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Certain subclasses of harmonic starlike functions
associated with ¢— Mittag-Leffler function
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Abstract

A new subclass of harmonic starlike functions defined by an operator which is related to g—Mittag-Leffler
function. By defining this class we obtain coefficient estimates, distortion theorems, extreme points, conditions for
convolution functions and convex combination are determined. Moreover, the properties of the class preserving
under certain operators like the generalized Bernardi- integral operator and the g—Jackson integral operator are

studied.
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1. Introduction

Let Q be a complex domain. Let u and v be real and
harmonic in Q. Then a continuous complex valued harmonic
function of the form f = u+ivis in Q. Let D be any simply-
connected domain and subset of Q, so f = h+g, where h
and g are analytic functions in D, where & and g are the
analytic and co-analytic parts of f. From [8] it is observed that
| (z)| > |g'(z)| in D is a necessary and sufficient condition
for f to be locally univalent and orientation preserving in D.

Let .¥ 5 be the set of all harmonic, univalent and orienta-
tion preserving functions of the form f = h+g in

U:={zeC: |z]<1}

normalized by f(0) = h(0) = £;(0) — 1 =0, where

hz)=z+Y ad, gz)=Y ¥ and  |by] <1
k=2 k=1

(1.1)

so the function of the form f =h+g, is

f@=z+Y ad+Y bt and  |by|<1. (1.2)
k=2 k=1

It is interesting to note that, if g=0in f =h+g € S,
then the class .5 reduces to the class ., where

& :={f : fis univalent with f(0) =0 and f(0) = 1}.

Denote by .57 C .5 the class consisting of functions
of the form: f = h+g, where

h(z) =z=Y lalz', g(z) =Y |ble". (1.3)
k=2 k=1

The class .5 and it’s subclasses with various properties

were investigated by Clunie and Sheil-Small [8], with this

motivation there have been numerous investigations related

to the subclasses of .#,». One can refer Ahuja [1-3], Al-

Kharsani and Al-Khal [5], Dixit et al. [9-12], Frasin [15],
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Frasin et al. [16], Jahangiri [19-21], Jahangiri et al. [22],
Kim and Jahangiri [18], Silverman [28], Silverman and Silvia
[29], Yalcin et al. [35] and others [4, 13, 14, 23-25] and the
references therein for more details of different subclasses of
Z and its properties.

Let o7 denote the class of functions that are analytic in
the open unit disc U. For 0 < g < 1, Jackson [17] defined the
g—derivative of a function & € o7 is defined as follows:

h(z) — h(qz)
dyh(z) = 7—qz 270 , zeU
"(z), z=0

and a;h(z) := 0, (d4h(z)) . Obviously,

9 <Z akzk> = Z [k]qakzk_l, keN, ze U,
k=1

k=1

where [k], is defined by

l—qk .
fkeN
Ky=4 T—q "€ (1.4)
0 ifk=0.

As g — land k €N, [k]; — k. In particular /(z) = Z* for k,
the g—derivative of h(z) is given by

k(K
9 (zk) = M = [k]qzkfl, ze U,

(I-q)z
and
lim 9, (h(2)) = lim 9, () = k"' = f'(2), ke N, z€ U,
g—1 q—1

The Mittag-Leffer function E(z) is defined as

_yv U &
E"(Z)_kgr(okﬂ)z' (1)

The initial two parametric generalizations for the function
shown in (1.5) (see [32, 33]). It is defined in the following
way:

= 1

_ k
Es 5(x)=Y, Tok10)° ,0,8€C, R{c}>0,R{5}>0.(1.6)

k=0

Recently, Sharma and Jain [27] introduced the g—analogue
of generalized Mittag-Leffler function defined in the following
way:

0 V. k
EY «(z9) = UM < ,0,6,veC,
0.0 0= X, TylokT o)
R{o} >0,R{6} >0, R{v} >0, |q| <1, (1.7)

where I'(z) is the g—gamma function and lirr} Iy(2) =T(z).
q—

The g—analogue of the Pochhammer symbol (or g—shifted
factorial) is defined by

Further, the g—gamma function I'(z) satisfies the functional

equation
1—¢°
Ly(z+1) = ¢ Tg(2) = [2l¢Ty(2).
Also,
oy (1=9)Ty(A+k)
(@ @)= T,0h) ., k>0.

by

In 2019 Elhaddad et al. [14] defined the function 2} <(z)

;,5(1)
= y(2)Ey 5(z9)

I4(8) (9% @)k-1 k
+Z k-0 @ap. Y

For f € of the differential operator

yT(0,8) A =l

defined by

7y (0, 8)h(z) = h(z) * 2% 4(2)
Py (0, 8)h(z) = (1-A)h(z) = 2% 5(2)+
320, (W) + 25 5(2))

in general

(;L,q)k{ (1=2A)(1=2q) - (1=A4"), k=1,2,3, -

1 k=0.

