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1. Introduction

The fundamental concept of a fuzzy set introduced by
Zadeh [6] in 1965, provides a natural foundation for build-
ing new branches of fuzzy mathematics. In 1968 Chang [2]
introduced the concept of fuzzy topological spaces as a gener-
alization of topological spaces. Since then many topologists
have contributed to the theory of fuzzy topological spaces.
Today fuzzy topology has been firmly established as one of
the basic disciplines of fuzzy mathematics. In 1987 Kandil
[3] introduced the concept of fuzzy bitopological spaces as
an extension of fuzzy topological spaces and a generalization
of bitopological spaces. Recently the authors of the paper [5]
extended the concepts of fuzzy semiopen sets, fuzzy semi-
continuous and fuzzy semiopen mappings due to Azad [1] to
fuzzy bitopological spaces. In this paper is to introduce and
study the notions of fuzzy upper and lower (i, j)-semilimit
sets. Properties and basic relationships among fuzzy upper
(i, j)-semilimit set, fuzzy lower (i, j)-semilimit set and fuzzy
(i, j)-semicontinuity are investigated.

2. Preliminaries

In this paper, the symbol / will denote the interval [0,
1]. A fuzzy set in X is a function with domain X and values
in 1, that is, an element of I*X. The subset of X in which
u € IX assumes nonzero values, known as the support of 1
[6]. A member u of IX is contained in a member p of IX
denoted by u < p if, and only if u(x) < p(x) for every x € X
[4]. By u x p we denote the fuzzy set in X x X for which
(k< p) (x,y) = min {(x),p(y), for every (x,y) € X x X}.
For u € I*, the fuzzy set u¢ is denoted by u¢(x) = 1 — u(x)
for every x € X. A fuzzy set in X is called a fuzzy point
if, and only if it takes the value O for all y € X except one,
say, x € X. If its value at x is o (0 < & < 1) we denote the
fuzzy point by xy, where the point x is called its support.
The class of all fuzzy points in X is denoted by y[2]. The
fuzzy point x, is said to be contained in a fuzzy set y or to
belong to u, denoted by x4 € u if, and only if @ < u(x). A
fuzzy set u in a topological space (X, 71, 72) is called a fuzzy
neighbourhood of a fuzzy point x,, if, and only if there exists
B € Tsuch thatxo, € B < u [4]. A fuzzy point x4 is said to be
quasi-coincident with pt denoted by x4 q t if, and only if o >
ue(x) or a+ p(x) > 1[4]. A fuzzy set u is said to be quasi-
coincident with a fuzzy set p, denoted by 1t q p, if, and only if
there exists x € X such that u(x) > p°(x) or p(x) +p(x) > 1
[4]. If u does not quasi-coincident with p, then we write
ugp. A fuzzy set u of a fuzzy bitopological space (X, 71, T)
is called fuzzy (i, j)-semiopen [5]if u < jCl(iInt(t)), where
jCl(w)=A{peF:u<pand1—per;}andilnt(p)=
Vv{p €I¥:p < u and p € 7;}. The complement of a fuzzy
(i, j)-semiopen set is called a fuzzy (i, j)-semiclosed set [5].
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The family of all fuzzy (i, j)-semiopen (resp. fuzzy (i, j)-
semiclosed) subsets of (X, 71, 7;) is denoted by (i, j)-SO(X)
(resp. (i, j)-SC(X,Y)). The fuzzy (i, j)-semiclosure [5] of u €
X is denoted by (i, j)-sCl(p) where (i, j)-sCl(1) = A{p €
(i,7)-SC(X,Y) : u < p}. Also, the fuzzy (i, j)-semiinterior
[5] of u is denoted by (i, j)-sInt(u) where (i, j)-sInt(u) =
V{p € (i,j)-SO(X) : p < u}. In addition to that, a fuzzy
set W is fuzzy (i, j)-semiopen (resp. fuzzy (i, j)-semiclosed)
if, and only if u = (i, j)- sInt( ) (resp. p = (i,j)-sCl(u)).
Also, for a fuzzy set u € IX, (i,)-sCl(1 —u) = 1 — (i, j)-
sInt(u) and (i, j)-sInt(1—p) = 1— (i, j)-sCl(u) [5]. A fuzzy
set 1 in a fuzzy bitopological space (X,7;,T) is called a
fuzzy open-Q-neighbourhood [4] (resp. (i, j)-semi-open Q-
neighbourhood [5]) of a fuzzy point x,, if, and only if there
exists p € T (resp. p € (i,j)-SO(X)) such that x4gp and
p < u. A fuzzy point x4 € Cl(u) if, and only if each open-
QO-neighbourhood x is quasi-coincident with u. A fuzzy set
U in a fuzzy bitopological space (X, Ty, T;) is called fuzzy
(i, j)-semineighbourhood of a fuzzy point x if there exists
p € (i,j)-SO(X) such that xo € p < p. The family of all
fuzzy open-Q-neighbourhood (resp. fuzzy (i, j)-semi-open
O-neighbourhood [5]) of the fuzzy point x4 in X is N(xg)
(resp. Ny(xq)). The set Ny(xq) with the relation <* (that is,
U <* w if, and only if tp, < pp) forms a directed set.

