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Abstract

In this article, concerning nonlocal generalized fractional integral boundary conditions, we investigate the exis-
tence of solutions for new boundary value problems of generalized Caputo-type fractional differential equations
and inclusions. In the case of equations, we make use of the Banach fixed point theorem and fixed point theorem
due to O’Regan and the nonlinear alternative for contractive maps for inclusions. Examples are given to clarify
our main results. Finally, we discuss some variants of the given problem.
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Contents fractional integral, which acts as a combined integral for the
Riemann-Liouville and Hadamard integrals. Research work in
1 Introduction...........ooiiiiiiiiiiiiiiiiiiiins 1099  this area has grown significantly worldwide due to extensive
2 Preliminaries..........ccovviiiiiiiiiiiiiineaaee. 1100  applications of FDEs in engineering and science. For exam-
1 d detail 1,3,6,7,9-13, 17, 21, 22, 27-31, 33
3 Main Results : Single-valued case............... 1102 p1es and detat’s see [ . ]
and the references cited therein. In recent years non-local
4 EXamples.......ccoiiiiiiiiiiiiiiiiiiiiiiiaiaas 1104 boundary value problems (BVPs) for FDEs and inclusions
5 Main Results : Multi-valued case................. 1104  have been studied by many researchers. Ntouyas et.al [23]
. . has studied the existence of solutions with sum and integral
6 DiscussSion.........ciiiiiiiiiiiiiiiiii e 1107 . . . S .
boundary conditions for fractional differential inclusions. In
References........cccoiiiiiiiiiiiiiiiniannnennans 1107 [2] the authors analyzed the existence results for the fractional
differential inclusion and the integrated boundary conditions
1. Introduction of the form of type Erdelyi-Kober:
The technique of dealing with fractional differential equa- Dix(t) € F(t,x(t)), t€[0,T],
tions (FDEs) wasn’t much for young researchers until the gen- %6
eralized fractional derivatives defined by various fractional op- x0) = 0, ax(T Z Bily

erators were exposed. Generalized fractional differential equa-

tions (GCFDESs) of Caputo type resulted in effective numerical ~ Where 1 < ¢ <2, D? is the Riemann-Liouville fractional
solutions to differential equations. It is also well-known that ~ derivative (RLFD) of order g, F : [0,1] x R — P(R) is a mul-
the Caputo derivative plays an essential role in physical mem-  tivalued map, and P(R) is the family of all nonempty subsets
ory problems. Katugampola in [15] has also introduced anew  of R, and o, f8; € R, & € (0,7), 1,77”;.’5" is the Erdelyi-Kober
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fractional integral of order §; >0, 1; >0, , e Ri=1,2,....m
are given constants. In [4] the authors investigated the FDEs
and inclusion with integral boundary conditions of the form
of Erdelyi-Kober type:

‘Dix(t) = f(t,x(¢)), r€][0,T],
x0) = g(x(0), x(T)=al"x(§),
and
‘Dix(r) € F(t,x(t)), t€][0,T],
x0) = g, H(T)=al"x(E),

where 1 < g <2, D1 is the Caputo fractional derivative (CFD)
of order g, f: # xR —Rand g: €(_#,R) — R are given
continuous functions, and F : [0,1] x R — P(R) is a multi-
valued map, and P(R) is the family of all nonempty subsets
of R,and ¢ € R, & € (0,7), 12;’5 is the Erdelyi-Kober frac-
tional integral of order 8 > 0, 7 > 0 v € R are given constants.
The GCFDEs have been studied by many researchers in re-
cent years. Zeng et.al [32] discussed FDEs and numerical
solutions of the type of Caputo-Katugampola. FDEs with
Caputo-Katugampola dependence were obtained by Almeida
et.al [5]. Jarad et.al [14] analyzed generalized and Caputo
modification of fractions derivatives. In this paper, we begin
the investigation of GCFDEs BVPs and inclusions improved
with non-local generalized integral boundary conditions. We
examine in exact terms the existence and uniqueness of the
solutions for the GCFDEs and the form:

L2°y(t) =h(1,y(1)), € 7 :=[0,T],
y(0) =0, @ 7°(9)=2g(y),
l<p<2,0<g<1,9e(0,T),

1.n

and

£.92°y(t) € H(t,y(7)), T€ 7 =[0,T],
¥(0) =0, @ Iy(p)=23(y),
l<p<2,0<g<l,e(0,T),

(1.2)

where ? 9 denote the generalized Caputo fractional deriva-
tive (GCFD) of order 1 < p <2, P.#° denote the general-
ized Riemann-Liouville fractional integral (GRLFI) of order
0<g<l,p>0,andh: # xR—Randg: ¢(_7,R) =R
are given continuous functions and @ is positive real constant
and H: ¢ xR — &(R) is a multivalued function, &' (R is the
family of all nonempty subsets of R).

We emphasize that g(y) in (1.1) may be interpreted as

k

=Y ¢iv(t)). where §j, j=1,2,---,
=1

stants aild T < T << T < 1. Whatever is left of the
paper is sorted out as follows. Section 2 shows the essen-
tial founding material identified with our problem and has
demonstrated an auxiliary lemma. Section 3 contains the
main results for FDEs. Examples in section 4 are used to
validate the solutions. Section 5 contains the main results for
inclusions. The important observations of the results are made
in Section 6.

k are given con-

1100

boundary conditions — 1100/1109

2. Preliminaries

In section 2 we present some notations, fractional calculus
definitions and preliminary results needed later on in our proof
[14, 16, 18, 20, 26].

Let us define the space of complex-valued all Lebesgue mea-
surable functions /2: (b,c) = R > ||A|zp < o, where a € R,

1< p<ooand
1
@), <
= y LS P> oo.

Iy = ( JAROL

Z1(b,c) refers to the measurable space of all Lebesgue func-
tions ¢ on (b, c) endowed with the norm:

b
19 =/c 16(0)|dD < oo,

Definition 2.1. [16] The left and right-sided GRLFIs of order
p >0andp >0, of afunction h € T/ (b,c), ¥V —o0c <b < T <
¢ < oo, is defined as

pl=P v Pl
CAME = Ty /b C =
plfp Upfl
(PIL h)(7) = F(P)/r (vp_rp)lfph(v)dv.

Remark 2.2. The above definition for GRLFIs reduce to the
standard Riemann-Liouville fractional integrals for p — 1
(see [16]). and Hadmard fractional integrals p — O respec-
tively (see [18]).

Definition 2.3. [14] For p > 0 and h € &/€’5[b,c], the left
and right-sided GCFDs of order p are described by

b e) =2 7f, [ne)— Y 1L (LY )

=0 J! P
590 h(e) =P 78 () ;0 DM (L) e,
52(81_‘)%).

Remark 2.4. The above definitions for GCFDs reduces to
the standard Caputo derivatives and Hadamard fractional
derivatives (see for p — 1 (see [14])) and p — O respectively

(see [14]).

Definition 2.5. [I4] Letp >0,p >0, n=[p]+1,0<b<
T < ¢ < oo, The operators

p"‘"“,(fl-pi)" / VP~ h(v)dv
I'(n—p) dt/) Jp (P —vP)p—ntl’
pp ! (- Ly [ vP~'h(v)dv
I'(n—p) dt/) Jz (vP —zP)p—ntl’
Sor © € (b,c) are called the left and right sided generalized

Riemann-Liouville fractional derivatives (GRLFDs) of frac-
tional order p, respectively.

P p, ) (1) =

(P h)(1) =
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Lemma 2.6. Let p >0, n= [p]+ 1 and h € AC§[b, c], where
0<b<c<oo Then

(1) forp ¢ N,

(1) =

- (M)”*p*'(snh)(u)du
)

I(n—p vl=p ’
=P 7P (8"h)(1),

L e () e v
p) /r :

P P
w7l

P P _
w2, h(1)= T P ;
=P 7P (8"h)(7).
(2) forp €N,
LDy h=58"h, LI h=(-1)"8".

