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Abstract
We determined the group of all automorphisms of the lattice of all L-fuzzy topologies on a fixed set X , when L is
a diamond-type lattice.
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1. Introduction
The group of all automorphisms of lattices are investi-

gated by many authors in different contexts [5–7, 10]. In 1965
Zadeh [16] introduced the fundamental concepts of fuzzy
set. Subsequently Chang [2] introduced fuzzy theory into
topology and that led to the discussion of various aspects of
L-fuzzy topology by many authors. It is a fact that order re-
lations play an important role in L-fuzzy topological spaces.
Many authors made attempts to study the relation between
fuzzy topological structures and corresponding order struc-
tures [3, 4, 6, 8, 12, 15]. In 1958, Hartmanis J. [7] determined
the automorphisms of the lattice LT (X) of all topologies on
a fixed set X . If X is an infinite set and P is any topological
property, then the set of all topologies in LT (X) possessing
the property P can be identified exclusively from the lattice
structure of LT (X) and hence the position of the topologies in
LT (X) determines the topological properties of elements of
LT (X) [10]. Here we determine the group of automorphisms
of the lattice LFT (X , L), in the cases when L is a diamond-
type lattice.

The contents of this paper are arranged as follows. In
section 2, some basic definitions and results in Lattices, Fuzzy
set theory and Fuzzy topology. The main results of this paper
are discussed in Section 3. The most of the fuzzy topological
terminologies carried in this paper are that of Liu Ying Ming,
Liu Mao Kang [11] and the order terminologies are that of
Birkhoff G. [1].

2. Preliminaries
A partially ordered set L is called a lattice, if every finite

subset of L has a join ( or the least upper bound, or supremum)
and meet (or greatest lowerbound or infimum ) in L. An
element α in a lattice L is called an atom in L, if it is a
minimal element in L−{0}. A lattice L is called a complete
lattice, if every subset of L has a meet and join and such a
lattice is is called completely distributive if for any non empty
index set I, collection of index sets {Ji : i ∈ I} and for all
{{ai j : j ∈ Ji} : i ∈ I} ⊆ (P(L)−{ /0}),

(i) ∧
i∈I
(∨

j∈Ji
ai j) = ∨

ϕ∈Π
i∈I

Ji
(∧

i∈I
ai,ϕ(i)),

(ii) ∨
i∈I
(∧

j∈Ji
ai j) = ∧

ϕ∈Π
i∈I

Ji
(∨

i∈I
ai,ϕ(i)).

Let L = { 0, a, b, 1}. Define a partial order ≤ on L as
0≤ a≤ 1, 0≤ b≤ 1 but a and b are not comparable. Then L
is a lattice, called the diamond-type lattice or simply diamond
lattice. In a lattice L a mapping ′ : L−→ L is called order re-
versing, if a≤ b implies a′ ≥ b′ for all a,b ∈ L and a mapping
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′ : L −→ L is called an involution on L, if ′′ = idL. A com-
pletely distributive lattice L is called an F-lattice, if there is
an order reversing involution from L to L. A homomorphism
from a lattice L into a lattice M is a function f : L−→M such
that a ≤ b implies f (a) ≤ f (b) for all a,b ∈ L. A bijective
homomorphism f : L −→M is called an isomorphism if its
inverse is also a homomorphism. An isomorphism from a
lattice onto itself is called an automorphism. Observe that
an automorphism of a lattice maps atoms to atoms and dual
atoms to dual atoms. For an L fuzzy space LX corresponding
to an F-lattice L, LX is an F-lattice, with respect to the order-
ing, for C,D ∈ LX , C ≤ D⇐⇒C(t)≤ D(t) for all t ∈ X and
the order-reversing involution as the pseudo complementary
operation on LX . Also it can be noted that if L is a comple-
mented F-lattice then LX is also a complemented F-lattice
and hence it is a Boolean lattice.