989

7y (6, 8)h(z)
=7y (230 (0,8)h(2))

=z+ i[l([k]q—l)—kl]'"
k=2

(5)( .
Ly(o(k—1) )(qq)

For particular values of the parameters the defined op-

aka, zeU.

()

erator @Xj;”(o, ) reduces to various known operators for
example we illustrate as follows:

1. lin} 9/{";1(6, 0) reduces to generalized differential op-
g=1 N

erator of Mittag -Leffler function studied by Elhaddad
etal. [13].

2. ;1_13 .@i:rq"(O, 1) reduces to Al-Oboudi operator intro-
duced by Al-Oboudi [6].

3. ;gnl 91] ”;”(07 1) reduces to Sildgean operator introduced
by Séldgean [26].

4. hm Dy 1,0 (G 0) reduces to integral operator involving

Mlttag Leffler function studied by Srivastava et al.
[30].
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In 2019, Elhaddad et al.[14] defined the operator @lv q’"
S — Ly for functions of the form f = h+ g given by
(1.2) as

2" (0, 8) £(2)

= )" (0, 8)h(z)+ 2] (0, 8)g(z),  z€U,
(1.9)
where
73" (0, 8)h(2)
_Z+Z (Kg—D+1" 0% g (1.10)
and

7)"(6,8)5(2)
Z (Kg— D+ 1" @02V bk meNg, A >0

(1.11)

for brevity, we write

ooy _ _ Ta(0)(q": g
@k Ty(o(k—1)+6) (¢: @)1
Inspired by the classes of Ahuja et al. [4], Elhaddad et al.

[14], Frasin and Magesh [16], Jahangiri et al. [22], Magesh
and Porwal [23], Magesh et al. [24] and Rosy et al. [25], the

(1.12)

(0,8): Iy

(z) = (1 —1)z+1h(z), and g (z) = 1g(z). Also, for functions
f=h+g e %% where h and g are of the form (1.3) denote

5.0.v.1 5,0,v,A
g%::’q (B, 7, t) the subclass of g%:n: (B, v, 1).

For the special values of parameters involved in the above
defined class, one can get various subclasses of .#,». For
illustration, we remark few here as follows:

5,0,v,A 5,0,v,A
1. %f"qu 0,7, 1):= yjffﬂfqv (7) Elhaddad et al.
[14].
2. (a) lim %}0’1’0(0, 7, 1) = 75,.(7) Jahangiri
g—1 0,0,9
[20].
(b) lim %"ﬁovllf(o, ¥, 1)=K(y)  Jahangiri [20].
q— b

(©) m g;%’71~°(o 0,1):= Silverman and

Silvia [29]
(d) lim .7

g—1

Silvia [29],

Sy
b1 =0 (see|7,28]).
(O 0, 1) =K.

=0 (seel7,28)).

Gr(y)

Silverman and

3. lim 541 01 0(17}/, 1):=

Rosy et al.[25].
qg—1

4. 1im 4301001, y, 1) i= G (m, n, ) Subrama-

q~>
nian et al.[31].

5. lim gjﬁ?(} %B,7y,1):=Gx (B, v,t) Ahujaetal. [3].

subclass %8 oV, A(B ¥, t) defined for functions of the form 6. ll_}rri @) 2’2’{0 0,7, 1):=Spe(m,n,7y) Yalgin et al.
(1.2) satlsfylng the criteria [[13 5].
—_— . 1,0,1,0 o .
wlits g (4: (0.8)h(2)) ~20, (2} 70, 8)2(2)) I S 7. lim %fq 0,7 1) =T (n,v) Yalcin et al.
Dy (0, 8) i (2) + 2] (0, 8) &(2) [34], Dixit and Porwal [9].
(1.13) -
8. g;ﬁﬁ’nlqo(o Y, 1) :=Sw(n, v, q) Jahangiri [21].
wherem,ne Ny, >0,0<:<1,0<y< 1, with ¢ € R,
0,0,veC, R{c}>0,R{6}>0,R{v} >0,0<g< 1,
2. Coefficient Bounds
Our first theorem gives a sufficient condition for functions in gjﬁfnvqk (B,7,1).
Theorem 2.1. Let f = h+ g be so that h and g are given by (1.1). If
S,0,