3. Fuzzy (i, j)-semicontinuously converge

Definition 3.1. A function f: (X, 11,%) — (Y, 01,07) is said
to be fuzzy (i, j)-semicontinuous if for every fuzzy point xq
in X and every fuzzy (i, j)-semi-open Q-neighbourhood 1 of
f(xq), there exists a fuzzy (i, j)-semi-open Q-neighbourhood
P of xg such that f(p) < w. The family of all fuzzy (i, j)-
semicontinuous functions from (X,7;,T2) into (Y,01,02) is
denoted by SC(X,Y ).

Definition 3.2. Let (X, 1), 72) be a fuzzy bitopological space
and let {p;,i € I} be a net of fuzzy points in X. We say that the
Suzzy net {p; : i € I} fuzzy (i, j)-semiconverges to a fuzzy point
p of X if for every fuzzy (i, j)-semi-open Q-neighbourhood
of p in X there exists ig € I such that p; g U for every i €1
and i > ig.

Theorem 3.3. Let U be a fuzzy subset of a fuzzy bitopological
space (X,71,T2). Then, a fuzzy point x4 € (i, j)-sCl(u) if,
and only if for every p € (i, j)-SO(X) for which x4 q p we
have p g W.

Proof. The fuzzy point x4 € (i, j)-sCl(u) if, and only if x4
€ v for every fuzzy (i, j)-semiclosed set y of X for which
U < p. Equivalently, xy € (i,7)-sCI(u) if, and only if o <
1 — p(x) for every fuzzy (i, j)-semiopen set p for which y <
1 —p. Thus, x4 € (i, j)-sCl(u) if, and only if p(x) < 1 — o
for every fuzzy (i, j)-semiopen set p for which p < 1— u.
So, xq € (i, j)-sCl(p) if, and only if for every fuzzy (i, j)-
semiopen set p of X such that p(x) > 1 — o we have p not
less than 1—u. Therefore, x¢ € (i, j)-s Cl(w) if, and only if for
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every fuzzy (i, j)-semiopen set p of X such that p(x) + o > 1
we have pgu. Thus, xq € (i,j)-sCl(u) if, and only if for
every fuzzy (i, j)-semiopen set p of X such that xoqp we
have pgut. O

Theorem 3.4. Let f: (X,11,7) — (Y, 01,02) be a fuzzy

(i, j)-semicontinuous function, xq be a fuzzy point in X and
W, p be a fuzzy (i, j)-semi-open Q-neighbourhood of x4 and
f(xq), respectively such that (1) < p. Then there exists a
Sfuzzy point xg in X such that xqq and f(xq)gp.

Proof. Since f(u) £ p ptf!

vt o F-E) o )
then p(x)+1—f~1(p(x)) > 1 or pu(x)+
Let (f~'(p))¢(x)) = r. Clearly, for the fuzzy point x, we have
xrqit and x, € (f~'(p))¢. Hence for the fuzzy point x¢ = x,
we have xqqu and f(xq)gp. O

). Then there exists x € Y
— 1 (p(x) > 0 and
(f'(P)) (x) > 1.

Theorem 3.5. A function f: (X,71,72) — (Y,01,07) is fuzzy
(i, j)-semicontinuous if, and only if for every fuzzy point
X of X and for every net {p; : i € I} which fuzzy (i,j)-
semiconverges to xq the net {f(p;) : i € I} of Y fuzzy (i, j)-
semiconverges to f(xq).

Proof. Straightforward. O

Definition 3.6. A net {f;: j€ J} in (i,j)-FC(X,Y) fuzzy
(i, j)-semi-continuously converges to f € (i, j)-FC(X,Y) if for
every nrt {p; :i € I'} in X which fuzzy (i, j)-semi-converges to
a fuzzy point p in X we have that the fuzzy net { f;(pi), (i, j) €
I X J} fuzzy fuzzy (i, j)-semi-converges to a fuzzy point f(p)
inY.

Theorem 3.7. For a function f: (X,T),T2) —
following properties hold:

(Y,01,07), the

1. If{fi:iel}isanetin (i, j)-SC(X,Y) with f; = f for ev-
eryi€l, then {f;:i €1} is fuzzy (i, j)-semicontinuously
converges to f € (i, j)-SC(X,Y).

2. If {fi:i €1} is a net in (i, )-SC(X,Y), which fuzzy
(i, j)-semicontinuously converges to f € (i, j)-SC(X,Y)
and {g;: j € J} be a subnet of { f; : i € I}, then the net
{gj: j €J} fuzzy (i, j)-semicontinuously converges to

f.

3. If{fi:iel}is anetin (i,j)-SC(X,Y), which does
not fuzzy (i, j)-semicontinuously converges to f € (i, j)-

SC(X,y), then there exists no subnet of {f; :i € I},
which fuzzy continuously converges to f.
Proof. Clear. 0