Let X be any nonempty set, L an F-Lattice, and δ ⊆ LX

then δ is called an L-fuzzy topology on X or (LX ,δ ) is called
an L-fuzzy topological space if (i) 0,1 ∈ δ (ii) for all A ⊆
δ , ∨A ∈ δ and (iii) for all A,B ∈ δ , A∧B ∈ δ . An L-fuzzy
point in a nonempty set X is an L-fuzzy subset xa ∈ LX defined
by xa(y) = a for y = x and xa(y) = 0 for y 6= x. The set of
all L-fuzzy points in X is denoted by Pt(LX ). It can be noted
that the set of all L-fuzzy topologies on LX is a complete
lattice under the usual inclusion relation and is denoted by
LFT (X , L).

3. Main Results
Let us consider the diamond-type lattice L = {0,a,b,1}.

Define an order reversing involution ′ on L by 0′ = 1, 1′ =
0, a′ = b, b′ = a. Then L is an F-lattice. Note that L is com-
plemented F-lattice and hence it is a Boolean. Here onwards
L represents the diamond-type lattice, unless otherwise speci-
fied. Here the atoms of LX are precisely {xl ∈ LX : x ∈ X , l ∈
{a,b}}. Also the lattice LX is atomistic.

Let X be a nonempty set. For any permutation p =
(p1, p2) with p1 ∈ S(X) and p2 ∈ S({a, b}), define p∗ on
Pt(LX ) by p∗(xl) = ym if and only if p(x, l) = (y, m) for all
xl ∈ Pt(LX ), l 6= 1 and p∗(x1) = p∗(xa)∨ p∗(xb) for all x ∈ X .
Clearly p∗ is a bijection and for C,D ∈ LX with C(x) 6= 0 and
D(x) 6= 0, p∗(x(C∨D)(x)) = p∗(xC(x))∨ p∗(xD(x)).

Theorem 3.1. Let X be a nonempty set. Then the automor-
phisms of LX are precisely {Ep : p ∈ (S(X)× S({a,b}))},
where Ep(C) = ∨

x∈X , C(x)6=0
p∗(xC(x) for any C ∈ LX .

Proof. For C,D ∈ LX with C(x) 6= 0 and D(x) 6= 0
p∗(x(C∨D)(x)) = p∗(xC(x))∨ p∗(xD(x)). Also note that LX is
completely distributive. Therefore, for any C,D ∈ LX ,
Ep(C∨D) = ∨

x∈X , (C∨D)(x)6=0
p∗(x(C∨D)(x))

= (∨
x∈X , C(x)6=0

p∗(xC(x)))∨(∨
x∈X , D(x)6=0

p∗(xD(x))) =Ep(C)∨Ep(D).

By definition of Ep, Ep(C) = 0 if and only if C = 0 and
Ep(C) = 1 if and only if C = 1.

Now consider any C,D ∈ LX with C 6= 0 and D 6= 0. Sup-
pose that Ep(C) = Ep(D), then we want to prove that C = D.
Note that Ep(C) = ∨

x∈X , C(x)6=0
p∗(xC(x)) and

Ep(D) = ∨
x∈X , D(x)6=0

p∗(xD(x)).

Since p∗ is a bijection on Pt((L−{0})X ) and Ep(C) =
Ep(D) it is clear that for any x ∈ X , C(x) 6= 0 there exists
y ∈ X ,D(y) 6= 0 such that p∗(xC(x)) = p∗(yD(y)). Now p∗ is a
bijection implies that xC(x) = yD(y) and hence x= y and C(x)=
D(y). Thus for any x∈ X ,C(x) 6= 0, we have C(x) = D(x) and
similarly for any x∈X , D(x) 6= 0, we have C(x) =D(x). Thus
C(x) = D(x) for all x ∈ X . Therefore C = D. Therefore, Ep
is an injection on LX . Now for C ∈ LX with C 6= 0, define
D = ∨

x∈X , C(x)6=0
(p∗)−1(xC(x)) then D ∈ LX and

Ep(D) = ∨
x∈X , C(x)6=0

xC(x) = C. Hence Ep is onto. Thus Ep is a

bijection on LX . Thus Ep is a bijection which preserves order
and hence an automorphism of LX .

