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Abstract
In this paper, we use L-fuzzy (i, j)-semi-open operator to introduce the degree of (i, j)-s-separatedness and
the degree of (i, j)-s-connectedness in L-fuzzy bitopological spaces. Many characterizations of the degree of
(i, j)-s-connectedness are presented in L-fuzzy bitopological spaces.
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1. Introduction
It is well known that after the introduction of the L-fuzzy

topological space by Kubiak [6] and Sostak [9] in 1985, a
large number of Mathematicians have taken great interests in
generalizing and extending different concepts of set topology
and Chang’s fuzzy topology [1] into L-fuzzy topology. The
concept of connectedness along with some of its allied forms
is one of the directions that have been ventured with metic-
ulous attention. In [4], the authors introduced the notion of
L-fuzzy (i, j)-semi-open operator τ(i, j)s in L-fuzzy bitopolog-
ical spaces as a generalization of (i, j)-semi-open L-subsets,
where L completely distributive DeMorgan algebra. τ(i, j)s(A)
can be regarded as the degree to which A is (i, j)-semi-open.
So that, actually τ(i, j)s reflects the essence of L-fuzzy bitopol-
ogy. In this paper, we use L-fuzzy (i, j)-semi-open operator
to introduce the degree of (i, j)-s-separatedness and the de-
gree of (i, j)-s-connectedness in L-fuzzy bitopological spaces.
Many characterizations of the degree of (i, j)-s-connectedness
are presented in L-fuzzy bitopological spaces.

2. Preliminaries
Throughout this paper, (L,∨,∧,′ ) is a complete De Mor-

gan algebra, X a nonempty set and LX the set of all L-fuzzy
sets (or L-sets for short) on X . The smallest element and the
largest element in L are denoted by 0 and 1. The smallest
element and the largest element in LX are denoted by 0 and
1. An element a in L is called a prime element if b∧ c ≤ a
implies that b≤ a or c≤ a. a in L is called a co-prime element
if a′ is a prime element [2]. The set of nonunit prime elements
in L is denoted by P(L) and the set of nonzero co-prime el-
ements in L by M(L). The binary relation ≺ in L is defined
as follows: for a,b ∈ L,a≺ b if and only if for every subset
D⊆ L, the relation b≤ supD always implies the existence of
d ∈D with a≤ d [2]. In a completely distributive De Morgan
algebra L, each element b is a sup of {a ∈ L|a≺ b}. The set
s(b) = {a ∈ L|a≺ b} is called the greatest minimal family of
b in the sense of [7, 10].

Definition 2.1. [6, 9] Let X be a universe of discourse, τ ∈
ℑ(P(X)), satisfying the following conditions:

1. τ(0) = τ(1) = 1;

2. for any A,B ∈ LX , τ(A∧B)≥ τ(A)∧ τ(B);

3. for any Aλ ∈ LX ,λ ∈ ∆, τ(
∨

λ∈∆

Aλ )≥
∧

λ∈∆

τ(Aλ ).

The pair (X ,τ) is called an L-fuzzy topological space.
τ(U) is called the degree of openness of U , τ?(U) = τ(U ′)
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is called the degree of closedness of U , where U ′ is the L-
complement of U .

Theorem 2.2. [8] Let τ : LX → L be a function. Then the
following conditions are equivalent:

1. τ is an L-fuzzy topology on X,

2. τ[a] = {A ∈ LX : τ(A) ≥ a} is an L-topology on X for
each a ∈M(L).

Definition 2.3. An L-fuzzy bitopological space (or L-fbts for
short) is an ordered triple (X ,τ1,τ2), where τ1 and τ2 are
subfamilies of LX which contains 0,1 and is closed for any
suprema and finite infima.

Definition 2.4. Let (X ,τ1,τ2) be an L-fbts. For A∈ LX , define
τ(i, j)s : LX → L by

τ(i, j)s(A) =
∧

xλ≺A

∨
xλ≺B

{τ(B)∧
∧

yλ≺A

∧
yµ�D≥A

(τ(D′))′}.