Theorem 3.8. A net {fi:i€l}in (i,j)-SC(X,Y) fuzzy (i, j)-
semicontinuously converges to f € (i, j)-SC(X,Y) if, and only
if for every fuzzy point xq in'Y and every fuzzy (i, j)-semiopen
Q-neighbourhood p of f(xq) in Z there exists an element
io € I and a fuzzy (i, j)-semiopen Q-neighbourhood | of xo
inY such that f;(u) < p for everyi>ip, i €I
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Proof. Let x4 be a fuzzy point in ¥ and p an (i, j)-semiopen
Q-neighbourhood of f(x¢) in ¥ such that for every i € I and
for every fuzzy (i, j)-semi-open Q-neighbourhood u of x4
in ¥ we can choose a fuzzy point x;; in Y such that x,qu
and fi(xy)gp. Clearly, the fuzzy net {x,,u € N(xq)} fuzzy
(i, j)-semiconverges to xq but the fuzzy net {fi(py), (u,i) €
N(xq) x I} does not fuzzy (i, j)-semiconverges to f(xy) in
Y. Conversely, let {f; : i € I'} be a fuzzy netin (i, j)-SC(X,Y)
which fuzzy (i, j)-semiconverges to the fuzzy point x4 in Y
and p an arbitrary fuzzy (i, j)-semi-open Q-neighbourhood
of f(xg) in Y. By assumption there exists a fuzzy (i, j)-semi-
open Q-neighbourhood p of x4 in Y and an element iy € 1
such that f;(it) < p for every i > iy, i € I. Since the fuzzy net
{x; :i €I} (i, j)-semiconverges to x¢ in Y. There exists iy € [
such that x;qu for every i > iy, i € I. Let (ig, j,) € I X J. Then
for every (i, j) € I x J, (i, ) > (io, jo) we have f;(xi)qf;(1)
and f; (1) < p, thatis, fj(x;)gp. Thus, the net { f;(x;) : (i, j) €
I x J} fuzzy (i, j)-semiconverges to f(x¢) and the net {f; :
J € J} fuzzy (i, j)-semicontinuously converges to f. O

Definition 3.9. A fuzzy set U of a fuzzy bitopological space
(X,71,m2) is said to be generalized (i, j)-semiclosed if (i, j)-
sCl(u) < p whenever p < p and p is (i, j)-semiopen in X.

Definition 3.10. A fuzzy bitopological space (X,7),T2) is
said to be (i, j)-semi-Ty if every fuzzy point in X is fuzzy (i, j)-
semiclosed.

Theorem 3.11. A fuzzy bitopological space (X,T1,72) is (i, j)-
semi-Ty if, and only if for each x € X and each o, € [0, 1] there
exists a fuzzy (i, j)-semiopen set W such that u(x) =1—a
and p(y) =1 fory # x.

Proof. Let  =0. We set 4 = X. Then u is fuzzy (i, j)-
semiopen set such that pu(x) =1 —0and pu(y) = 1 fory # x.
Now, let o € (0,1] and x € X. We set i = (x¢)°. The set i is
fuzzy (i, j)-semiopen such that pt(x) = 1 — o and pu(y) = 1 for
y # x. Conversely, let x4 be an arbitrary fuzzy point of X. We
prove that the fuzzy point x4 is fuzzy (i, j)-semiclosed. By
assumption there exists a fuzzy (i, j)-semiopen set y such that
u(x)=1—aand u(y) =1 fory # x. Clearly, u¢ = x¢. Thus,
the fuzzy point x4 is fuzzy (i, j)-semiclosed and therefore the
fuzzy bitopological space X is (i, j)-semi-Tj. O

Definition 3.12. A fuzzy bitopological space (X,71,T) is
called quasi-(i, j)-semi-Ty if for any fuzzy points xq and yg
for which supp(xq) # x # supp(yg) =y, there exists a fuzzy
(i, j)-semiopen set y such that xo € p and yg ¢ W and another
(i, j)-semiopen set p such that xq & p and yg € @.

Definition 3.13. A fuzzy bitopological space (X,71,T2) is
called an (i, j)-semi-T, space if for any fuzzy points xq and
yp for which supp(xq) # supp(yg), there exists two fuzzy
(i, j)-semiopen Q-neighbourhoods p and | of xq and yg, re-
spectively such that p A\ u = 0.

Definition 3.14. A fuzzy point xq is called weak (resp. strong)
ifoa < % (resp. a > %) [4].
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Theorem 3.15. If (X,71,72) is a quasi-(i, j)-semi-T| fuzzy
bitopological space and xq a weak fuzzy point in X, then
(xa)€ is a fuzzy (i, j)-semineighbourhood of each fuzzy point
yp with x # y.

Proof. Let x # y and yg be a fuzzy point of X. Since X is
quasi-(i, j)-semi-Tj, there exists a fuzzy (i, j)-semiopen set
p of X such that yg € u and xo ¢ u. Then o = p(x). Also,
o < §. Thus, p(x) = 1—o. Then p(y) < 1= (xq)°(y) for
every y € X\{x}. So u < (xq)¢. Hence the fuzzy point x4 is
an (i, j)-semineighbourhood of yg. O

Definition 3.16. A fuzzy bitopological space (X,71,T) is
called an (i, j)-semiregular if for any fuzzy points xq and a
Juzzy (i, j)-semiclosed set p not containing xq, there exist [,
n € (i,7)-SO(X) such that xq € 4, p <M and uAM =0.

Theorem 3.17. If (X, 71,T) is an (i, j)-semiregular space,
then for any strong fuzzy point x¢ and any fuzzy (i, j)-semiopen
set WL containing xq, there exists a fuzzy (i, j)-semiopen set p
containing xq such that B(p) < u.