Conversely suppose that A is an automorphism of LX .
Then A maps atoms of LX onto the atoms of LX . That is A is
a one to one, order preserving and maps Pt(LX ) onto Pt(LX ).
Also A(x1) = A(xa)∨A(xb). Thus A = p∗ on Pt(LX ) for some
p ∈ (S(X)×S({a,b})).
Hence A(C) = ∨

x∈X , C(x)6=0
A(xC(x)) = ∨

x∈X , C(x)6=0
p∗(xC(x)) = Ep(C).

That is A = Ep for some p ∈ (S(X)×S({a,b})).

Definition 3.2. Let X be a nonempty set. Then for each
p ∈ (S(X)× S({a,b})), define a mapping E∗p on LFT (X ,L)
by E∗p(δ ) = {Ep(C) : C ∈ δ}, for all δ ∈ LFT (X ,L), where
Ep as in Theorem 3.1.

Remark 3.3. Let X , L, p and E∗p are as in Definition 3.2.
Then E∗p is an automorphism on LFT (X , L).

Definition 3.4. Let X be any finite nonempty set. Then for
each p ∈ (S(X)×S({a,b})), define a mapping Fp on LX by
Fp(C)= comp(Ep(C))for all C∈ LX , where comp(C) denotes
the pseudo complement of C in LX and Ep as in Theorem 3.1.
Also define F∗p on LFT (X , L) for each p∈ (S(X)×S({a,b}))
by F∗p (δ ) = {Fp(C) : C ∈ δ} for all δ ∈ LFT (X ,L).

Remark 3.5. Let X , L, p and F∗p are as in Definition 3.4.
Then F∗p is an automorphism on LFT (X , L).

Definition 3.6. Let us consider any atom {0,C,1} in LFT (X ,L).
Denote this atom by IC . Now define the sets η ,η ′,ζ and ζ ′

as follows.
η = {Ixa : x ∈ X}, η ′ = {Ixb : x ∈ X}
ζ = {Ixb : x ∈ X} and ζ ′ = {Ixa : x ∈ X}

where xl(t) =
{

l at t=x
0 otherwise for l ∈ {a, b, 1}

and xl(t) =
{

l at t=x
1 otherwise for l ∈ {a, b, 0}.

Now we will obtain the following results. The proof of
these results needs only usual arguments hence we omit those
proofs.
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Lemma 3.7. The join any atom from G = (η ∪η ′)∪ (ζ ∪ζ ′)
with any atom of LFT (X ,L) consists of at most 5 open sets.

Lemma 3.8. Let X be a nonempty set with more than one
element,and IC be an atom in LFT (X , L) such that IC /∈ G =
(η∪η ′)∪(ζ ∪ζ ′). Then there exists x, y, z1, z2 ∈ X with x 6=
y, z1 6= z2 so that it satisfies one of the following conditions.

(i) xa <C < yb and (xa(z1)<C(z1) and C(z2)< yb(z2))

(ii) xa <C < ya and (xa(z1)<C(z1) and C(z2)< ya(z2))

(iii) xb <C < ya and (xb(z1)<C(z1) and C(z2)< ya(z2))

(iv) xb <C < yb and (xb(z1)<C(z1) and C(z2)< yb(z2))

Lemma 3.9. Let X be a nonempty set with more than one
element and p be an atom in LFT (X , L) such that u /∈ G .
Then there is an atom v of LFT (X ,L) such that u∨ v consists
of 6 open sets.

Lemma 3.10. Let η ,η ′,ζ , and ζ ′ are as in Definition 3.6.
Then,

(i) The join of any two distinct atoms in η consists of five
open sets.