Lemma 2.7. Let p # 0, a function h € &/€’5[b,c]. Then

= (5]21!)( ) (8” pbl’)j}’

0
25289 hie) = [n(e)— Y, CDEME (Lo

=T p

PaPLI h(e) = [h(e)

In particular, if 0 < p < 1, we have
P
P Iy Dy h(E) = h(e) — h(b),
P 7P 9P h(e)=h(e)—h(c).
Lemma 2.8. Let p > 0and p € R. Then

r(L+1)
P gPrt — p
L(;+p+1) pP
Lemma 2.9. Let p,g >0, 1 < p<oo, 0< b < c<oo Then
forhe T, (b,c), p > 0.

TAT Y

We define space 5 = ¢ (_# ,R) endowed with the norm
vl = sup{|y(7)|,T € £ }. Obviously (JZ,]| -||) is a Banach
space. Let us introduce </¢"5(_# ), which consists of the

functions 4 that have absolutely continuous 8" derivative,
where § = ¢! P L d . We define the space &/¢’5(_7,R) =

{h: /—HR 6” lheﬂ%(/R) 1p”l}whlchls
w1 =YXio H

Lemma 2.10. Let h € €(0,T)N.2'(0,T), y € Z€3( 7),
the function y is the solution of the problem

PP+

{ PPy(1) =h(x). T€ 7, e
¥(0) = 0, @PIy(p) = g(y),
is equivalent to the integral equation
B pI*P /T vP*l —~ TP
y(t)= (o) Jo (c0 = vP)P h(v)dv + oy
pT(c+2)
(p+¢) 1o p-1 ~
p )
X {g(y) - wr(p s /O (o7 0P G h(v)dv|.(2.2)

boundary conditions — 1101/1109

The integral solution to the problem (1.1) can be written
in the view of Lemma 2.10.

pl p vP—1 b d TP
W0 = Ty ) ey 0N+ e)
__pl e /‘P VP~ h(v,y(v))dv 2.3
Llp+¢)Jo (P —vP)=lpe) '
where
B ooePstl)
c = 7p€+1r(g+2)7&0' (2.4)
The operator ¥ : 7 — ¢ used by
1-p p-1 P
_ P v -
(e = B | g3+ ()
__pPto) /‘%P*'h(v,y(v))dv 2.5)
C(p+¢)Jo (@p —vP)i=Fe) |- ’

We realize that the system (1.1) does not have a solution until
the operator equation Wy = y and the existence of an operator
¥ fixed point implies the existence of a problem solution (1.1).

Definition 2.11. A function y € /6%(_¢,R) is a solution
of the problem (1.2) if y(0) =0, g(y) = @” .7°y(¢), and 3
a function h € £'(_# ,R) > h(t) € H(t,y(t)) almost every-
where on 7 and

p]*P /T i
L(p) Jo po
pl-(p+e) /‘P vP~1h(v)dv
L(p+g)Jo (gp —vP)i=(p+e)

Lemma 2.12. [8]If 4 - W — &(T) is upper semi-continuous
then Gr(#) is a closed subset of W x T i.e., for every se-
quence ymuen C W and zmmen C T if when m — oo, y,, — vy,
Zm — 2+ and zy, € M (y), then z. € M (y.). Conversely, if
M is completely continuous and has a closed graph, then it
is upper semi-continuous.

VP~ 1h(v)dv
(TP —vP)l-p

¥(7) [g(y)

] . (2.6)

Lemma 2.13. [19] Let # be a Banach space. Let H : _§ x
R — &.p (W) be an L' Caratheodory multivalued map and
let X be a linear continuous mapping from L' (7. W) x
(/ W). Then the operator ¥ o Fyy:C( 7. W) —
Eepe(C( I W),y (H oWPry)(y) =H (Puy) is a closed
graph operator in € ( J W )xC( 7, W).

Theorem 2.14. [24] Denote by % an open set in a closed,
convex set & of a Banach space W . Assume that 0 € % .
Also assume that S(% ) is bounded and that © : U — & is
given by © = S1 + 63, in which S : Y — & is continuous
and completely continuous and S, : % — & is nonlinear
contraction (i.e., 3 a nonnegative nondecreasing function
K : [0,00) — [0,00) satisfying kK(w) < w forw >0, > ||©2y —
Szl < k(|ly—z|)V y,z € %). Then, either
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(i) © has a fixed point v € U or

(ii) 3 a pointv € 9% and B € (0,1) with v = BS(v) where
U and 0, respectively, represent the closure and boundary
of % .

