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In the present paper, we study the mapping properties of some integral operators on certain classes of harmonic
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1. Introduction

Let A denote the class of functions f of the form

f(Z):er)ianz", (1.1)

n=2

which are analytic in the open unitdisk U= {z : z€ Cand |z| <
1} and satisfy the normalization condition f(0) = f'(0) — 1 =
0. Now, we recall that the generalized Bessel function of the
first kind w = w), , - is defined as the particular solution of the
second-order linear homogeneous differential equation

20" (2) + bz (2) + [c2 — p* + (1 = b)p] w(z) =0, (1.2)

where b, p,c € C, which is a natural generalization of Bessel’s
differential equation. This function has the familiar represen-
tation

0(2) = 0ppe(2) =Y “”"“ZH)

2n+p
nzo,”p(,,TT(%) ,z€C. (1.3)

The differential equation (1.2) permits the study of Bessel,
modified Bessel, spherical Bessel function and modified spher-
ical Bessel functions all together. Solutions of (1.2) are re-
ferred to as the generalized Bessel function of order p. The
particular solution given by (1.3) is called the generalized
Bessel function of the first kind of order p. Although the
series defined above is convergent everywhere, the function
o p, is generally not univalent in U. It is worth mentioning
that, in particular, when b = ¢ = 1, we reobtain the Bessel
function @y, 1,1 =J), and for c = —1,b =1 the function @, 1,
becomes the modified Bessel function I,. Now, consider the
function u,, ; - defined by the transformation

Uppe(2) = 2T (p+251) 2 PPy o(2')7).

By using the well-known Pochhammer (or Appell) symbol, de-
fined in terms of the Euler Gamma function fora £ 0, —1, —2,
.- by

_ I(a+n)
N 1)
(1 fif n =0
o {a(a—f—l)'--(a—i—n—l) (ifn=1,2,3,---.

We obtain for the function u,,;, . by the following representa-
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tion

Uppe(z) = (1.4)

=0 (p+ (b+1)> I’l!a
2 n

where p+(b+1)/2#0,—1, -. This function is analytic
on C and satisfies the second-order linear differential equation

422u" (2) +2(2p+b+1) 2 (z) + czu(z) = 0.

For convenience throughout in the sequel, we use the
following notations:

b+1
—

Let H be the family of all harmonic functions of the form
f=h+g, where

Upbc = Up, k=p+

h(z) =z+ Y A"
n=2

and

Bi| <1, (zel), (1.5

Z) = Z ann7
n=1
are in the class A. Denote by Sy the subclass of H that are

univalent and sense-preserving in U. We also let the subclass
89 of Sy as

Sy={f=h+geSu:g( =0}.

The classes S0 and Sy were first studied in [5]. Also, we
let Kg, S};O and Cg, denote the subclasses of S,Q, of harmonic
functions which are, respectively, convex, starlike and close-
to-convex in U. For definitions and properties of these classes,
one may refer to [5] or [6].

A function f(z) of the form (1.5) is said to be in the class
Ny (B), where 0 < B < 1, if the the following condition is
satisfied

3 (L) 25 c=recw

Z

Further we let TNy (B) = Ny (B)NT, where T consists
of the functions f = h+ g in Sy so that 4 and g are of the
form

2)=z— ) |Ad|Z, =Y [Bi".  (1.6)
n=2 n=1
The classes Ng(B), TNu(B) were studied by Ahuja and Ja-
hangiri [2].
In 2001, Rosy et al. [14] introduced the class Gy (7)
consisting of functions of the form (1.5) if it satisfies the
following condition

9{{(1+e"“) Z;;S) —e"“} >y, a€eR, zeU.
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Further we define TGy (y) = Gy (y) NT. The class Gy () is
called Goodman-Rgnning-type harmonic univalent functions
inU.

For complex parameters cy,ky, ¢,k
(ki,ky #0,—1,-2,---), we introduce the following convolu-
tion operator

QQ(kl’ Cl) ‘H > H
ka,

defined by

Q<2: 2) F=h() /O iy, (1)t + g(2) % /0 1y, (1)dt

for any function f =h+gin H.
Letting

o ) 0=+ GG,

)
where
- (_01/4)}1 : n

H(z) z+';2 T A,

and
& (/4
G(z) = B, 1.7
@ =X “a)om (17)

Similarly we define the Libera type integral operator

(23 cl) f(2) =h(z)* /Ozzupl (1)dr

2

+8(z)x2 /(;Zzupz (t)dr, (1.8)

or equivalently

(kl, 61) f&) =H(2)+G),

ka, <
where
> 2(—01/4)”’]

HE@) =2+ X g S D

and

B,7".