Proof. Suppose that x,, is any strong fuzzy point contained in
1 € (i, j)-SO(X). Then 1 < a < p(x). Thus, the complement
of u, that is, the set u¢, is a fuzzy (i, j)-semiclosed set to
which does not belong to the fuzzy point x. Then there exist
p,n € (i, j)-SO(X) such thatxq € p and u° <n withp A =
0. Hence p < n° and (i, )-sCl(p) < (i,j)-sCl(n¢) = n°.
Now p¢ < 1 implies n¢ < u. Then (i, j)-sCl(p) <u. O

Theorem 3.18. If (X, 11, 2) is a fuzzy (i, j)-semiregular space,
then the strong fuzzy points in Xare fuzzy generalized (i, j)-
semiclosed.

Proof. Let xy be any strong fuzzy point in X and u be a fuzzy
(i, j)-semiopen set such that x, € 1. Then there exists p €
(i,7)-SO(X) such that x4 € p and (i, j)-sCl(p) < u. We have
(i, J)-sCl(xq) < (i, j)-sCl(p) < u. Hence the fuzzy point x4
is fuzzy generalized (i, j)-semiclosed. O

Definition 3.19. A fuzzy bitopological space (X,71,T2) is
called a fuzzy (i, j)-semiregular if for any weak fuzzy point xo
and a fuzzy (i, j)-semiclosed set p not containing xq, there
exist W, M € (i, j)-SO(X) suchthatxq € L, p <M and U AN =
9.

Definition 3.20. A fuzzy set W in a fuzzy bitopological space
(X,71,72) is said to be fuzzy (i, j)-seminearly crisp if (i, j)-
sCL(u) A ((i, j)-sCl(p))" = 9.

Theorem 3.21. Let (X, 71, T2) be a fuzzy bitopological space.
If for any weak fuzzy point xq and | € (i, j)-SO(X) containing
Xq, there exists a fuzzy (i, j)-semiopen and (i, j)-seminearly
crisp fuzzy set p containing xq such that (i, j)-sCl(p) < u,
then X is fuzzy (i, j)-semiregular.

Proof. Assume that 7 is a fuzzy (i, j)-semiclosed set not
containing the weak fuzzy point x,. Then n¢ is a fuzzy (i, j)-
semiopen set containing x,. By hypothesis, there exists a

0gl0
S0,
S5027:

(N
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fuzzy (i, j)-semiopen and (i, j)-seminearly crisp fuzzy set p
such that xq € p and (i, j)-sCl(p) < n°. We set y= (i, ))-
sInt((i, j)-sCl(p)) and u = 1—(i, j)-sCl(p). Then 7 is fuzzy
(i, j)-semiopen, xo € Y and ) < y. We are going to prove that
WAY=¢. Now assume that there exists y € X such that
(YAu)(y) = a# ¢. Then yo € YA u. Hence yq € (i,/)-
sCl(p) and yq € (((i,j)-sCl(p)))¢. This is a contradiction
since p is (i, j)-seminearly crisp. Hence (X, 71, 72) is (i, j)-
semiregular. O

Definition 3.22. Ler [ be a fuzzy set of a fuzzy bitopolog-
ical space (X,71,Ty). A fuzzy point x4 is called an (i, j)-
semiboundary point of a fuzzy set |1 if, and only if xo € (i, j)-
sCl ) A (1= (i, ))-sCl(w)). By (i,j)-sd(i), we denote the
Suzzy set (i, j)-sCl() A (1 — (i, j)-sCl(w)).

Theorem 3.23. Let X be a fuzzy bitopological space. Sup-
pose that xq and yg be weak and strong fuzzy points, respec-
tively. If xq is generalized (i, j)-semiclosed, then yg € (i, j)-
sCl(xg) = xo € (i,/)-sCl(yp).

Proof. Suppose yg € (i, j)-sCl(xq) and xq ¢ (i,/)-sCl(yp)-
Then (i, j)-sCl(yg) < a. Also o < 1. So (i,7)-sCl(yg)(x) <
1 — o and therefore o < 1— (i, j)-s Cl(yg ) (x). Soxq € (((i, j)-
sCl(yg)))¢. Butxq is generalized (i, j)-semiclosed and (((i, j)-
sCl(yg))) is fuzzy (i, j)-semiopen. Hence (i, j)-s Cl(xg) <
((i,)-sCl(yg))¢. By assumption, we have yg € (i, j)-s Cl(xq).
Thus, yg € ((i,/)-sCl(yg))°. We prove that this is a con-
tradiction. Indeed, we have B < 1 — (i,)-sCl(yg)(y) or
(i,7)-sCl(yg)(y) < 1—B. Also, yg € (i, j)-sCl(yg). Thus
B <1— . Butyg is a strongly fuzzy point, that is, > %
So the above relation § < 1 — f3 is a contradiction. Hence
€ (i,7)-sCl(yg)- O

Theorem 3.24. Let | be a fuzzy set of a fuzzy bitopological
space (X,71,72). Then uV (i, j)-sd(p) < (i, j)-sCl(u).

Proof. Letxg € uV (i, j)-sd(it). Then xq € p or x¢ € (i, j)-
sd(p). If xo € (i, j)-sd(u), then x4 € (i, j)-sCl(u). Let us
suppose that x,, € . We have (i, j)-sCl(1) = A{p : p € IX,
p is (i, j)-semiclosed and 1 < p}. So if xo € U, then x € p
for and fuzzy (i, j)-semiclosed set p of X for which u < p
and therefore x¢ € (i, j)-sCl(u). O

Definition 3.25. A fuzzy point xq in a fuzzy bitopological
space (X,7T1,T2) is said to be :

1. well-(i, j)-semiclosed if there exists yg € (i, j)-sCl(xq)
such that supp(xe) # supp(yg);

2. just-(i, j)-semiclosed if the fuzzy set pcl(xq) is again
fuzzy point.