Then τ(i, j)s is called L-fuzzy (i, j)-semi-open operator induced
by τ1 and τ2, where τ(i, j)s(A) can be regarded as the degree
to which A is (i, j)-semi-open and τ?(i, j)s(A) = τ(i, j)s(A′) can
be regarded as the degree to which A is (i, j)-semi-closed.

Theorem 2.5. Let (X ,τ1,τ2) be an L-fbts and A ∈ LX . Then
A ∈ (τ(i, j)s)[a] if and only if A is (i, j)-semi-open in τ[a], where
a ∈M(L) and (τ(i, j)s)[a] = {A ∈ LX : τ(i, j)s(A)≥ a}.

Lemma 2.6. Let τ(i, j)s : LX → L be an L-fuzzy (i, j)-semi-
open operator induced by τ . Then τ(i, j)s satisfies the following
conditions:

1. τ(i, j)s(0) = τ(i, j)s(1) = 1;

2. for any Aλ ,λ ∈ ∆,τ(i, j)s(
∨

λ∈∆

Aλ )≥
∧

λ∈∆

τ(i, j)s(Aλ ).

Definition 2.7. An L-fuzzy (i, j)-s-closure operator on X is
a mapping (i, j)-sCl : LX → LM(LX ) satisfying the following
conditions:

1. (i, j)-sCl(A)(xλ ) =
∧

µ≺λ

(i, j)-sCl(A)(xµ) for all xλ ∈

M(LX ),

2. (i, j)-sCl(0)(xλ ) = 0 for all xλ ∈M(LX ),

3. (i, j)-sCl(A)(xλ ) = 1 for all xλ ≤ A,

4. for all a∈L0, ((i, j)-sCl(∨(i, j)-sCl(A))[a]))[a]⊂ ((i, j)-
sCl(A))[a],

(i, j)-sCl(A)(xλ )
is called the degree to which xλ belongs to

the (i, j)-s-closure of A.

Theorem 2.8. Let τ(i, j)s : LX → L be the L-fuzzy (i, j)-semi-
open operator on X and (i, j)-sClτ(i, j)s be the L-fuzzy (i, j)-s-
closure operator induced by τ(i, j)s. Then for each xλ ∈M(LX )

and A ∈ LX , (i, j)-sClτ(i, j)s(A)(xλ ) =
∧

x�D≥A
(τ(i, j)s(D′))′.

3. On (i, j)-s-separatedness degree

Definition 3.1. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space and A,B ∈ LX . The (i, j)-s-separatedness degree of
A and B defined by P(A,B) = (

∧
xλ≤A

((i, j)-sCl(B)(xλ ))
′)∧

(
∧

yµ≤B
((i, j)-sCl(A)(yµ))

′).

Proposition 3.2. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space and A,B ∈ LX . Then P(A,B) = 1 if and only if A and
B are (i, j)-s-separated in (X ,τ1,τ2).

Lemma 3.3. Let (X ,τ1,τ2) be an L-fbts and A,B ∈ LX . If
A∧B 6= 0, then P(A,B) = 0.

Proof. Let zµ ∈M(LX ) such that xµ ≤A∧B. Then P(A,B)=
(

∧
xλ≤A

((i, j)-sCl(B)(xλ ))
′)∧ (

∧
xλ≤B

((i, j)-sCl(A)(xλ ))
′)≤

((i, j)-sCl(B)(zµ))
′∧ ((i, j)-sCl(A)(zµ))

′ = 1′∧1′ = 0.

Lemma 3.4. Let (X ,τ1,τ2) be an L-fbts and A,B,C,D ∈ LX .
If C ≤ A and D≤ B, then P(A,B)≤P(C,D).

