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1. Introduction

It is well known that after the introduction of the L-fuzzy
topological space by Kubiak [6] and Sostak [9] in 1985, a
large number of Mathematicians have taken great interests in
generalizing and extending different concepts of set topology
and Chang’s fuzzy topology [1] into L-fuzzy topology. The
concept of connectedness along with some of its allied forms
is one of the directions that have been ventured with metic-
ulous attention. In [4], the authors introduced the notion of
L-fuzzy (i, j)-semi-open operator 7(;,j)s in L-fuzzy bitopolog-
ical spaces as a generalization of (i, j)-semi-open L-subsets,
where L completely distributive DeMorgan algebra. 7; ;),(A)
can be regarded as the degree to which A is (i, j)-semi-open.
So that, actually 7(; ;), reflects the essence of L-fuzzy bitopol-
ogy. In this paper, we use L-fuzzy (i, j)-semi-open operator
to introduce the degree of (i, j)-s-separatedness and the de-
gree of (i, j)-s-connectedness in L-fuzzy bitopological spaces.
Many characterizations of the degree of (i, j)-s-connectedness
are presented in L-fuzzy bitopological spaces.

2. Preliminaries

Throughout this paper, (L,V,A,) is a complete De Mor-
gan algebra, X a nonempty set and LX the set of all L-fuzzy
sets (or L-sets for short) on X. The smallest element and the
largest element in L are denoted by 0 and 1. The smallest
element and the largest element in LX are denoted by 0 and
1. Anelement a in L is called a prime element if bAc < a
implies that b < a or ¢ < a. ain L is called a co-prime element
if @’ is a prime element [2]. The set of nonunit prime elements
in L is denoted by P(L) and the set of nonzero co-prime el-
ements in L by M(L). The binary relation < in L is defined
as follows: for a,b € L,a < b if and only if for every subset
D C L, the relation b < sup D always implies the existence of
d € D with a < d [2]. In a completely distributive De Morgan
algebra L, each element b is a sup of {a € L|a < b}. The set
s(b) = {a € L|a < b} is called the greatest minimal family of
b in the sense of [7, 10].

Definition 2.1. [6, 9] Let X be a universe of discourse, T €
S(P(X)), satisfying the following conditions:

Lt0)=7(1) =1

2. forany A,B € LX, t(ANB) > 1(A) At(B);

3. forany Ay € LX A €A t(\V Ay) > N T(Ay).
AeA AeA

The pair (X,7) is called an L-fuzzy topological space.
T(U) is called the degree of openness of U, 7°(U) = t(U’)
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is called the degree of closedness of U, where U’ is the L-
complement of U.

Theorem 2.2. [8] Let ©: LX — L be a function. Then the
following conditions are equivalent:

1. 7 is an L-fuzzy topology on X,

2. Ty = {AcLX:
eacha e M(L).

T(A) > a} is an L-topology on X for

Definition 2.3. An L-fuzzy bitopological space (or L-fbts for
short) is an ordered triple (X, 7,Ty), where T| and T, are
subfamilies of LX which contains 0,1 and is closed for any
suprema and finite infima.

Definition 2.4. Let (X, 7], 7;) be an L-fbts. For A € L*, define
T(i,j)s . LX — L by

= A V {z(B)A

XA<AX)L <B

A A

Va=Ayu£D>A

Then t; j) is called L-fuzzy (i, j)-semi-open operator induced
by 1 and Ty, where T(; ;)(A) can be regarded as the degree
to which A is (i, j)-semi-open and T(*i,j)s(A) = T(; j)s(A) can
be regarded as the degree to which A is (i, j)-semi-closed.
Theorem 2.5. Let (X, 71, 7;) be an L-fbts and A € LX. Then
A € (T(i j)s) ) if and only if A is (i, j)-semi-open in T, where
ac M(L) and (T(i,j)s)[a] = {A e[X: T(i,j)s(A) > a}.