Remark 3.26. Clearly, in a fuzzy (i, j)-semi-Ty space every
Sfuzzy point is just-(i, j)-semiclosed.

Theorem 3.27. If (X,7),T) is a fuzzy bitopological space
and xq is a fuzzy generalized (i, j)-semiclosed but well-(i, j)-
semiclosed fuzzy point, then (X, 71, 7T2) is not fuzzy (i, j)-semi-
1.
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Proof. Let X be a fuzzy (i, j)-semi-T;. By the fact that xg is
fuzzy well-(i, j)-semiclosed, there exists a fuzzy point yg with
supp(xe) # supp(yg) such that yg € (i, j)-sCl(xq). Then
there exists u € (i,)-SO(X) such that xo € ¢ and yg ¢ u.
Then (i, j)-sCl(xq) < u and yg € . But this is a contradic-
tion and hence X cannot be (i, j)-semi-T space. O

Theorem 3.28. Let (X, 71, T2) be a fuzzy bitopological space.
If xq and xg are two fuzzy points such that o < B and xg is
fuzzy (i, j)-semiopen, then xq is just-(i, j)-semiclosed if it is
fuzzy generalized (i, j)-semiclosed.

Proof. We prove that the fuzzy set (i, j)-sCl(xq) is again
a fuzzy point. We have xq € xg and the fuzzy set xg is
fuzzy (i, j)-semiopen. Since xq is fuzzy generalized (i, j)-
semiclosed, (7, j)-s Cl(xq) < xg. Thus, (7, j)-s Cl(xq)(x) < B
and (i, j)-sCl(x)(z) < 0 for every z € X\{x}. So the fuzzy
set (i, j)-sCl(xg) is a fuzzy point. O

4. Fuzzy Upper And Lower (i, j)-semilimit
sets

Definition 4.1. Let I be a directed set. Let ) be the collection
of all fuzzy points of an ordinary set X. The function S: 1 — ¥
is called a fuzzy net in X. For everyi € I, S(I) is often denoted
by s; and hence a net S is often denoted by {s; : i € I'}.

Definition 4.2. Ler {y; : i € I} be a net of fuzzy sets in a fuzzy
bitopological space (X, T1,72). Then by (i, j)-s-lim; (1;), we
denote fuzzy upper (i, j)-semilimit of the net {u; : i € I'} in IX,
that is, the fuzzy set which is the union of all fuzzy points x¢
in X such that for every iy € I and for every (i, j)-semiopen
Q-neighbourhood | of x, in X there exists an element i € |
for which i > iy and piqu. In other cases we get (i, j)-s-
lim; (1) = ¢.

Definition 4.3. Let S = {s; : i € I} be a fuzzy net in X. Then
S is said to be quasi-coincident with W if for each i € I, s;
is quasi-coincident with . A fuzzy net {g;j:j€J} in X is
called a fuzzy subnet of a fuzzy net {s; : i € I} in X if there is
a function N : J — I such that (i) g; = Sy, and (ii) for the
element ig € I, there is jo € J such that if j > jo, j € J, then
N(j) = io.

Theorem 4.4. Let {u;:i €I} and {p; : i € I} be two fuzzy
nets of fuzzy sets in X. Then the following properties hold:

~

. The fuzzy upper (i, j)-semilimit is (i, j)-semiclosed.
2. (iyj)-s-Tmy (1) = (i, )Ty (i, )-sCl()

3. If W = p foreveryi € I, then (i, j)-s-lim; (;) =
sCl(p).

4. The fuzzy upper (i, j)-semilimit is not affected by chang-
ing a finite number of the L.

(ivj)'

5. If W < p; for every i € I, then (i, j)-s-lim;(i;) < (i, j)-
s-limy(p;).
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6. (i, )-s-Timy () < (i, )-sCI(V (g : P € 1))
7' (laJ) S I(H,\/Pz) = <Z7J) s hml(nul)
(i,j)-s-h 1(Pi)-
8. (i, )-s-Timy (A py) < (i, )-s-Timy (41) A
(i,j)-s-lim,(p,-).
Proof. (1). Tt is sufficient to prove that (i, j)-sCI((i, j)-s-

limy () < (i, j)-s-limy(y;). Suppose x, € (i, j)-sC1((i, j)-
s-lim;(u;)) and let u be an arbitrary fuzzy (i, j)-semiopen Q-
neighbourhood of xa Then pq(i, ]) -s-lim;(y;)). Hence there
exists an element x! € X with p(x") + (i, j)-s-Timy (1;) (x1) >
1. (i, j)-s-lim;(1;)(x1) = o. Then for the fuzzy point x}, in

X we have xL,qu and x}, € (i, j)-s-lim;(;)). Thus, for every
element iy € I, there exists i > iy, i € I such that u;qu. This
means that x,, € (i, j)-s-lim;(1;)).