Proof. If C≤ A and D≤ B, then (i, j)-sCl(C)≤ (i, j)-sCl(A)
and (i, j)-sCl(D)≤ (i, j)-sCl(B). Hence we have P(A,B) =
(

∧
xλ≤A

((i, j)-sCl(B)(xλ ))
′)∧ (

∧
ys≤B

((i, j)-sCl(A)(ys))
′)≤

(
∧

xλ≤A
((i, j)-sCl(D)(xλ ))

′)∧ (
∧

ys≤B
((i, j)-sCl(C)(ys))

′)≤

(
∧

xλ≤C
((i, j)-sCl(D)(xλ ))

′)∧ (
∧

ys≤D
((i, j)-sCl(C)(ys))

′) =

P(C,D).

Lemma 3.5. Let (X ,τ1,τ2) be an L-fuzzy bitopological space,
A,B ∈ LX and a ∈ M(L). Then (P(A,B))′ ≥ a if and only
if there exist D,E ∈ LX such that D ≥ A, E ≥ B, D∧B =
E ∧A = 0 and (τ(i, j)s(D′))′∨ (τ(i, j)s(E ′))′ � a.

Proof. Suppose that (P(A,B))′ ≥ a. Then (P(A,B))′ ≥ b
for some b ∈ s?(a). Then

∨
xλ≤A

(i, j)-sCl(B)(xλ )∨
∨

ys≤B
(i, j)-

sCl(A)(ys)� b. Moreover, we have∨
xλ≤A

∧
xλ�E≥B

(τ(i, j)s(E ′))′∨
∨

ys≤B

∧
ys�D≥A

(τ(i, j)s(D′))′� b. Hence

for any xλ ≤ A and for any ys ≤ B, there exist Dys ,Exλ
∈ LX

such that xλ � Exλ
≥ B, ys � Dys ≥ A and (τ(i, j)s(D′ys))

′ ∨
(τ(i, j)s(E ′xλ

))′ � b. Let E =
∧

xλ≤A
Exλ

and D =
∧

ys≤B
Dys . Then

we have D≥ A, E ≥ B, D∧B= E∧A= 0 and (τ(i, j)s(D′ys))
′∨

(τ(i, j)s(E ′xλ
))′ = (τ(i, j)s(

∨
ys≤B

D′ys))
′∨ (τ(i, j)s(

∨
xλ≤B

E ′xλ
))′ ≤∨

ys≤B
(τ(i, j)s(D′ys))

′∨
∨

xλ≤A
(τ(i, j)s(E ′xλ

))′ � a. Conversely, there

exist D,E ∈ LX with D ≥ A, E ≥ B, D∧B = E ∧A = 0 and
(τ(i, j)s(D′))′ ∨ (τ(i, j)s(E ′))′ � a. So (P(A,B))′ =

∨
xλ≤A

(i, j)-

sCl(B)(xλ )∨
∨

ys≤B
(i, j)-sCl(A)(ys)=

∨
xλ≤A

∧
xλ�G≥B

(τ(i, j)s(G′ys))
′

∨
∨

ys≤B

∧
ys�H≥A

(τ(i, j)s(H ′ys))
′ ≤ (τ(i, j)s(D′ys))

′∨ (τ(i, j)s(E ′xλ
))′.

Then (P(A,B))′ � a.
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Definition 3.6. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space and G∈ LX . Define (i, j)-sC (G)=∧{P(A,B)′ : A,B∈
LX\{0},G = A∨ B}. Then (i, j)-sC (G) is said to be the
(i, j)-s-connectedness degree of G. That is, (i, j)-sC (G) =∧
A,B∈LX\{0},G=A∨B

{
∨

xλ≤A
(i, j)-sCl(B)(xλ )∨

∨
ys≤B

(Cl(A)(ys)}.

Theorem 3.7. Let (X ,τ1,τ2) be an L-fuzzy bitopological space
and G ∈ LX . Then (i, j)-sC (G) =∧
G∧A6=0,G∧B 6=0,G∧A∧B 6=0,G≤A∨B

{(τ(i, j)s(A′ys))
′∨ (τ(i, j)s(B′xλ

))′}.