Lemma 2.6. Let T j), : LX — L be an L-fuzzy (i, j)-semi-

open operator induced by T. Then 1; ), satisfies the following
conditions:

1o 75)s(0) = 75,5),(1) = I
2. forany Ay, A € A, 7 j)s( V Ay) > /1/\ (i j)s(An)-
€A

Definition 2.7. An L-fuzzy (i, j)-s-closure operator on X is

a mapping (i, j)-sCl: LX — M) satisfying the following

conditions:
1 (i, j)-sCl(A)(xp) = A (i,))-sCUA)(xy) for all x), €
M(LX>’ H=<A
2. (i,/)-sC1(0)(xy) = O for all x;, € M(L¥),

3. (i,7)-sCI(A)(xy,

4. forallae Ly, ((i,
sCI(A)) ()

(i,)-sCl(A)(x,) is called the degree to which x),_belongs to
the (i, j)-s-closure of A.

)= 1forallx) <A,

7)-sCLV (i, j)-sCL(A)) () g C

Theorem 2.8. Let 7; j), LX — L be the L-fuzzy (i, j)-semi-
open operator on X and (i, j)-s C1*0:)s be the L-fuzzy (i, j)-s-
closure operator induced by T; ;. Then for each x) € M (LX)

and A € IX, (i, ))-sCIen (A) () = A (2 (D).
xgD>A

1075

((@,.))-

3. On (i, j)-s-separatedness degree

Definition 3.1. Let (X,7),T2) be an L-fuzzy bitopological
space and A,B € LX. The (i, j)-s-separatedness degree of

A and B defined by #(A,B) = ( /lA((i,j)-sCl(B)(x,l))’) A
(A (EDsawo).

Proposition 3.2. Let (X, 7,T;) be an L-fuzzy bitopological
space and A,B € LX. Then 2 (A,B) = 1 if and only if A and
B are (i, j)-s-separated in (X, 71, T2).

Lemma 3.3. Let (X,71,72) be an L-fbts and A,B € LX. If
AAB#0, then #(A,B) =0.

Proof. Letzy, € M(LY) such thatx, <AAB. Then #(A,B) =
(A ((@7)-sCUB) ) )ACA ((G)-sCl(A)(xz))") <

x) <A x),<B
((i,/)-sCI(B) (z)) A (i, J)-sCUA) (z)) = 1" AT =0. O

Lemma 3.4. Let (X,7;,72) be an L-fbts and A,B,C,D € LX.
IfC <AandD < B, then #(A,B) < Z(C,D).

Proof. If C <A and D < B, then (i, j)-sC1(C) < (i, j)-sCI(A)
and (i, j)-sCl(D) < (i, j)-sCI(B). Hence we have &?(A,B) =
(A (1)-5CIB) ) ) A( <B((7 N-sClA)(y))") <
(X/SA((LJ)-SCK )G ))") A ( <B((i,j)-5C1( )05))) <

( /SC((i,j)-Scl( )(xa))") A ( <D(( N-sCUC)(y))') =
P(C.D). " 0

Lemma 3.5. Let (X, 11, T2) be an L-fuzzy bitopological space,
A,Be LX and a € M(L). Then (#(A,B))' > a if and only
if there exist D,E € LX such that D> A, E>B, DAB =
ENA=0and (‘L'(,-J-)S(D’))’\/ (7 N #a

Proof. Suppose that (Z(A,B))’ > a. Then (#(A,B)) > b
for some b € s*(a). Then \/ (i, j)-sCI(B )(x,l)\/ V (i, j)-
XASA

sCI(A)(ys) # b. Moreover, we have

Voo A (s EN)'V VA ()0
x),<Ax, £E>B Ys<By,£D>A
for any x; < A and for any y; < B, there exist Dy, E, € LX
such that x; £ Ey, > B, ys £ Dy, > A and (7 ), (D’S))

(Tij)s(Er,)) Zb. Let E= A\ E, and D= A D,,. Then
XASA ys<B

wehave D>A,E>B,DAB=EANA= Oand( (,]) (D}S))’\/
(.5 (Ex, ) = (T s ( ZBD/“))/ (7 ( V o)) <
Vs