(2). Clearly, it is sufficient to prove that for every (i, j)-
semiopen set [ the condition pgy; is equivalent to pg(i, j)-
sCly;. Let uqu;. Then there exists an element x € X such that
1)+ (1)) > 1. Since i < (i, j)-sCU(). p(x) + (. j)-
sCl(u;)(x) > 1 and pg(i, j)-sCly;. Conversely, let ug(i, j)-
sCly;. Then there exists an element x € X such that u(x) +
(i,7)-sCl(y;)(x) > 1. Let (i,)-sCl(u;(x)) = r. Then x, €
(i,7)-sCl(;) and the fuzzy (i, j)-semiopen set U is a fuzzy
(i, j)-semiopen Q-neighbourhood of x,. Hence, pqp;.

(3), (4). Obvious.

(5). Let x, € (i, j)-s-lim;(1;)) and let u be a fuzzy (i, )-
semiopen Q-neighbourhood of x, in Y. Then for every ip € 1
there exists i € I, i > iy such that y;qu and therefore V{y; :
i €1}. Thus, x, € (i, j)-sCl(V{w : i € I}).

(6). Clear.

(7). Clearly, t; < u; vV p; and p; < ;v p; forevery i € I. Hence
by (6). (i.)-s-Timy (1) < (i.j)-s-Tim 1V pi) and. (i, )-
limy (p;) < (i, j)-s-lim; (w; vV p;). Thus (i, j)-s-lim; (W) V (i, j)-
s-lim; (p;) < (i, j)-s-lim; (; V p;). Conversely, let x, € (i, ])
limy(p; V pi)). We prove that x, € (i, j)-s-limy(u;)) V (i, j)-s-
lim;(p;)). Let us suppose that x, ¢ (i, j)-s-lim;(;)) V (i, j)-s-
lim;(p;)). Thenx, ¢ (i, j)
Hence there exists a fuzzy (i, j)-semiopen Q-neighbourhoods
u; of x, and an element i; € I such that u;gu; for every
i€l i>i. Also, there exists a fuzzy (i, j)-semiopen Q-
neighbourhoods i of x, and an element i € I such that p;gu,
foreveryiel,i>ip. Let u =V and let ig € I such
that ip > ij and ip > ip. Then the fuzzy set u is a fuzzy (i, j)-
semiopen Q-neighbourhood of x, and y; V p;gu for every i €1,
i > io. Since x, € (i, j)-s-lim;(; V p;), this is a contradiction.
Thus, x, € (i, j)-s-lim; (1;) V (7, j)-s-limg (p;)).

(8). Straightforward. O

Definition 4.5. Ler {y; : i € I} be a net of fuzzy sets in a fuzzy
bitopological space X. Then by (i, j)-s-lim;(1;), we denote
the fuzzy lower (i, j)-semilimit of the net {u; : i € I} in I%,
that is, the fuzzy set which is the union of all fuzzy points x, in
X such that for every (i, j)-semiopen Q-neighbourhood [ of
X in X there exists an element iy € I such that U;qU for every
i €landi>iy. Inother case, we get (i, j)-s-lim; (1;) = ¢.
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-s-lim; (;) and x, & (i, j)-s-lim;(p;)).

Theorem 4.6. For the fuzzy upper and lower (i, j)-semilimit,
we have (i, j)-s-lim; (;) < (i, j)-s-limy ;).

Proof. The proof follows from the respetive definitions. [

Theorem 4.7. Let {y; : i € I} be a net of fuzzy sets in X such
that W;, < W, if, and only if iy < ip. Then (i, j)-sCL(V{p; :i €
1}) = (i, j)-s-limy (7).

Proof. Let x, € (i, j)-sCl(V{y; : i € I}) and p be a fuzzy
(i, j)-semiopen Q-neighbourhood of x, in X. Then ugV {u; :
i € I'}). Hence there exists an element ip € I such that gL,
By assumption we have uqu; for every i € I, i > iy. Thus
xr € (i, j)-s-lim; (u;). Conversely, let x, € (i, j)-s-lim; (y;) and
let 4 be an arbitrary fuzzy (i, j)-semiopen Q-neighbourhood
of x, in X. Then there exists an element iy € I such that p, p;
forevery i € I, i > ip. Hence ug\V {p; : i € I}) and x, € (i, j)-
sCI(V{w i el}). O

Theorem 4.8. Let {; : i € I} be a net of fuzzy sets in X. Then
(&, j)-s-limy (p)) = A{ (0, j)-sCU(V{ii i = io}) - io € 1}

Proof. Let x, € (i, j)-s-lim;(y;) and let iy € I. We prove that
xr € (i, J)-sCl(v{; : i > ip}). Let u be an arbitrary fuzzy
(i, j)-semiopen Q-neighbourhood of x, in X. Then there exists
i > g, i € I such that p,u;. Thus, ugV {y;:i>ip}) and

€ (i, /)-sCl(V{u; : i € I}). Conversely, let x, € A{(i, j)-
sClV{y; i €ip}) :ip € I}. Then x, € (i,)-sCl{(V{w :i>
ip}) for every iy € I. We prove that x, € (i, j)-s-lim;(y;). Let
U be an arbitrary fuzzy (i, j)-semiopen Q-neighbourhood of
x,in X and let iy € I. Then gV {y; : i > ip}. We prove that
there exists i € I, i > iy such that y;qu. Let us suppose that
ugu; for every i € I, i > ip. Then for every i € I, i > iy and
for every x € X we have p1(x) 4+ p;(x) < 1 and p(x) + (V{ui
i >ip})(x) < 1, which is a contradiction. Hence x, € (i, j)-s-

