following corollary as a simple and immediate
consequence, it allows us to define the (a,b)-hyper-Fibonacci
numbers of negative subscripts.

Corollary 2.4. Let r >0 and n > 0 be integers, then

(r+l) (r+1) _

(r+ 1)
Gn +2 Gn+1 n+r+l

-bC,, (2.5)

807
§ Qn"rfl 4o

n+r+1-

0%
:v
400

940
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Proof. According to definition (2.1), we have

1 1
Gyh=Gn -G, (2.6)
Replacing in (2.4) we obtain
r+1 r+l r+1 r— r
G =G -G —aCiit G-
O

Remark 2.5. For r > 1, the the (a,b)-hyper-Fibonacci num-
bers for negative subscripts are defined as

GUD =g U _acrt L —bC

—n+2 —n+1 —n+r+l Zpare1s >0

It is easy to see that
GEr,,):O for1<n<r and GErr)_I:(—l)’*'(a_b)_

The following proposition is the key assertion behind the
computation of Cassini determinant.

Proposition 2.6. Let r > 0 be an integer, then

(r) T —k (~k _ ~k=1Y ~(r)
Gn+,+2:kz_(:)(—1)’ (CE-C51)G,  n>-r 27

Proof. Letus show identity (2.7) by induction on > 0. For r =
0 we get G,42 = Gy11 + Gy, for n > 0 which is true by definition
of the sequence (G, ),. Now assume that (2.7) is true for an
integer r > 0, since n+ 1 > n > —r, we have

2.8)

n+r+3 = n+k+1°

n & k (k1) ()
G,orz= ()G -GG
k=0

(r)y _ ~(r+1) (r+1)
n+r+3 Gn+r+3 - Gn+r+2'

_ G(r+1) G(r+1) be-

n+k+1 ~ Tn+k

Sincen+r+3>n+r+2>0, we have G

- (r)
For k=0,1...,r+1, we have G, , |
cause

e If n+k+1 <0 then we obtain 0 =0-0.

e Ifn+k+1>0and n+k <0 then n+k=-1, we obtain
a=a-0.

 If n+k>0 then n+k+1>0 and we obtain G =
G(r+1) _G(r+1)

n+k+1 n+k -

Thus, we get from (2.8) that

r+l
G(r+1) _G(r+1) _ Z(_l)r—k (C]r{_cl:-e_—ll) (G(r+1) _G(r+1)).
k=0

n+r+3 n+r+2 ~ n+k+1 n+k

941

We deduce that
(r+1)
Gn+r+3
_ (r+1) H DNk (ck— o1 gD
- Gn+r+2 + Z(_ ) (Cr ~Cri ) Gn+k+1
k=0

n+k

r+1 )
+ Y () (-Gl
k=0
n+r+2 n+k+1

= (r+2)G D S~y (k- 6l
k=0

LIy S Ly (ko) gD
+(-1)"G T+ (=) (C-Ci)6

r+1 ) ~n+k
k=1
_ 2 G(r+1) fa, _1yHH (e o2 G(r+1)
- (V+ ) n+r+2+z( ) ( r r+1) n+l
=1
_1 r+1G(r+1) A _1 r+l-k Ck_ck—l G(r+1)
+( ) n +Z( ) ( r r+1) n+k
k=1
& 1=k ( k-1 k k=2 k=1Y\ ~(r+1)
= z(_l)r+ - (Cr_ +Cr_Cr-:1 _Cr-zl)GyH.k
k=0
jas, +1—k ( ~k k—1\ ~(r+1)
= /(Z;)(_l)r (Cr+1_Cr+2)Gn+k .
We conclude that (2.7) is true for all r > 0. O

3. Cassini determinant for
(a,b)-hyper-Fibonacci numbers

Cassini identity (1.6) can be expressed as a determinant
in the following way

Gn Gn+ 1

= (-1)" Y (b*-ab-d?).
Gn+1 Gn+2 ( ) ( “ 4 )

For n,r € Z such that n > 0 and r > 0, let’s define the (r+
2) x (r+2) matrix

(r) (r) (r)
o el
r r r
CrJl = Giﬁl Grf+2 Gn+'r+2
) ) )
Gn+r+1 Gn+r+2 Gn+2r+2
Note that
G G,
C 0= n n+1 )
0 (Gn+1 Grz+2

Our aim is to evaluate the determinant of the matrix C,.,.
From Proposition 2.6, we can write

n2-r,

)

1
N e A0
Gn:r+2 - Z Qan:—k’
k=0
where

ge=(-1)"F(ck-c51), 0<k<r+l.
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Let
0 1 0 « 0 0
0 0 1 « 0 0
Vi2=lo 0 0 -« 1 0
0 0 0 — 0 I
q0 491 492 - 4r gr+1

Thus, we deduce from Proposition 2.6 that the (a,b)-hyper-
Fibonacci numbers (G,(,r)) can be defined by the vector re-
currence relation

(r) (r)
O o
G'f+2 =Vr2 G'f“ ) (3.1
G1(1:-)r+2 Gr(z:—)r+ 1

where n+r>0.

Lemma 3.1. Let n and r be nonnegative integers, then

Cn= Vrﬁzcr,o .