= [(1+B)[A ([Klg— 1)+ 1]" [Klg — (v+ B) e[ A ([Klg — 1)+ 1]"] @) 7"

Y |ak|

=2 (I-7)

S
= [(1+B)A (kg — 1)+ 1" kg + (v + B e[ A ([Kg — 1) +1]"] @, 7"
+ Z |bk| S 13
k=1 (I-7)

2.1)

where myn € Ny, $>0,0<t<1,0<y<l,withaa€R,0,6,veC, R{c} >0, R{d} >0, R{v} >0and0< g < L.

Then f € %jf:”vqx(ﬁ, Y, 1).

990
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Proof. To prove that f € %6 oV, l(ﬁ 7, t), we only need to show that if (2.1) holds, then the required condition (1.13) is
satisfied. For (1.13), we can wrlte

R (14 Be) 70, (9;\::;”(67 5)h(z)> —20, (9{;;"(6, 8)g(z)) _ g m{A(z)} .
P} 4(0.8) (@) + 7] (0. 8)2i(2) |

Using the fact that R{@} > yif and only if |1 — y+ @| > |1 + Y — @], it suffices to show that

|A(z) + (1 =7)B(2)| — |A(z) = (1 +7)B(2)| > 0, (2.2)

where

A(z) = (1+Be) {z 2 (720, 8)h(2)) ~ 29, (2}7(0, 8) g(z))} B |7} (0, 8) () + 7} (0, 8) ()

and

B(z) = 7)(0, 8) hy(2) + 7, (0, 8) &i(2),
where

29, (9; "o, 8)h(z )) z+li[k]qw[k]q1)+1]mq>j;,f~”akzk
and

20, (2}:2(0.8)2(2)) :Ii[k]qm([k] SRS b 2
Further,

Py 00, 8) Iz —z—i—Zt g D)+ @07 g
and

M8

Dy (0 8)&(@) = LA (K= 1)+ 1" @g 7" b2t

=~
Il
—_

991 X
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Substituting for A(z) and B(z) in (2.2) and making use of (2.1), we obtain

|A(z) + (1= 7)B(2)| = |A(z) = (1+7)B(2)|
- ‘(1 + Bei) {29‘, (@;;;”(o, 5) h(z)) —20, (@;;;"(c, 5) g(z))} —Be® [9;;;(0, 8)hu(2)+ 2} (5. 5) g,(z)}

H1-9) (20200, 8) () + 7} 00, 8)8)) | - ‘(1 +Be) [zaq (2000, 8)n(2)) =29, (7 1'(o. 6)g(z))]
~Be [7}1(0, 8) () + 7} (0, 8) 8:(2)|

~(1+7) (7} (0, ) h(2) + 750, 8) 2,(2)) |
>2(1-7)kd

—;2[(1+ﬁ)[l([k]q—l)+l]’” Ko = (r-+ B[4 (kg — 1)+ 1] @571
kizmﬁ)mm1>+11m[k1q+<y+ﬁ>rmk1q1>+11 @25 by |2

= [(14B)[A (Kg— 1)+ 1" [y — (y+B) 1[4 (K, — 1) + 11" @0

>2(1‘”'Z'{1‘,§ iy i
_§ 04BN @D [k]qJ;(Y;B)tM([k]q— D+1]"] <I>2:,§”|bk||zlkl}
k=1
= [(14B)[A (kg — 1) + 1" [y — (y+B) e[ A (g — 1) +1]"] @07
; —y |a|
= [(1B)[A (kg = 1)+ 11" kg + (r+B) 1[4 (K = 1) +11"] @0
_Z |bi|
k=1 I=y
>0
which implies that f € 5,4 (B, v, 1).
The coefficient bound (2.1) is sharp for the harmonic function
= 1—y o
L B S+ 1y — (r+ B) (A (K — D+ 1] @88
Z - So.vﬁ’

i=1 [(1+B)[A ([k]g = 1) + 11" [k]g + (v+B) e[ A ([k]g = 1)+ 1]"] @

where Y |xx|+ ¥ |yx| = 1, shows that the coefficient bound given by (2.1) is sharp. O
k=2 k=1