(ii) The join of any two distinct atoms in η ′ consists of five
open sets.

(iii) The join of any two distinct atoms in ζ consists of five
open sets.

(iv) The join of any two distinct atoms in ζ ′ consists of five
open sets.

(v) The join of any atom in η with an atom in ζ consists of
five open sets.

(vi) The join of any atom in η ′ with an atom in ζ ′ consists of
five open sets.

(vii) The join of any atom in η with an atom in η ′ consists
of four open sets.

(viii) The join of any atom in ζ with an atom in ζ ′ consists
of four open sets.

(ix) The join of any atom in η with an atom in ζ ′ consists of
four open sets.

(x) The join of any atom in ζ with an atom in η ′ consists of
four open sets.

Remark 3.11. From Lemma 3.10, we have,

(1) The join of any two distinct atoms in (η ∪ζ ) consists of
five open sets.

(2) The join of any two distinct atoms in (η ′∪ζ ′) consists
of five open sets.

(3) The join of any atom in (η∪ζ ) with an atom in (η ′∪ζ ′)
consists of four open sets.

Lemma 3.12. Let X be a nonempty set with more than one
element. Then an automorphism of the lattice LFT (X , L)
maps G = (η ∪η ′)∪ (ζ ∪ζ ′) onto itself.

Lemma 3.13. Let X be a nonempty set with more than one
element. Then an automorphism of the lattice LFT (X , L)
maps either [(η ∪ζ ) onto (η ∪ζ ) and (η ′∪ζ ′) onto (η ′∪
ζ ′)] or [(η ∪ζ ) onto (η ′∪ζ ′) and (η ′∪ζ ′) onto (η ∪ζ )].

Theorem 3.14. For a finite nonempty set X, the set of all auto-
morphisms of the lattice LFT (X ,L) is precisely given by {E∗p :
p ∈ (S(X)×S({a,b}))}∪{F∗p : p ∈ (S(X)×S({a,b}))},
where E∗p and F∗p are as in Definition 3.2 and 3.4.

Proof. From remarks 3.3 and 3.5 E∗p and F∗p are automor-
phisms of LFT (X ,L) for each p ∈ S(X ×{a,b}). Thus we
have to prove that any automorphism of LFT (X ,L) is of the
form E∗p or F∗p for some p ∈ (S(X)×S({a,b})).

If X = {x}, there is only two atoms Ixa and Ixb in LFT (X ,L).
Also note that comp(xa) = xb. Let A be an automorphism of
the lattice LFT (X ,L). If A maps Ixa to Ixb then it maps Ixb
and Ixa and hence A = E∗p where p ∈ (S(X)× S({a,b})) by
p(x,a) = (x,b) and p(x,b) = (x,a). If A maps Ixa to Ixa then it
maps Ixb and Ixb and hence A = E∗p where p is the identity per-
mutation on X×{a,b}. Since there is only two permutations
on X×{a,b}, the result is clear.

Now suppose that X contains more than one element. Let
A be an automorphism of the lattice LFT (X ,L). Then by
Lemma 3.13 A maps either [(η ∪ζ ) onto (η ∪ζ ) and (η ′∪
ζ ′) onto (η ′∪ζ ′)] or [(η∪ζ ) onto (η ′∪ζ ′) and (η ′∪ζ ′)
onto (η ∪ζ )] . Suppose that A maps (η ∪ζ ) onto (η ∪ζ ) and
(η ′∪ζ ′) onto (η ′∪ζ ′).