) n—1
Z (=c2/4) (1.9)

k2 n—1 n+1)(n—1)!

Throughout this paper, we will frequently use the notation

ag=a o)

and
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The generalized Bessel function is a recent topic of study in
the Geometric Function Theory (e.g. see the work of [3], [7]-
[11]). Motivated by results on connections between various
subclasses of analytic and harmonic univalent functions by
using hypergeometric functions (see [1], [4], [12], [13], [15]
and [16]), we establish a number of connections between
the classes Gy (), K9, S;}O, CY% and Ny () by applying the
convolution operators Q and L.

2. Main Results

In order to establish connections between harmonic con-
vex functions and Goodman-Rgnning-type harmonic univa-
lent functions, we shall require the following lemmas.

Lemma 2.1. ([5], [6]). If f = h+g € K}, where h and g are
given by (1.5) with By =0, then

n+l -1

[An] < ——, [Ba] <

Lemma 2.2. ([14]). Let f = h+g be given by (1.5). If
0<y<1land

Z(Zn—l—

n=2

VAl + Y, @n+1+7) B, <1-7, @.1)
n=1

then f is sense-preserving, Goodman-Rgnning-type harmonic
univalent functions in U and f € Gy (7).

Remark 2.3. In [14], it is also shown that f = h+ g given
by (1.6) is in the family TGy (), if and only if the coefficient
condition (2.1) holds. Moreover, if f € TGy(Y), then

-y
A, —_— >2
Al < 5o n>2,
and
-y
—_— > 1.
|”|—2n+1+y "=

Lemma 2.4. ([3]). If b,p,c € Cand k #0,—1,-2,--- then
the function u, satisfies the recursive relation 4ku;(z) =
—cupy1(z) forall z € C.

Lemma 2.5. Ifc <0and k > 1, then

s —c/4)" Ak —1
n=0 (k()n(”/+)1)! - (c ) [up—1(1)—1].
Proof. We can write
(—C/4)” _ k i C/4)n+1
2 a1 (=c/4) 5 ( —1 Yar1(n+1)!
— (k— )

= lup1 (1) - 1J.

c
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Theorem 2.6. Let c1,¢cy < 0, ki,ky > 1. If for some y(0 <
Y < 1) and the inequality

2uy,, (1) + (3= Y)up, (1) = (147)
[ 1 (0= 1] 200, 1)+ 1+ P (1)

— (1) [l () - 1)) <401-9) @2

is satisfied then Q (K{}) C Gu (7).

Proof. Let f=h+g¢€ Kg where 4 and g are of the form (1.5)
with By = 0. We need to show that Q(f) = H+G € Gy (),
where H and G defined by (1.7) with By = 0 are analytic
functions in U.

In view of Lemma 2.2, we need to prove that

Pl S 1 =%
where
2 (e1 /4y
P = 2n—1— —A,
: ,;2( ,}/)‘ (kl)n—ln!
oo _ 4 n—1
+Y @t 147) ‘((];/)WB’

In view of Lemma 2.1, we have

(—er/4)"!
(kl)nfln!

- (—02/4)”1]

i n+1)2n—1-7)

+’§2(n— N(2n+1+7y) I

:% i{zn(n—1)+(3—y)n—(l+7’)}

(—61/4)"_1
8 (kl)n—lf’l!

+ i {2n(n—1)+
n=2
y (—62/4)”_1]

(y+Dn—(y+1)}

(k2)p—1n!
LS Cajart
_le};)w+(3 Y)ZZ)W
0o e 4n+l c n+l
—(I+7) 1) ZZ kzzf/:l"‘

kl 1 (n+2)!
=0 n+

" _(ea/4]
(D Y, gy

_(ea/4)]
—(r+1) Zb sl (121
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L/4 o (/4"
: k1+11,1nv+3 7)

¢ 4n+l
{up, (1) =1} — ﬂﬂim

=

L2/4 Z szl/4n‘+ 1+Y)
n=0

—c n+1
{um(l)—l}—(lw)Zm

n=0

25y 1 (1) + (3= 7) {upy (1)~ 1}
— (14 7) [ZUL () - 1) - 1]
+2<*;/4>u,,2+1(1) +(1+9) {up, (1) =1}
+9) [Py, (1) - 1] - 1]
[ (D) +CB=7) (up, (1) —1)
= (1) [P [,y (1) - 1] -1
2u, (1) + (17 () =1
~(14+7) [ i (1) - 1] - 1] .