Next, we show that the above sufficient condition is also necessary for functions in the class % 8 0,v,4 (B Y, 1).
Theorem 2.2. Let f = h+ g be so that h and g are given by (1.3). Then f € %%G’V’A([)’, Y, t) if and only if
m,n,q

o [(1+/3)[7L([k}q—1)+1]’”[k]q—(7+ﬁ)t[l([k]q—1)+1]”]<I>;ij’v
k=2 1=y
i (1+B)[2 ([Klq —1)+1}’”[k]q+(7+l3)t[7t([k}q—1)+l]”}‘Pf,f’v

I—y
wherem,n € Nog, >0,0<:r<1,0<y<1l,withaa €R, 0,0, veC, R{c}>0,R{0} >0, R{v}>0and0< g < 1.

0ol
Q000
S5002072

Seatveraz
2, G

|ax|

lbr] <1,

992
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Proof. Since ¢ 80,v, ’l(ﬁ Y, 1) CYy 8,0,v,4 (B, v, t), we only need to prove the only if part of the theorem. To this end, for

mnq

functions f of the form (1.3), we notice that the condition (1.13) is equivalent to
(1 + Beic) [z 2 (23720, 8)(2)) ~ 20, (7} (o, 5)g(z)>]

B |7}°1(0, 8) hu(2) + 7} 1(0, 8) &1 (2)|
770, 8)u(z) + 75 (0, 8) &i(2)

Upon choosing the values of z on the positive real axis where 0 < |z| = r < 1, the above inequality reduces to

=

(1-7) —kg[[l ((Klg = 1)+ 11" [klg = [ A (kg = 1) + 1] ] @57V ag !

_kgl [[A ([k]q —1)+1]" [k]q—i—’}/t[l ([k}q —1)+ l]n]¢5:f7v|bk‘rk71

R = %
1= T r([A (K= D)+ @7 ) ol T (1A (K= D+ @57 ) !
k)_ZZ[M([k]q—l)+1]m [klg —t[A ([k]q — 1) +1]" ]CP(s o ax|
| + X (2 (Klg = 1) A+ 11" (| 1[4 (g = 1)+ 11" @ bl !
R Beza mk:l - _ - >0
17k)::2r([x (Ig=1)+1) @2V \ak\rk’urkglt([}t (g=)+11 @57V ) el
Since Re(—e'®) > —|e!®| = —1, the above inequality reduces to
(1=7)-
ad 2 -~ mip 2 _ n] @OV | g |
kgz[(lJrﬁ)[ (kg = 1) +1]" [k]g = (y+ B) [ A ([k]g = 1)+ 1]" ] D ||
— X [(1+B)A (kg = 1) +1]" [Klg + (v +B) [ A ([K]y — 1) +1]"] q’j,f’v|bklfk_l
k=1 > 0. (2.3)

1- z t<[/1 [Kg—1)+1]" % )|ak\rk’l+k):ilt([l([k]q—l)-&-l]"‘bg_‘f"/) A1

If the condition (2.3) does not hold then the numerator in (2.3) is negative for r sufficiently close to 1. Thus there exists z9 = rg
in (0, 1) for which the quotient in (2.3) is negative. This contradicts the condition for f € g%c’ v,A (B, 7, t). Hence the proof is
Cm,n,q

complete. 0

3. Extreme points and Distortion bounds

In this section, our first theorem gives the extreme points of the closed convex hulls of {4%‘6’ v,A (B, 7, 1).
JCm,n,q

Theorem 3.1. Let f be given by (1.3). Thenfe%ac‘/l(ﬁ Y, t) if and only if

mnq

Mx

f(2) =) (Xihi(z) + Yigi(2)), (3.1)

k=1

where

993 X
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/’l1(Z)—Z7

hi(z) =z~ Ly 7, k>2,
[(T+B)A (kg — 1)+ 1] [k]g — (v+B)t[A (kg — 1) +1]"] 7

gi(z) = il o k>1,

+
(14 B)[A ([Kg = 1)+ 11" (K + (v+ B[ A (K — 1) +117] @5 7
i (X +Y) =1, X >0, Y, > 0. In particular, the extreme points of%%c’v’l(ﬁ, Y, t) are {hi} and {g;}.
k=1 m,n,q