V (7,)s(Dy,)' vV V (‘C(,»J»)S(E)’Cl za. Conversely, there
vs<B ) x3 <A )

exist D,E € LX withD>A E>B DAB=EAA=0and
(T(i,j)s(D/))/v( (i,))s 261 SO ,@(A,B))/: \éA(iaj)'
X<
sCI(B)(x2)V V( D-sClA)(vs) =V N (75,j)s(Gy,))
ys<B xlgAxliczB
VIV A (Tag)s(Hy)) < (T6s(D5,))V (T1,)s (Ex, )
Ys<By,£H>A

Then (#(A,B)) % a. O

)’ # b. Hence
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Definition 3.6. Let (X,7),T2) be an L-fuzzy bitopological
space and G € LX. Define (i, j)-s¢(G) = N{ ?(A,B)' :A,B €
LX\{0},G = AV B}. Then (i, j)-s€(G) is said to be the
(i, j)-s-connectedness degree of G. That is, (i, j)-s€(G) =
A AV G )sCUBE)Y Y CA)G)

A,BELX\{0},G=AVB x; <A Ys<B

Theorem 3.7. Let (X, 7, T2) be an L-fuzzy bitopological space
and G € LX. Then (i, j)-s€ (G) =

{(i)s (A5,))"V (0, j)s (B, )3
GAA#0,GAB#0,GAAABA0,G<AVB
Proof. We have (i, j)-s€(G) = A

A,BELX\{0},G=AVB
{x\éA(i,j)-scl( )(xx)V‘V (i,7)-sClA) (vs)} =

A {V A (misD)Vv

A,BELX\{0},G=AVB X3 <A x,l £D>B

\/ /\ T( i,j)s ( } =
Ys<By,LE>A GNA#0,GAB#0,GANANB#0,G=AVB
(Tijs(D))' VvV V

X, <GNAx, £D>GAB Ys<GABy,LE>GAA

(T(i,j)s(E")'} <
GAA#0,GABHA0,GAANBA0,G=AVB
{V (T(i,j)s(D/))/ VoV (T65s(EN)'}
X, <GA ys<GAB
= A {(715,5)s(D")" V (75, jys(E"))'}-
GAA#0,GABA0,GNANBA0,G=AVB

Conversely, suppose (i, j)-s¢(G) # a where a € M(L). Then
there exist A, B € LX\{0} with G=AV B and (#(A,B)) # a.
By Lemma 3.5, there exist D, E € LX such that D >A,E > B,
DAB=EANA :Qand(‘L'(i’j)x(D’))’\/(rOJ )) # a. Hence

{(zi,)s(B)' V(713,55 (E"))'}

GAA#0,GAB#0,GAANB=0,G<AVB
# a. Then (i, j)-s€(G) >

GAA#0,GAB#0,GAAAB=0,G<AVB
{(%i,jys(B")' V1 j)s(E"))'} and this completes the proof. [
Corollary 3.8. Ler (X,71,T2) be an L-fuzzy bitopological
space. Then (i, j)-s%(1) = A {(,))s(A))" v

A#0,ANB=0,AVB=0

(T(i,j)s(B>)/}-

Theorem 3.9. For any x; € M(LX), it follows that (i, j)-
$E(xy) =1.

Proof. Straightforward. O
Theorem 3.10. For any G € LX, we have

Vo ((6,)-sE(V((i, j)-sClG)) ) = (i,
beM(LX)

J)-s€(G).

Proof. Let a < (i, j)-s¢(G) where a € M( ) and suppose
that /' (i, /)-sE€(V((i,j)-sCI(G))p))) £ a. Then (i, j)-

beM (LX)
))ia)) # a. By using Theorem 3.7, there

s€(V((i, j)-sCI(G
exist A,B € LX with (V((i, j)-sCl(G Nia)) ANA 70, (V((i, )-

sCI(G)) 1) NB#0, (\/((i,j)-scl(G))[a])AAAB#O V(@ )-
sCI(G )) )<A/\B and (7 ;)s(B))'V (7 j)s(A"))' £ a. Since
(V((i,j)- sCl( )ia)) NA # O, there exist x; < A with (i, j)-

sCI(G)(xy) > a. Since (V((i, j)-sCl(G))(4) NAAB =0, we

have x; £ B. If GAA #0, then G < V((i, j)-sCI(G)) g <AV

1076

B we have G < B, hence it follows thata < (i, j)-sC1(G)(x; ) =
A (7 j)s(E) < (1,j)s(B'))'s which is a contradiction.