B

Proof. From relation (3.1) we can write Cy,,, = V,2Cp 1. It
follows that

Crn=V12Cr-1 = Vr2+2Cr,n72 = =V/!,Cro.
O
Lemma 3.2. Let r be a nonnegative integer, then
det(V,42) =-1.
Proof. 1tis clear that
det (Vy1a) = (~1)*3g0 = (-1 3 (-1)*2 = -1.
O
Theorem 3.3. Let n and r be nonnegative integers, then
det (Cpp) = (~1)" L2 (2 _ab— )b’ (3.2)

Proof. For r =0 the result follows from identity (1.6). Thus,
assume that r > 1. We deduce from (3.1) that multiplication
by V! decreases by 1 the subscript of each component, i.e.,

r+2
") G\ 6"
PG (")
G” Gr+1 GZr+1
Thus,
¢t} 6 - 6"
| O Gl
.r 'r (.r
6 a0 ol

942

Since G(_t,) =0for 1<n<r,then

o - G "
V_rcr = :r :r :r
wolay a0 - o
Gy G, G5
Thus,
det(CrA,O) = det(Vr+2)r ‘A, (3.3)
where
o - G G\
A= :r :r) :r .
O I
Gy G, G\,

Let L; denotes the jth Line of A where j=1,2,...,r+2. First,
we replace L;y1 by Ly —L;fori=r+1,r,..., 1. Since Gl.(ﬁl) =
G - Gl.(r), we get

i+1

0 0 G GV aia
0 0 Gt GiY
A= : : : :
G(()r—l) GY_I) G'(.r—l) GS:—]I)
r—1 r—1 r—1 r—1
R S ]

Using the same method (r—1) times again, we obtain

0 0o - 0 Gy G| +d;

0 o - Go Gy Gy +d>
A=l : : - : : 7

0 Go G2 G Gy+d,

Go G - Gr-1 Gy G

G G - r Gl G

where d; = a(-1)"'C! for 1 <i<r. Now let C; denotes the
jth column of this last determinant, where j=1,...,7+2.
Replacing the column C; by C;-Cj_1 -Cj_p fori=r+2,r+
1,...,3 and using the fact that G; = Gj_| + Gj_, gives

0 0 0 0 Go G1-Go+d;

0 0 0 Gy G1 -Gy d

0 0 0 G1 -Gy 0 ds
A=]: : : : : :

0 Gy Gi-Gy - 0 0 dr

Gy Gy 0 0 0 0

G G 0 0 0 0

Now we permute the column C; with column C,;3_; for 1 <
i< [(r+2)/2], we obtain

GlfG(]+d1 G() 0 0 0 0

G G -Gy Go 0 0 0

| G0 GG 000
A=(-1)t"2 : : : : :

d, 0 0 Gi-Go Gy 0

0 0 0 0 G Gy

0 0 0 0 G, G

a0
LS89,
50027

(N

)
; P
Y
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We deduce that
_(_ [ﬂj / G] Go
A=(-1L2 A G, Gil (3.4
where
di+b-a a 0 0 0
d> b-a a 0 0
A = ds 0 b-a 0 0
0 0 b-a a
d, 0 0 0 b-a

We distinguish two cases for the compute of A’.
-If a=b+0, let C; denotes the jth column of A’ where

r

di_
j=1,...,r. Replacing C; by C; - >’ =Ly gives
a

k=2
0 a O 0 0
0 0 a 0 0
A = O 0 O 0 O _ (_1)r+1drar—l =d.
0 0 0 0 a
d 0 0 0 0

-If a+b, let Lj denotes the jth line of A" where j=1,...,r.

Replacing the line L; by L; + LbLiH fori=r—1,...,1 gives
a—

r a i—1
b-a)+ —_ d; 0 0 0
(b=a) ;(a—b)
Ao b-a 0 0
d,_1+ibd, 0 b-a 0
d, 0 0 b-a
We deduce that
_1' r a i—1
AN = (b-a) (b—a)+l;(a_b) di]
b l—b r a i—1 ;
= —a)~ — - C
-y~ )Zl(b) ]
[ r a i
= (b-a)™! (b—a)+(b—a)2(—) Ci]
i i b-a
r 1
— b— r—1 b— (7) Ci
(-0 -0 (3, )
r
= (b- T(L 1)
(b-a) | =+
= br’
which coincides with the case a = b # 0. Since G Go =ph2—
Gy, G

ab - a*, we deduce from Identities (3.3), (3.4) and Lemmas
3.1, 3.2 that

det(Cry) = (~1)™ LG D21 (B2 _ap— )b

943

It is easy to see that (—1)LG+2)/2] = (_1)L0+3)/2] thys

det(Cpp) = (1) L2 (12 _ab— )b’

O
Corollary 3.4. Let n and r be nonnegative integers, then
(r) (r) (r)
A g
Fn+1 Fn+2 Fn+r+2 = (_1)n+[(r+3)/2J.
CIG )
Fn+r+1 Fn+r+2 Fn+2r+2
Proof. Follows from identity (3.2) fora=0and b = 1. O

The hyper-Lucas numbers associated to the well-known
Lucas numbers (L, ), are given by [6]

=0 (O, -2, 1-2r41, 35)
k=0

where r is a nonnegative integer. The following corollary
extends the Cassini identity [1]
LyLpia—L%,, =5(-1)" (3.6)

Corollary 3.5. Let n and r be nonnegative integers, then

b g

Ln.+1 Ln.+2 Ln-%:r+2 =5(=1)ml+D72],
() () )
Ln+r+1 Ln+r+2 Ln+2r+2

Proof. Follows from identity (3.2) fora=2and b = 1.
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