Proof. For functions f of the form (3.1), we have

fl@) = i(thk(ZHYkgk(Z))
k=1
= i Xe+Y)z
k=1
- y Ly 5,0 vXkZ
=2 [(1+B)[A (kg = 1) + 1] [k]g = (v+ B) [ A ([k]g — 1)+ 1]7] D,
+i 1_}/ 5,0 vaZ
=1 (L4 B)[A (kg — 1) + 1] [k]g + (v + B) [ A ([klg — 1) + 1]7]
Then
i [(1+B)[A ([Kg— 1) + 11" [kl — (v+ B) t[A ([k]y — 1) + 1)) @22
k=2 I—y

X 1= X,
<[(1+3)M (kg — 1) +1]" [k]g — (v+B) t[A ([k]g — 1) +1]"] @5;2”“) ‘
<[(1 +B)[A ([Klg— 1)+ 1" [klg+ (v+ B) t[A ([Klg — 1) + 1]"] ‘I’g,’/?v)

+
2 7

x < 1_Y 60v>Yk
[(1+B)A ([Klg = 1) + 1] [klg+ (v +B) [ A ([klg — 1) +1]"] @7

:ixk+iyk:1_X1 <1
k=2 k=1

and so f € clco g%c‘v’l(ﬁi v, t). Conversely, suppose that f € clcog%c’v’k(ﬁ, 7, t). Setting
m,n,q Cm, n,q
[(1+B)[A Ky — D)+ 11" Klg — (y+ B) 1A (Klg — 1)+ 1] @07

X, = : k>2
k 17,}/ ‘ak|a Z 4y

and

o= (DA O Rl 4 B)(A.y =+ 11 e k1,

where E (X + ) = 1. Then note that by Theorem 2.2,0 < X;; <1 (k=2,3,---)and0<Y; <1 (k=1,2,3,---). We define
k=1

X;=1— Y X, — ¥ Y and by Theorem 2.2, X; > 0. Consequently, we obtain f(z) = ¥ (Xphi(z) + Yigr(z)) -
k=2 k=1 =

Using Theorem 2.2, it is easily seen that g%c’v”l (B, v, t) is convex and closed, so clco %%G v.A (B,7,1) = g%g’v”l (B,7v,1).
m,n,q Cm,n,q m,n,q

In other words, the statement of Theorem 3.1 is really for f € ff%a’v”l (B, 7, 1). O
m,n,q
“:%n:"s'i‘;"

994
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The following theorem gives the distortion bounds for functions in %jif v,A (B, v, t) which yields a covering result for this
m,n,q

class.

Theorem 3.2. Let f € 92%V"*(B, v, t) and

%m n.q

A< [(14B)[A (Klg = D)+ 11" [kl = (r+ B 1[A (K — 1)+ 1] @) 7"

and

A<[(1+B)A (Kg = D) +1" g+ (r+B) e[ A (K — 1)+ 11" @)Y k=2,

where
A= min{([(l +B)(1+(2lg—1)A") 2= (y+B) et ([1+ (2] — 1) A]")] q)(tjjza,v’
[(1+B) ([1+ (2l = D AI™) 21+ (r+ B ([1+ (2], = D) A )) @55 .

Then

F@ < (T+[bi])r +

1—y [(1+ﬁ)+(y+ﬁ)t]¢§,’f”vb 2
- 4 b1] ) r

and

If@ = =b])r -

1—y [(14+B)+(r+pB)1] q,lvb
A A dl

Proof. Let f € gj; Y"2(B, v, t). Taking the absolute value of f, we obtain
m,n,q

f@) < (A+bi))r+ i(\akl + [be))r*
k=2

<1+|b1\>r+r2i<|ak|+\bk|>

IN

A
= (+bi])r “Z =l + 7 1bi)

IN
—
—
+
5
=
~

I—y
(14 B)[A (kg = 1)+ 11" [k + (v+ B) e[ A (kg — 1)+ 17 @7 >
+ |bk‘

<[(1+B)M([k]q—1)+1]”’[k}q—(Y+ﬁ)t[l([k}q—1)+1]"} o

Iy

5,0,v
(14 by |)r+ ];y <1— [(HBH(lyij D |b1|> r

5,0,V
= (+lbihr+ (IXY‘ S mi) .

IN

A

and similarly,

F@ > (1_|b1)r_(1;y_[(1+ﬁ) (r+B)1] @y 7" b1|>

A

The upper and lower bounds given in Theorem 3.2 are respectively attained for the following functions.