X3 fEZG

Analogously we can prove GAB # 0. Thus by GAA # 0,G A

B#0,GAAAB#0,G <AVB, (1 j,(B))"V (7, (z Ps(A)

a and Theorem 3.7, we know that (i, j)-s¢(G) # a, con-

tradicting (i, j)-s%(G) > a. It is proved that Vo (i,))-

beM(LX)
st (V((i,))-sCUG))w) = (i, j)-sC(G). O

Theorem 3.11. For any G,H € LX, we have (i, j)-s¢ (G V
H) > (P(G,H)) N (i, ))-s€(G) N (i, j)-sE€(H).

Proof. Leta < (P(G,H)) A (i, j)-s€(G) A(i, j)-s€(H),

where a € M (L) and suppose that (i, j)-s¢(GV H) # a. Then
by using Theorem 3.7, there exist A,B € LX such that (GV
H)NA#0,(GVH)AB#0 0 (G\/H) NAANB=0,GVH <AV
Band (1(; ;)5(B"))' V (7(;)s(A"))' # a. Since (GvH) NA #£0,
we have GAA # 0 and H/\A =# 0. Suppose that GAA # 0
(The case of H AA # 0 is analogous). Then we have GAB =0,
otherwise if GAB #£ 0, then by GAA # Q,G/\B #0,GANAN
B=0,G<AVBand (1 )(B’))' (T(i,)s(E"))' # a, we know
that (i, j)-s¢(G) # a, which is a COIltl‘adICtIOIl In this case by
(GVH)AB 75 0, we know that H A B # 0. Analogously we can
prove HAA =0. Thus by GV H < AV B we can obtain that
G<Aand H <B. HencebyG<A H<B,GAB=HNMNA=
0, (7(;,j)s(B))' V (%(i,j)s(A"))’ # a and by Lemma 3.5, we have
(2(G,H)) # a, Wthh is a contradiction. This shows that
(i,7)-s€¢(GV H) > a and this completes the proof. O

Corollary 3.12. Letr (X, 71,T2) be an L-fuzzy bitopological
space and G,H € LX. fAANB # 0, then (i, j)-s€(GV H) >
(iv ])'S%(G) A (lv.])'scg(H)

Theorem 3.13. Ler (X,71,T2) be an L-fuzzy bitopological
space and G € LX. Then

(i,j)—s(f(G) = /\ \/{(i7j)_s<g(DX1.y.s) XL, Ys S DX)“yx S
xlvySSG
G).

Proof. N\ V{(i,))-s€(Dx, y,) : x3,ys < Dy, y, < G} > a,
x},stSG
where a € M(L). Take x; < G fixed. Then for any y, < G,
there exist Dy, , € L* such that x; ,y; < Dy, y, < G and (i, j)-
$€ (D, .y,) > a. Let Dy, = \/ D,, .. Then D,, = G and
ys<G
V' Dy, ,, # 0. By using Corollary 3.12, we have (i, j)-

¥s<G
s€(G) = (i,))-s (Dy;) = ‘V( J)-s

shows that (i, j)-s€(G) > A V{(i,])-sC(Dx, y,) :x3,¥s <
xlvyxf
Dy, y, < G}. Since (i, j)-s€(G) < A GV{(ivj)‘S%(Dxxﬁys) :
X3 ys<
x3,Ys < Dy, y, < G} is clear. Then we have (i, j)-s€ (G)

/\ v{(ivj)'scg(Dle's) :xlay‘\‘ S Dxl,ys S G} D
X),ys<G

(DXA:YS) > a. This
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