Consider the atom I(xl∨zp). Note that join of I(xl∨zp) with
Ixl and Izp gives four open sets, but the join of I(xl∨zp) with
any other atom in (η ∪ζ ) gives five open sets. This property
is preserved by any automorphism A of LFT (X , L). Thus
the join of A(I(xl∨zp)) with A(Ixl ) = Iym and A(Izp) = Iwq gives
four open sets, but the join of A(I(xl∨zp)) with any other atom
in (η ∪ ζ ) gives five open sets. Let A(I(xl∨zp)) = ID. Then
D is comparable or complementary with ym and wq. But
ID /∈ (η ′∪ζ ′). Thus D is not complementary with ym or wq.
Thus D is comparable with ym and wq. By previous argument
it can also note that D is not comparable with any C ∈ LX with
C 6= ym, C 6= wq and IC ∈ (η ∪ζ ).

Therefore D(t) = 0 for all t 6= y and t 6= w. Also D �
ym′ and D � wq′ . Hence we have D = ym ∨wq. That is
A(I(xl∨zp)) = I(ym∨wq). Thus If A(Ixl ) = Iym and A(Izp) = Iwq ,
where x,y,z,w ∈ X and l,m, p,q ∈ {a,b}, then A(I(xl∨zp)) =
I(ym∨wq). Similarly we have If A(Ixl ) = Iym and A(Izp) = Iwq ,
where x,y,z,w ∈ X and l,m, p,q ∈ {a,b}, then A(I(xl∧zp)) =
I(ym∧wq).

Also note that A(Ixl )= Iym and A(Ixl′ )= Iwp , where x,y,w∈
X and l,m, p∈ {a,b}, if and only if A(Ixl′ ) = Iym′ and A(Ixl ) =
Iwp′ .
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Now let C ∈ LX , Ic /∈ G = (η ∪ ζ )∪ (η ′ ∪ ζ ′), C 6= 0
and C 6= 1, B1 =

∨
x∈X , C(x)6=0,C(x)6=1

B(xC(x)), Ba =
∨
x∈X , C(x)=1

B(xa) and

Bb =
∨
x∈X , C(x)=1

B(xb). Note that the join of Ic with the atoms

{IxC(x) : C(x) 6= 0,C(x) 6= 1,x∈X}
⋃
{Ixa : C(x) = 1, x∈X}

⋃
{Ixb : C(x) = 1, x ∈ X} gives four open sets and all other
atoms in (η ∪ ζ ) gives five open sets. This property is pre-
served by automorphisms. Hence the join of A(Ic) with
the atoms {A(IxC(x)) : C(x) 6= 0,C(x) 6= 1,x ∈ X}

⋃
{A(Ixa) :

C(x) = 1,x ∈ X}
⋃
{A(Ixb) : C(x) = 1,x ∈ X} gives four open

sets and all other atoms in (η ∪ζ ) gives five open sets. Since
IC /∈ G, we have A(IC) /∈ G. Let A(IC) = IC ′ . Then C ′ is not
complementary with any D∈ LX , such that ID ∈ (η∪ζ ). Thus
the only possibility to get, join of Ic with the atoms of (η ∪ζ )
gives four open sets is comparability. Thus B(xC(x)) ≤C′ if
C(x) 6= 0,C(x) 6= 1,x∈ X , B(xa)≤C ′ if C(x) = 1, x∈ X and
B(xb)≤C ′ if C(x) = 1, x ∈ X . Therefore B1∨Ba∨Bb ≤C ′

and C ′ is not comparable with any D ∈ LX such that ID ∈
(η ∪ ζ ) and D 6= B(xC(x)) for any x ∈ X , C(x) 6= 0. There-
fore, C ′ = B1 ∨Ba ∨Bb. Hence A(IC) = IB1∨Ba∨Bb where
A(IxC(x)) = Iym if and only if B(xC(x)) = ym.

Since A maps (η ∪ ζ ) onto (η ∪ ζ ), it induces a permu-
tation p ∈ (S(X)× S({a,b})), given by p(x, l) = (y,m) if
A(Ixl ) = Iym where l,m ∈ {a, b}. Note that, for any x, y ∈
X , l, m ∈ {a, b}, A(Ixl ) = Iym implies p(x, l) = (y, m) and
hence p∗(xl) = ym. Therefore, A(Ixl ) = Iym = {0, ym, 1} =
{Ep(0),Ep(xl),Ep(1)}= E∗p(Ixl ). Hence A = E∗p on (η ∪ζ ).