Theorem 4.9. Let {; :i € I'} be anet of fuzzy (i, j)-semiclosed
sets in X such that W;, < W, if, and only if iy <iy. Then (i, j)-
s-limy (1) = A{; s i €1}

Proof. Let x, € A{u; :i €I}. Then x, € y; or r < p;(x) for
every i € I. Let iy € I and u be a fuzzy (i, j)-semiopen Q-
neighbourhood of x,, that is, r + @ (x) > 1. Then there exists
i €1, i>ip such that p;(x) + p(x) > r+ p(x) > 1. Hence
Wigp and x, € (i, j)-s-lim;(y;). Conversely, let x, € (i, j)-s-
lim;(y;) and let x, ¢ A{y; : i € I}. Then there exists ip € I
such that x, ¢ L, thatis, r = p;, (x). Let u = (). Then
u is fuzzy (i, j)-semiopen Q-neighbourhood of x, in X and
i > ip, LgU;, which is a contradiction. O

Theorem 4.10. Let {y; : i € I} and {p; : i € I} be two fuzzy
nets of fuzzy sets in X. Then the following properties hold:

1. If i < pi for every i €I, then (i, j)-s-lim; (1) < (i, j)-
s-limy (p;).

2. (i, j)-s-lim; (p; V pi) > (i, j)-s-lim; () V
(i, j)-s-lim; (p;).
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3. (i)t () < (0 )--lim ()
(ia j)_‘g_ml(pi)‘

The fuzzy lower (i, j)-semilimit is (i, j)-semiclosed.
(i J)-s-linn (1) = (i, )-s-limy (7, )5 CI(1)).
If i =

The fuzzy lower (i, j)-semilimit is not affected by chang-
ing a finite number of the U;.

p for every i € I, then (i, j)-s-limy (1;) = B ().

N S A

S

Mui s €1} < (i, j)-s-limy (7).
9. (i, j)-s-limy (1) < (i, ))-sCUV i € 1),
10. V{N{W;:i>io}io € I} < (i, j)-s-lim;(u;).

Proof. (2). Let x, € (i, j)-s-lim; (11;) V/ (i, j)-s-lim; (p;). Then
either x, € (i, j)-s-lim; (W;) or x, € (i, j)-s-lim;(p;). Let x, €
(i,j)-s-lim;(y;). Then for every fuzzy (i, j)-semiopen Q-
neighbourhood p of x,, in X there exists an element iy € / such
that p;qu forevery i € I, i > ip and x, € (i, j)-s-lim; (u; V p;).
(8). Let x, € A{u; : i € I}. We prove that x, € (i, j)-s-lim; (1t;).
Let us suppose that x, ¢ (7, j)-s-lim;(1;). Then there exists a
fuzzy (i, j)-semiopen Q-neighbourhood g of x, such that for
every i € [ there exists ig > i for which ;,gu. This means
that p;, (x) + p(x) < 1 for every x € X. Now, since x, € A{y; :
i €I} and p is a fuzzy (i, j)-semiopen Q-neighbourhood of
x, we have that r < p;(x) for every i € I and r+ p(x) > 1
Thus, u;(x) + t(x) = 1 for every i € I. By the above this is a
contradiction. Hence x, € (i, j)-s-lim; (1;).

(10). Let x, € {A{w; : i > ip}19 € I}. Then there exists ip € I
such that x, € A{w; : i > io}. Hence x, € ; for every i, i > i
and r < y;(x) forevery i € I, i > iy. We prove that x, € (i, j)-
s-lim; (1;). Let p be an arbitrary fuzzy (i, j)-semiopen Q-
neighbourhood of x; in X. Then we have x,gu or equivalently
r+u(x) = 1. Since r < y;(x) for every i € I, i > iy we have
Wi(x) + u(x) = 1 forevery i € I, i > iy. Thus u;qu for every
i€l,i>ipandx, € (i, )-s-lim; (1;). The other proofs can be
obtained by using the definitions. O

Definition 4.11. A ner {1; : i € I} of fuzzy sets in a fuzzy
bitopological space X is said to be fuzzy (i, j)-semiconvergent
to the fuzzy set [ if (i, j)-s-limy () = (i, j)-s-Timy (1) = .
We write (i, j)-s-lim;(l;) = Q.

Theorem 4.12. Let {; : i € I} be an (i, j)-semiconvergent
net of fuzzy sets in X.

1. If pi, > py, for iy < iy, then (i, j)-s-lim; (1;) = N{(i, j)-
sCl(w;) :i eI}

2. If Wi, < Wy, for iy <o, then (i, j)-s-lim; (y;) = (i, j)-
sCI(V{W; : i € I}).

Proof. (1). Clearly A{(i,])-sCl(t;)} < (i, j)-s-Lim;((i, j)-
sCl(w;)) = (i, j)-s-Limy (p;) < (i 7 J)-s-limy (u;) =

(i, 7)-s-lim; ((, j)-s Cl(t;)) = A{(i, j)-sCl(;) : i € I}. Thus,
(i, 7)-s-limy (W) = A{(i, j)-sCl(w;) : i € I}
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(). Clearly (i, j)-sClVAp; : i € 1Y) < (i, j)-s-Lim; (1;) <
(ivj)'s'liml(.ui) < (i,j)-SCI(\/{‘lli tie I}) Thus, (i,j)-S-
limy (1) = (i, j)-sCLV{p i € I}). O

Theorem 4.13. Let {y; :i € I} and {p; : i € I} be two p-
convergent nets of fuzzy sets in X. Then the following proper-
ties hold:

1. If w; < p; for every i € I, then (i, j)-s-lim;(1;) <
s-limy ().

(i,))-

2. (i, )-s-limy (i; vV p;) = (i, j)-s-limy (W) V (i, j)-s-limy (p;).
3. (i,7)-sCL((i, j)-s-lims (1)) =

s-limy (i, j)-s Cl(;)).