(1;7/_ (1+B) +(r+B)1] <I>2;f””|b1|>22

f@)=z+|b1|z+ )

o
L0,
Ssa2ez

995
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and

5,0,V
f(z) =(1—1b1])z— (l;}/ . +ﬁ)+(7’:ﬁ)t] Pu |b1> i

The following covering result follows from the left hand inequality in Theorem 3.2.

Corollary 3.3. Let f of the form (1.3) be so that f € 92-7""*(B. v, 1) and
ZC m,n,q

A<[(1+B)A (Kg— 1)+ 11" kg — (y+ B t[A (g — 1) + 1" @22,

and

A< (14B)[A (kg = D)+ 1" [y + (r+B) e[ A (K — 1)+ 11" 00", fork >2,

where
A :min{([(l +ﬁ)([1 —|—([2]q— l)l]m) [Z}q— (Y—Fﬁ)t([l _|_([2]q_ 1)1]" )] (Dj;zc,v’
(14B) (1 + (121 = DA") [l + (r+B)e ([1+ (21, = ) A @55}
Then
{0101 < 2= A2 o} < o),

A

4. Convolution and Convex Combinations

In this section we show that the class %jf}c' v’k(ﬁ, Y, t) is closed under convolution and convex combinations. Now we
m,n,q

need the following definition of convolution of two harmonic functions. For f(z) =z— ¥ |a|Z* + ¥ |bx|7* and F(z) =
=2 k=1

72— ¥ |AglZF+ ¥ |Bi|Z¥, we define the convolution of two harmonic functions f and F as
k=2 k=1

(FF)) = F@*F) =2~ Y lallAde + Y lbl|Bil. @1

k=2 k=1

Using the definition, we show that the class ff;’,a’v”l (B, v, t) is closed under convolution.
m,n,q

Theorem 4.1. For0<y< 1, let f € %5"’*"’”([3, y,t)and F € %S’G‘V’A(B, ¥, 1). Then fF € %j; VA By, 1),
m,n,q

Proof. Let f(z) =z— Z |ay|Z* + Z |bi|Z* and F(z) =z — Z |Ag|ZF + Z |By|Z* be 1n€€6 . VA([% ¥, t). Then the convolution

f*F is given by (4. 1) We wish to show that the coefﬁc1ent of f*F satlsfy the required condltlon given in Theorem 2.2. For
Fe %jfo v x(ﬁ, Y, t), we note that |A;| < 1 and |By| < 1. Now for the convolution function f x F, we obtain
m, n,q

5 [(1+B)[A (K] — 1) +1]" [qu—1<_y+ﬁ>tw[qu— 1)+1]"] c1>:3:;”|ak”Ak|
k=2 Y
I _ m _ n 5,0,V
5 [(1+B)[A (Kly— 1) +1] [k1q+1<yy+ﬁ>rw[k1q DRRI LA
k=1
s [(1+B)[A (kg — 1) +1]" [k]ql(HB)tW[k]q1)+1]”] @2;,:’*“|ak|
k=2 -7
5 [(1+B)[ A (Ky — 1>+um[k]q+l (_Y;Lﬁ)t[?t([k]q—l)ﬂl”] @5:;”“|bk|
k=1
S 17
since f € gi::ql (B, 7, t). Therefore f+F € gi:nvql (B, 7, 1). O
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Next, we show that the class % 8,0,v,4 (B, v, t) is closed under convex combination of its members.
m n,q

Theorem 4.2. The class %%6’ VA (B, v, t) is closed under convex combination.
m,n,q

Proof. Fori=1,2,3,--- let fi(z) € %jfa Vi l([i, 7, t), where f; is given by

2)=2— Y lagld+ Y [buclz".
= =1

For ¥ 1, =1,0 <t; <1, the convex combination of f; may be written as
i=1

itifi(z) =z— i (iti|aik|> &+ i (itibik> Z

=1 k=2 \i=1 =1 \i=1
Since,
[(1+B)[A ([klg— 1)+ 1]" [klg — (v+ B)t[A ([klg — 1) +1]"] d)j,’,f'v
=2 1=y