Now P; < 1 — vy follows from the given condition
This completes the proof of Theorem 2.6. O

Analogous to Theorem 2.6, we next find conditions of
the classes S}; [ C?, with Gj (). However we first need the
following result which may be found in [5], [6].

Lemma 2.7. If f=h+3g € S;;‘O or CIQI where h and g are
given by (1.5) with By =0, then

(2n+1)(n+1) (2n—1)(n—1
1A4,| < Grtt) @nlnl)

|Bn| <
Theorem 2.8. If c1,cy <0, ky,ky > 1. If for some (0 <y <
1) and the inequality

duly (1) + (16 —2y)u, (1) +

P1

(7=57)up, (1)

~(1+7) [y, 1 (1) - 1]

iy, (1) + (8-+27)u, (1) = (14 Py (1)

+(1+7) [ (1) - 1] < 1201-9) @3)
is satisfied, then

Q(S;i") € G (y) and Q(Ch) € Gu ().
Proof. Let f=h+g ¢ S};’O (CY%) where h and g are given by

(1.5) with B = 0. We need to show that Q(f) = H+G €
Gy (y), where H and G defined by (1.7) with B; =0 are
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analytic functions in U. In view of Lemma 2.2, it is enough
to show that P; < 1 — 7y, where

3 2n—1—vy
Z

(=c1 /9"

kl)n 1n! | n‘

+Z (@n+1+7) GEAL 1B,

n!
n=2

In view of Lemma 2.7, we have

- —c n—1
P < % [Z(2n+l)(n+l)(2n— 1 —y)((kll)’%
n=2

> _e¢ n—1
+r§2(2n—1)(n—1)(2n+1+7)7((k22)’/i)1n, ]

_1 [iz{ml(n— (n—2)
+(16=2y)n(n—1)+ (7=5y)n—(y+1)}

Lol Z{4n n—1)(n—2)+(8+2)

1n!

—c1/4)
H“Z 1) L{n 1v+(16 2y)
> —c /4 n+l > (—C /4)n+1
g l Inin! +(7- SY)nZO(kl)nil("H)!

> ¢ 4)n+1
(”Wiomnl/m)m)}

nn—1)— (l+y)n+(1+y)}%}

—c 4 > —cy /4)H]
{42 sty e £ G

(Cep/ay!
—(1+7) ;) eI

> ( C/4n+|
(”V)nZOWH
= ¢ [{4u) (1) + (16 —27y)ud,, (1)
{”m 1}
—(1+7) { 4kl 1)
+{4u

+(7-5Yy)

[y, 11)4]*1}
1)+(8 +27’) t, (1) = (1+7) {up, (1) — 1}
+(147) [Py, (1) -1 1] ]

Now P; < 1 — vy follows from the given condition.

In order to determine connection between TNy (f) and
Gn (), we need the following results in Lemma 2.9.
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Lemma 2.9. ([2]). Let f = h+g where h and g are given by
(1.6) with By = 0, and suppose that 0 < 8 < 1. Then

FETNy(B) & Y A + Y nlBJ < 1-B.
n=2

n=2

Remark 2.10. If f € TNy (B), then |A,| < % and
Bo < =B n>2.

Theorem 2.11. Ifci,cp <0, ki,kp > 1

(ki,kp £0,—1,=2,---). If for some B(0< B < 1), y(0<y<
1) and the inequality
(1=B) [2{upy (1) = 1} + (14 y) 10=0
{”Pl—l(])_l_(_klcil_/f)}
21, (1) = (14 9) 2 fupy 1 (1) — 1]
<l-vy

is satisfied then
Q(TNu(B)) C Gu(y).