Proof. We have (i, j)-sC (G) =
∧

A,B∈LX\{0},G=A∨B

{
∨

xλ≤A
(i, j)-sCl(B)(xλ )∨

∨
ys≤B

(i, j)-sCl(A)(ys)} =∧
A,B∈LX\{0},G=A∨B

{
∨

xλ≤A

∧
xλ�D≥B

(τ(i, j)s(D′))′∨∨
ys≤B

∧
ys�E≥A

(τ(i, j)s(E ′))′} =
∧

G∧A 6=0,G∧B6=0,G∧A∧B6=0,G=A∨B

{
∨

xλ≤G∧A

∧
xλ�D≥G∧B

(τ(i, j)s(D′))′∨
∨

ys≤G∧B

∧
ys�E≥G∧A

(τ(i, j)s(E ′))′} ≤
∧

G∧A 6=0,G∧B6=0,G∧A∧B6=0,G=A∨B

{
∨

xλ≤G∧A
(τ(i, j)s(D′))′∨

∨
ys≤G∧B

(τ(i, j)s(E ′))′}

=
∧

G∧A6=0,G∧B 6=0,G∧A∧B 6=0,G=A∨B
{(τ(i, j)s(D′))′∨ (τ(i, j)s(E ′))′}.

Conversely, suppose (i, j)-sC (G)� a where a ∈M(L). Then
there exist A,B ∈ LX\{0} with G = A∨B and (P(A,B))� a.
By Lemma 3.5, there exist D,E ∈ LX such that D≥ A, E ≥ B,
D∧B=E∧A= 0 and (τ(i, j)s(D′))′∨(τ(i, j)s(E ′))′� a. Hence∧
G∧A6=0,G∧B 6=0,G∧A∧B=0,G≤A∨B

{(τ(i, j)s(B′))′∨ (τ(i, j)s(E ′))′}

� a. Then (i, j)-sC (G)≥
∧

G∧A6=0,G∧B6=0,G∧A∧B=0,G≤A∨B

{(τ(i, j)s(B′))′∨τ(i, j)s(E ′))′} and this completes the proof.

Corollary 3.8. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space. Then (i, j)-sC (1) =

∧
A 6=0,A∧B=0,A∨B=0

{(τ(i, j)s(A))′ ∨

(τ(i, j)s(B))′}.

Theorem 3.9. For any xλ ∈ M(LX ), it follows that (i, j)-
sC (xλ ) = 1.

Proof. Straightforward.

Theorem 3.10. For any G ∈ LX , we have∨
b∈M(LX )

((i, j)-sC (∨((i, j)-sCl(G))[b])≥ (i, j)-sC (G).

Proof. Let a ≤ (i, j)-sC (G) where a ∈ M(L) and suppose
that

∨
b∈M(LX )

(i, j)-sC (∨((i, j)-sCl(G))[b])) � a. Then (i, j)-

sC (∨((i, j)-sCl(G))[a]) � a. By using Theorem 3.7, there
exist A,B ∈ LX with (∨((i, j)-sCl(G))[a])∧A 6= 0, (∨((i, j)-
sCl(G))[a])∧B 6= 0, (∨((i, j)-sCl(G))[a])∧A∧B 6= 0, (∨((i, j)-
sCl(G))[a])≤A∧B and (τ(i, j)s(B′))′∨(τ(i, j)s(A′))′� a. Since
(∨((i, j)-sCl(G))[a])∧A 6= 0, there exist xλ ≤ A with (i, j)-
sCl(G)(xλ )≥ a. Since (∨((i, j)-sCl(G))[a])∧A∧B = 0, we
have xλ � B. If G∧A 6= 0, then G≤∨((i, j)-sCl(G))[a] ≤ A∨

B we have G≤B, hence it follows that a≤ (i, j)-sCl(G)(xλ )=∧
xλ�E≥G

(τ(i, j)s(E ′))′ ≤ (τ(i, j)s(B′))′, which is a contradiction.