[(14+B)[ A (Kl = 1) + 11" (kg + (r+B) 1[4 (K — 1)+ 1]"] @72
I—y

|aik|

|bik| S 17

from the above equation we obtain

[(1+B)[A ([Kg = D)+ 11" kg — (v+ B) 1[4 (Ky — 1) + 1] @277 =
Z —y Eiti‘aik‘

(A=) 1 W e (W) ) LA S
] i=1

[(1+B)[ A (K = 1)+ 11" [kl = (r+B) 1[4 ([l — 1)+ 1]"] @) 2"

|aix|
=1 k= =y
L (O BA W=D+ 1" Wl + (4 BilA (K= D+ 1) Pk ol
k=1 k(1—7)
< Zl‘i =1
i=1
This is the condition required by (2.3) and so Z tifi(z) € %j; v l(ﬁ 7, 1). O

i=1

5. Class preserving integral operators

Finally, we consider the closure property of the class 54 8,6,v,4 (B, 7, t) under the generalized Bernardi-Libera -Livingston

)71 n,

integral operator .%;[f(z)] and the g-Jackson integral operator F

1. The generalized Bernardi-Libera -Livingston integral operator .Z,[f(z)] for f(z) = h(z) + g(z) given by (1.1) is

2l - e oo

0
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2. For f(z) = h(z) + g(z) given by (1.1), the g-Jackson integral operator F is defined by the relation

Fy(z) = Z[CC]+1 /0 uh(u)dyu+ [c]+l /Ozucg(u)dqu, 5.1

where [c], is the g-number defined by (1.4).

Theorem 5.1. Let f € 427V (B, v, 1), then Z[f(2)] € 42,7 (B, 7. 1).
m,n,q m,n,q

Proof. From the representation of .Z,[f(z)], it follows that

21@) = c“/e 'h(E) d§+c“/5~ )aé

- C“/a 1(5 Z|ak|5>d5+c“/a l(i|bk|5k)d5
k=1
= szAkszrZBkzk,
k=2 k=1

[(1+B)[ A (Ky = 1) + 11" [kl = (y+ B) 1[ A ([, — 1) + 1" @72 (c+ L k>

= 11—y c+k “

= [(1+B)A (kg — 1)+ 17 kg + (y+B) A (Klg =)+ 1] @27 /ey 1
; 1—vy : (c+k|bk|>

= [(14+B)[A (Klg— 1)+ 11" (kg — (v + B)e[A (kg — 1) +1]"] @50

Z, =7 ||
= [(1+B)[A (Kl — 1)+ 11" [kg + (y+ B) [ A (kg — 1) + 117 @27
Z —y |b|

S 1)
since f € gay::ql (B, 7, t), therefore by Theorem 2.2, .%.(f(z)) € 5{;: :;(ﬁ’ 7, 1). O

In the next theorem, we show that the class %%’06’ v,A (B, 7, t) is closed under the g—integral operator defined by (5.1).
JCm,n,q

Theorem 5.2. Let f(z) = h(z) +g(z) be given by (1.3) andfegj; v, A(ﬁ, v, t) where A, 1 € No, B >0,0<y<1,0<r<1

and 0 < q < 1. Then F, defined by (5.1) is also in the class gjfa Vi A(ﬁ, Y, ).
m,n,q

Proof. Let
(x) =z2— Y lal" + Y [bel2*
k=2 k=1

be in &= 8.0,v,4 ([3 Y, t). Then by Theorem 2.2, the condition (2.3) is satisfied.

From the serles representation (5.1) of Fy, it follows that,

oy e S VT
Fa(2) =2 ,gz[kﬂil]q' k|zk+,§1[k+c—qkl]q|bklzk'
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Since
k+tc+1 ¢ ktctl
[k+c+l]q7[c]q7 qlfqu: Z ¢>0
i=0 i=0 i=c
[c]
k+c+1], > [c]q (or) [k—i—cj—]]q <1
Now,
i[(”’W“k]q—1>+11'”[k}q—mﬁw<[k1q—1>+u"1@2;;”“ TR
k=2 1—v k+c+1],
o (14 B)A (Klg = D + 1" kg + (v+ B[4 (Kg = D+ 17 @07 [
Jrkgtl l—y . [k+cil]q|bk|
2 (14 B)[A (Klg = 1) + 1" [k = (r+ B) 1[4 (Klg = 1) + 1] @f 7
= Z 1 |a|
k=2 -y
4y LHANA(H, — DI [k]q+1(Y+ﬁ)t[7L([k]q— Dept
k=1 -y
<1

Thus the proof of Theorem 5.2 is established.
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