Proof. Let f =h+g € TNy(B) where h and g are given
by (1.5). In view of Lemma 2.2, it is enough to show that
P, <1—7, where

oo

P2=Z(2n—1—7)%|14 |+
n=2

cz/4) | .
pin! 17

Z 2n+1+7y)

Using Remark 2.10, we have

Pzg(l—ﬁ)l’i{z_u;y)}m
i{ ) |
)2 £
0 ¥ ey
+2Z nn, l+y2 czﬁl}
:(1*3)[2{:4,,,(1

) — 1} —(1+7) ((,1617/2)

1096

i (—er /42
(k1 =1)y42(n+2)!
=0
(k-1) v (—cp/d)rt!
+ 2up, (1) + (1 262/4 - = 12n+1 nt1)! ]

:(1—/3){2{%1 )~ 1} +(1+y) 20
[u,,l,l(l)—l—(;%/f}
o+ 2up, (1) = (1) 22 [, (1) - 1]
<Il-v,
by the given hypothesis. O

In next theorem, we establish connections between T G (y)
and Gy (7).

Theorem 2.12. Let cy,c3 <0, ky,kp > 1. If for some y(0 <
Y < 1) the inequality

4k —1)
€1

it -1 (1) = 1]+ 22y, (1) = 1] 2 2 24
is satisfied, then Q (TGg(y)) C Gu(y)-

Proof. Let f =h+3 € TGy(y) where h and g are given
by (1.6). In view of Lemma 2.2, it is enough to show that
P, <1—7, where

=)

P = ;(2;1— 1—-7) 7((,;11/41”,

A+

Z 2n+1+7) L)M ol

Using Remark 2.3, it follows that

¥
I
aok

(2n—1-79) (“/4

kl ln‘

A+

3
||
)

cz/4) ‘ |
l"' n

 ngk

(2n+1+y)

3
Il

Cl/4n 1
kln ]I’lY Z

n=2 n=1
_ C (—c /4!
=({1-7 lz%) "dr (0721

- —cp/4)
+ Z() (k) zi{+l ]
= (1=y) [0, (1) -
~ 2D [,y (1) - 1]]

<=7,

by the given condition and this completes the proof. O

02/4 n 1
kz n— ]n'

<(1-y)

1]-1
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In next theorem, we present conditions on the parame-
ters k1,kp,c1,c2 and obtain a characterization for operator Q
which maps TGy () on to itself.

Theorem 2.13. If ci1,¢c2 <0, ki,kp > 1 and y(0 <y < 1).
Then

Q(TGu(y)) CTGu(y),
if and only if the inequality (2.4) is satisfied.

Proof. The proof of above theorem is similar to that of Theo-
rem 2.4. Therefore we omits the details involved. O

Theorem 2.14. Let ci,co <0, k1 > 0,ky > 2. If for some
Y(0 <y < 1) and the inequality

20, (1) 4+ (1= ) atp, (1) = 1) 420, (1) + (7= 1)
(i (1) = 1) +21 =) [ [,y (1) = 1] -1

—2(1—7y) [%%)(kr‘) [y, 2(1)—1

(c2/4)?
2(1«2—22)(1«2—1)H <2(1-7)

is satisfied then L (K})) C Gu(Y).

62/4 _
52

2.5)

Proof. Let f=h+g¢€ Kg where /1 and g are of the form (1.5)
with By = 0. We need to show that L(f) = H+G € Gy (),
where H and G defined by (1.9) with By = 0 are analytic
functions in U.

In view of Lemma 2.2, we need to prove that

P3§1_/)/7

where

oo

P3=Z(2n—l—y)’((*"‘¢m2“‘n

Kt (=D a1 | T
n=2

3 (—ca/4)" 1 2B,
,,;2(2”“”)‘mn+1 :

In view of Lemma 2.1, we have

3 (e /4!
n;z(z” ~ =Yg et

oo _c n—1
Y @n+1+y)n(n— 1)(152)712/18-‘-1)!]

P <

n=2

n=2

oo

+ ) {2(n+Dn(n—1)+(y—1)(n+1)n+
n=2

—c n—1
2(1=7)(n+1) +2(r— D} g5t

o —c n—1
= [Z {2n—-1)+(1 —m%
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performing the similar calculation as in Theorem 2.6 we ob-
tain the required condition.
This completes the proof. O

Theorem 2.15. Let ¢1,¢p <0, k1,kp >2,0< B < 1. If for
some y(0 < vy < 1) and the inequality

2(1-B) [2{ =41 (- 1) - 1}

(ke . 1
<3+y>{16<’“ 3E (upy2(1) ~ 14 5 2}

w2 {0y, (1) - 1)}

(1= { B (1, (1) 14 72 ) || @6)

<Il-y
is satisfied then L(TNy(B)) C Gu(y).

Proof. The proof of above theorem is similar to that of Theo-
rem 2.14, therefore we omit the details involved. O
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