Also note that A maps (η ′∪ζ ′) onto (η ′∪ζ ′). Then for
any x,y ∈ X , l,m ∈ {a,b}, A(Ixl ) = Iym implies A(Ixl ′ ) = Iym ′
and hence A(Ixl ) = Iym implies p∗(xl ′) = ym ′ .

Now, xl =
∨
y∈X , y6=x

(ya∨ yb)∨ xl .

Therefore,EP(xl) =
∨
y∈X , y6=x

(p∗(ya)∨ p∗(yb))∨ p∗(xl). Since

p∗ is a bijection on Pt(LX ), it is clear that EP(xl)≥ zm for all
z ∈ X , z 6= y, m ∈ {a, b} (since p∗(xl ′) = ym ′ ) and EP(xl)≥
ym but EP(xl)� ym ′ . Thus EP(xl) = ym. Therefore, A(Ixl ) =
Iym = {0, ym, 1}= {Ep(0), Ep(xl), Ep(1)}= E∗p(Ixl ). Hence
A = E∗p on (η ′∪ζ ′).

Now consider C ∈ LX , Ic /∈ G, C 6= 0 and C 6= 1. Then,
A(IC) = I(B1∨Ba∨Bb). Now for C(x) ∈ {a,b}, A(IxC(x)) = Iym if
and only if p∗(xC(x)) = ym. Therefore, B(xC(x)) = ym if and
only if p∗(xC(x)) = ym. Therefore,
A(IC) = I(∨

x∈X , C(x)6=0, C(x)6=1
B(xC(x))) ∨ (

∨
x∈X , C(x)=1

B(xa)) ∨ (
∨
x∈X , C(x)=1

B(xb))

= I(∨
x∈X , C(x)6=0, C(x)6=1

p∗(xC(x))) ∨ (
∨
x∈X , C(x)=1

p∗(xa)) ∨ (
∨
x∈X , C(x)=1

p∗(xb))

= I∨
x∈X , C(x)6=0

p∗(xC(x))

= IEp(C)= {0, Ep(C), 1}= {Ep(0), Ep(C), Ep(1)}=E∗p(IC).
Hence A = E∗p on every atom not in G.

Thus A = E∗p on every atoms of LFT (X ,L) and since
LFT (X ,L) is atomistic it is clear that A = E∗p on LFT (X ,L).

Now suppose that A maps [(η ∪ ζ ) onto (η ′ ∪ ζ ′) and
(η ′∪ζ ′) onto (η ∪ζ )] .

Consider the atom Ix1 . Note that join of Ix1 with Ixa and

Ixb gives four open sets, but the join of Ix1 with any other atom
in (η ∪ ζ ) gives five open sets. This property is preserved
by any automorphism A of LFT (X , L). Also note that A
maps (η ∪ ζ ) onto (η ′ ∪ ζ ′) . Thus the join of A(Ix1) with
A(Ixa) = Iyl and A(Ixb) = Iwp gives four open sets, but the join
of A(Ixl ) with any other atom in (η ′∪ζ ′) gives five open sets.

Let A(Ixl ) = ID. Then D is comparable or complementary
with yl and wp. But ID /∈ (η ∪ζ ) since Ix1 /∈ (η ′∪ζ ′). Thus
D is not complementary with yl or wp. Thus D is comparable
with yl and wp. Thus since ID /∈ (η ′∪ζ ′) and D 6= 1, we have
D≤ yl and D≤ wp.