4. If w; = W for every i € I, then (i, j)-s-lim; (1;) = (i, j)-
sCl(p).

Proof. (1). Follows by Theorems 4.4 and 4.10.

(2). By Theorems 4.4 and 4.10, we have (i, j)-s-lim;(u; v
pi) = (i, j)-s-limy (p:) V (i, j)-s-lim; (pi) < (i, j)-s-lim; (1;) v
(i, j)-s-Lim, (py) < (i, j)-s-Limy (14 V py)- So (i, )-s-limy(11; v
pi) = (i, j)-s-limy (i) v (i, j)-s-lim; (p;).

(3),(4) Follows by Theorems 4.4 and 4.10. O

(i’j)'s'liml(.ui) = (ivj)'

Theorem 4.14. Ler uy and Uy be fuzzy (i, j)-semiopen Q-
neighbourhoods of x, and y, in X andY, respectively. Then the
Sfuzzy set [y X Wy is a fuzzy (i, j)-semiopen Q-neighbourhood
of (x,y),inX xY.

Proof. Clear. O

Theorem 4.15. Let {y; :i € I} and {p; : i € I} be two nets of
fuzzy sets in X. Then the following properties hold:

1. (i j)-s-Timy (1 x pr) < (i j)-s-Timy () (i, )-s-Timy (py).
2. (i, j)-s-limy (s x pi) < (i, j)-s-limy () x (i, )-5-Lim, (py).

3. If{pi i€} and {p; : i € I'} are (i, j)-semiconvergent nets,
then (i, j)-s-limy (p; x p;) < (i, j)-s-limy (1) x (i, j)-s-limy (p;)-

Proof. (1). Let (x,y), € (i, j)-s-lim; (1; x p;). We must prove
(x,¥), € (i, j)-s-limy (1;) x (i, j)-s-lim; (p;) or equivalently r <
((i, j)-s-limy (1)) x (@, j)-s-limy(p;) ) (x,y). Letip € I, 1y be
an arbitrary fuzzy (i, j)-semiopen Q-neighbourhood of x, in X
and U be a constant fuzzy (i, j)-semiopen Q-neighbourhood
of y, in Y. Then the fuzzy set yu; X W is a fuzzy (i, j)-
semiopen Q-neighbourhood of (x,y), in X x Y. Hence there
exists i € I, i > ip such that (u; x tp)g(l; X p;). We have
Hiqu; and Wrgp;. Thus, x, € (i, j)-s-lim;(y;). Similarly, we
can prove that y, € (i, j)-s-lim;(p;). Hence (x,y), € (i, j)-
s-limz(;) x (i, j)-s-lim;(p;). The proof of (2) and (3) are
similar. O

Theorem 4.16. A net {f;:i €I} in (i,j)-SC(X,Y) fuzzy (i, j)-
semicontinuously converges to f € (i,j)-SC(X,Y) if, and

only if (i, j)-s-limy (fi' (1)) < £~ (u) for every fuzzy (i, j)-
semiclosed subset L of Y.
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Proof. Let{f;:i €I} beanetin (i, j)-SC(X,Y), which fuzzy
(i, j)-semicontinuously converges to f and let i be an ar-
bitrary fuzzy (i, j)-semiclosed subset of Y. Let x, € (i, j)-
s-limy(f;!(u)) and u be an arbitrary fuzzy (i, j)-semiopen
Q-neighbourhood of f(x,) in Y!. Since the net {f;:i €I}
fuzzy (i, j)-semicontinuously converges to f, there exists a
fuzzy (i, j)-semiopen Q-neighbourhood p of x, in X and an
element iy € I such that f;(p) < u; forevery i € I, i > iy by
Theorem 3.7. On the other hand, there exists an element i > i
such that pgf;~'(u). Hence f;(p)gu and therefore pjqu.
This means that f(x,) € (i, j)-sCl(u) = p. Thus x, € £~ (u).
Conversely, let {f; : i € I} be a net in (i, j)-SC(X,Y) and
£ € (i,))-5C(X, Y) such that (i, j)-s-Timy (£ (1)) < £~ (1)
for every fuzzy (i, j)-semiclosed subset it of Y. We prove that
the net {f; : i € I} fuzzy (i, j)-semicontinuously converges
to f. Let x, be a fuzzy point of X and u be a fuzzy (i, j)-
semiopen Q-neighbourhood of x, in X. Since x, ¢ f~!(u),
where 1€ = u. We have x, ¢ (i, j)-s-lim;(f;~'(u)). Then
there exists an element iy € I and a fuzzy (i, j)-semiopen Q-
neighbourhood p of x, in X such that ;! (u)gp for every
i€1,i>ip. Thenp < (f~'(u)* = fi'(u) = fi () and
fi(p) < w forevery i €I, i > iy, that is, the net {f; : i € I}
fuzzy (i, j)-semicontinuously converges to f. O
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