Analogously we can prove G∧B 6= 0. Thus by G∧A 6= 0,G∧
B 6= 0,G∧A∧B 6= 0,G≤ A∨B, (τ(i, j)s(B′))′∨(τ(i, j)s(A′))′ �
a and Theorem 3.7, we know that (i, j)-sC (G) � a, con-
tradicting (i, j)-sC (G) ≥ a. It is proved that

∨
b∈M(LX )

(i, j)-

sC (∨((i, j)-sCl(G))[b])≥ (i, j)-sC (G).

Theorem 3.11. For any G,H ∈ LX , we have (i, j)-sC (G∨
H)≥ (P(G,H))′∧ (i, j)-sC (G)∧ (i, j)-sC (H).

Proof. Let a≤ (P(G,H))′∧ (i, j)-sC (G)∧ (i, j)-sC (H),
where a ∈M(L) and suppose that (i, j)-sC (G∨H)� a. Then
by using Theorem 3.7, there exist A,B ∈ LX such that (G∨
H)∧A 6= 0,(G∨H)∧B 6= 0,(G∨H)∧A∧B= 0,G∨H ≤A∨
B and (τ(i, j)s(B′))′∨ (τ(i, j)s(A′))′ � a. Since (G∨H)∧A 6= 0,
we have G∧A 6= 0 and H ∧A 6= 0. Suppose that G∧A 6= 0
(The case of H∧A 6= 0 is analogous). Then we have G∧B= 0,
otherwise if G∧B 6= 0, then by G∧A 6= 0,G∧B 6= 0,G∧A∧
B= 0,G≤A∨B and (τ(i, j)s(B′))′∨(τ(i, j)s(E ′))′� a, we know
that (i, j)-sC (G)� a, which is a contradiction. In this case by
(G∨H)∧B 6= 0, we know that H∧B 6= 0. Analogously we can
prove H ∧A = 0. Thus by G∨H ≤ A∨B we can obtain that
G≤ A and H ≤ B. Hence by G≤ A, H ≤ B, G∧B = H∧A =
0, (τ(i, j)s(B′))′∨(τ(i, j)s(A′))′ � a and by Lemma 3.5, we have
(P(G,H))′ � a, which is a contradiction. This shows that
(i, j)-sC (G∨H)≥ a and this completes the proof.

Corollary 3.12. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space and G,H ∈ LX . If A∧B 6= 0, then (i, j)-sC (G∨H)≥
(i, j)-sC (G)∧ (i, j)-sC (H).

Theorem 3.13. Let (X ,τ1,τ2) be an L-fuzzy bitopological
space and G ∈ LX . Then
(i, j)-sC (G) =

∧
xλ ,ys≤G

∨{(i, j)-sC (Dxλ ,ys) : xλ ,ys ≤ Dxλ ,ys ≤

G}.

Proof.
∧

xλ ,ys≤G
∨{(i, j)-sC (Dxλ ,ys) : xλ ,ys ≤Dxλ ,ys ≤G} ≥ a,

where a ∈ M(L). Take xλ ≤ G fixed. Then for any ys ≤ G,
there exist Dxλ ,ys ∈ LX such that xλ ,ys ≤Dxλ ,ys ≤G and (i, j)-
sC (Dxλ ,ys) ≥ a. Let Dxλ

=
∨

ys≤G
Dxλ ,ys . Then Dxλ

= G and∨
ys≤G

Dxλ ,ys 6= 0. By using Corollary 3.12, we have (i, j)-

sC (G) = (i, j)-sC (Dxλ
) ≥

∨
ys≤G

(i, j)-sC (Dxλ ,ys) ≥ a. This

shows that (i, j)-sC (G)≥
∧

xλ ,ys≤G
∨{(i, j)-sC (Dxλ ,ys) : xλ ,ys≤

Dxλ ,ys ≤G}. Since (i, j)-sC (G)≤
∧

xλ ,ys≤G
∨{(i, j)-sC (Dxλ ,ys) :

xλ ,ys ≤ Dxλ ,ys ≤ G} is clear. Then we have (i, j)-sC (G) =∧
xλ ,ys≤G

∨{(i, j)-sC (Dxλ ,ys) : xλ ,ys ≤ Dxλ ,ys ≤ G}.
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