By previous argument it can also note that D is not compa-
rable with any C ∈ LX with C 6= yl , C 6= wp and IC ∈ (η ′∪ζ ′).
Therefore D(t) = 1 for all t 6= y and t 6= w. Also D � yl′ and
D�wp′ . Hence we have D= yl∧wp. That is A(Ix1)= I(yl∧wp).
Thus A(Ixa) = Iyl and A(Ixb) = Iwp , where x,y,w ∈ X and
l, p ∈ {a,b}, then A(Ix0) = I(yl∨wp). Similarly if A(Ixa) = Iyl
and A(Ixb) = Iwp , where x,y,w ∈ X and l, p ∈ {a,b}, then
A(Ix0) = I(yl∨wp).

Now Suppose that A(Ixl ) = Iym and A(Ixl′ ) = Iwp . Consider
the atom Ixl . If A(Ixl ) = ID, then ID ∈ (η ′∪ζ ′). Also note that
Ixl ∨ Ix0 consists of five open sets and Ixl ⊆ Ixl ∨ Ix0 . Therefore
we have, A(Ixl )∨A(Ix0) consists of five open sets and A(Ixl )⊆
A(Ixl )∨A(Ix0) . AlsoA(Ix0) = A(I

(xl∧xl′ )) = I(ym∨wp). Hence
ID∨ I(ym∨wp) consists of five open sets and Iym ⊆ ID∨ I(ym∨wp)

. Now ID ∈ (η ′∪ζ ′) and by above arguments it is clear that
A(Ixl ) = ID = Iwp′ . Similarly we have A(Ixl′ ) = Iym′ . Thus if
A(Ixl ) = Iym and A(Ixl′ ) = Iwp , where x,y,w ∈ X and l,m, p ∈
{a,b}, then, A(Ixl′ ) = Iym′ and A(Ixl ) = Iwp′ .

The join of IC with the atoms {IxC(x) : C(x) 6= 0, C(x) 6=
1, x ∈ X}

⋃
{Ixa : C(x) = 1, x ∈ X}

⋃
{Ixb : C(x) = 1, x ∈ X}

gives four open sets and all other atoms in (η ∪ ζ ) gives
five open sets. This property is preserved by automorphisms.
Hence the join of A(IC) with the atoms {A(IxC(x)) : C(x) 6=
0, C(x) 6= 1, x ∈ X}

⋃
{A(Ixa) : C(x) = 1, x ∈ X}

⋃
{A(Ixb) :

C(x) = 1, x ∈ X} gives four open sets and all other atoms in
(η ′∪ζ ′) gives five open sets.

Since IC /∈ G, we have A(IC) /∈ G. Let A(IC) = IC′ . Then
C′ is not complementary with any D∈ LX , such that ID ∈ (η ′∪
ζ ′). Thus the only possibility to get, join of IC with the atoms
of (η ′∪ζ ′) gives four open sets is comparability. Thus C′ ≤
B(xC(x)) if C(x) 6= 0, C(x) 6= 1, x ∈ X , C′ ≤ B(xa) if C(x) =
1, x ∈ X and C′ ≤ B(xb) if C(x) = 1, x ∈ X . Therefore C′ ≤
(
∧
x∈X , C(x)6=0, C(x)6=1

B(xC(x))) ∧ (
∧
x∈X , C(x)=1

B(xa)) ∧ (
∧
x∈X , C(x)=1

B(xb))

and C′ is not comparable with any D ∈ LX such that ID ∈
(η ′∪ζ ′) and D 6= B(xC(x)) for any x ∈ X , C(x) 6= 0.
Therefore, C′ = (

∧
x∈X , C(x)6=0, C(x)6=1

B(xC(x))) ∧ (
∧
x∈X , C(x)=1

B(xa)) ∧
(
∧
x∈X , C(x)=1

B(xb)).

Since A maps (η ∪ζ ) onto (η ′∪ζ ′) it induces a permu-
tation p on X×{a, b}, given by p(x, l) = (y,m′) if and only
if A(Ixl ) = Iym where x, y ∈ X , l, m ∈ {a,b}. Now we want to
prove that A = F∗p .

First note that, for any x, y ∈ X , l, m ∈ {a, b},
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A(Ixl ) = Iym implies p(x, l) = (y, m′) and hence p∗(xl) = ym′ .
Thus Ep(xl) = ym′ . Therefore, A(Ixl ) = Iym = {0, ym, 1}
= {Ep(0), comp(Ep(xl)),Ep(1)}
= {comp(Ep(1)), comp(Ep(xl)), comp(Ep(1))}
= {Fp(1), Fp(xl), Fp(0)}= F∗p (Ixl ).

Hence A = F∗p on (η ∪ζ ).
Now note that A maps (η ′∪ζ ′) onto (η ∪ζ ).

Then for any x, y ∈ X , l, m ∈ {a, b}, A(Ixl ) = Iym implies
A(Ixl′ ) = Iym′ . Thus, if A(Ixl ) = Iym then p∗(xl′) = ym.

Also we have, EP(xl) =
∨
y∈X , y6=x

(p∗(ya)∨ p∗(yb))∨ p∗(xl),

since xl =
∨
y∈X , y6=x

(ya∨ yb)∨ xl .

Since p∗ is a bijection on Pt(LX ), it is clear that EP(xl)≥
zq for all z ∈ X , z 6= y, q ∈ {a, b} (since p∗(xl′) = ym ) and
EP(xl)≥ ym′ but EP(xl)� ym. Thus EP(xl) = ym′ . Therefore,
A(Ixl ) = Iym = {0, ym, 1}= {0, comp(ym′),1}
= {comp(0), comp(ym′), comp(1)}
= {comp(Ep(1)), comp(EP(xl)), comp(Ep(0))}
= {F∗p (1), F∗p (x

l), F∗p (0)}= F∗p (Ixl ).
Hence A = F∗p on (η ′∪ζ ′).

Now consider C ∈ LX , Ic /∈ G, C 6= 0 and C 6= 1. Then
A(IC) = I(∧

x∈X , C(x)6=0, C(x)6=1
B(xC(x))) ∧ (

∧
x∈X , C(x)=1

B(xa)) ∧ (
∧
x∈X , C(x)=1

B(xb)).

Now for C(x) ∈ {a,b}, A(IxC(x)) = Iym if and only if
B(xC(x)) = ym = comp(p∗(xC(x))).
Therefore, IC′ = A(IC)
= I(∧

x∈X , C(x)6=0, C(x)6=1
comp(p∗(xC(x)))) ∧ (

∧
x∈X , C(x)=1

comp(p∗(xa)))

∧ (
∧
x∈X , C(x)=1

comp(p∗(xb))).

Also we have,
Ep(C) = (

∨
x∈X , C(x)6=0, C(x)6=1

p∗(xC(x))) ∨ (
∨
x∈X , C(x)=1

p∗(xa))

∨ (
∨
x∈X , C(x)=1

p∗(xb)).

Therefore, Fp(C) = comp(Ep(C)) =C′.
Hence,
A(Ic) = IC′ = {0, C′, 1}= {Fp(1), Fp(C), Fp(0)}= F∗p (IC)
Hence A = F∗p on every atoms not in G. Thus A = F∗p on every
atoms of LFT (X , L). Since LFT (X , L) is atomistic it is clear
that A = F∗p on LFT (X ,L).

Remark 3.15. If X is infinite set, then there is no automor-
phism of LFT (X ,L) which maps (η ∪ζ ) onto (η ′∪ζ ′) and
(η ′∪ζ ′) onto (η ∪ζ ).

From the proof of the Theorem 3.14 and from the Remark
3.15, we have the following result.

Theorem 3.16. If X is an infinite set, then the set of all au-
tomorphisms of the lattice LFT (X , L) is precisely {E∗p : p ∈
(S(X)×S({a,b}))} .
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