Theorem 2.15. [25] Let W be a Banach space, and % a
bounded neighborhood of 0 € W Let Ty : W — &Epo(W') and
T : U — Eep (W) be two multivalued operators satisfying

(1) Ty is contraction, and

(2) Ty is upper semi-continuous and compact.

Then, if # =T, + T, either

(i) A has a fixed point in % or

(ii) there is a point v € 0% and B € (0,1) withv € BU (v).

In this section, by using Banach and O’Regan’s fixed point
theorems, we obtain the existence and uniqueness results.

3. Main Results : Single-valued case

For computational purposes, we represent:

TPP TP @ (Pp(p+g)
0, = . (3.1
' pPT(p+1) plcl[pf’+€F(p+€+1)] G-b
and
TP
@ =—. (3.2)
>~ plo]

The following hypotheses are necessary to prove the exis-
tence and uniqueness results. Let h : # xR — R and
g : €(_7,R)— R are continuous functions.

() Jaconstant £ > 05 |h(t,y) —h(T,2)| < H|y—1|,
foreacht€ # andy,z€R.

1
() Jaconstantk > 03 |g(y) —g(z)| <k|y—z|, k< —

(S
foreach y,z € €(_7,R).
(3) 8(0) = 0.
(:#4) 3 a nonnegative function ¥ € ¢(_#,R™) and a non-
decreasing function & : [0, 0] — (0, )
> [h(z,y)| < ()5 ([lyl]) for any (7,y) € 7 xR.
() sup v > !
5 .
ve(0.) @1[BIIS(V) = 1—Osk
(F6)H: F xR — & (R) is £ - Caratheodory mul-
tivalued map.
(-#4) 3 a continuous nondecreasing function & : [0,e0] —
(0,00) and a function
B € (7, RY) S [H(T,y)|l¢ =supflz[: 2€ H(T,y)} <
B(7)&(]y|) for each

(t,y) € 7 xR.
(-#3) 3 anumber @ >0 >
(1—60k)
ololE@ ~ " o

where ®; and ®, are given by (3.1) and (3.2) respectively.
Theorem 3.1. Suppose that (1) and (.%2) holds. If
nN:=X0+k0; < 1, 34

where ©1,0, are defined by (3.1) and (3.2). Then the BVP
(1.1) has a unique solution on 7 .

boundary conditions — 1102/1109

Proof. Fory,z € s andeach T € ¢, the operator ¥ equation
defined by (2.5), and assumptions ((.#7), (#2)), we obtain

(B)(5) - (¥2) (<)
pl—p T 1)p—l
- ?éié{r@) )

. , . P pl-(p+o)
X [h(0,5(0)) = h(v, v+l

¢ pP—1
A I I TR I

IN

% plfp T vP*l J

R e
P pl—(p+g) [ P!

olo] ['w|r(p+g)/o ((pp_vp)1—<p+g>d”]

TP
+k||y2|}

plo|
< (A0 +kOy)|ly—z]|.
Therefore,

[Wy—"z| <

(Ji/@] +k®2)l|y *ZH.

This follows from the statement (3.4) that ¥ is a contraction
in itself from Banach space .77. As a consequence, operator
¥ has a fixed point by Banach’s fixed point theorem, which
corresponds to the unique solution to the problem (1.1). [

Theorem 3.2. Suppose that (%), (), (F4) and (Fs)
holds. Then the BVP (1.1) has at least one solution on ¢ .

Proof. Consider the operator ¥ : 5 — 7 described by (2.5).
We break down ¥ into two operators,

Py)(r) = (Yw)(o)+oy)(7), 7€ F, (3.5)
where
R e e LR
_:c)f lml;;p(f; /<;(p (9P —11))”)’)11(”“>
xh(v,y(v))dv|, T€ 7, (3.6)
and
(Poy)(z) = T:gc(yy ), Te 7. (3.7)

Let 2, = {y € S : |ly|| < v}. From the assumption of (-*5),
Janumber vy > 0>

Vo > 1
0:[[8[|E(vo) ~ 1 -0k

1102
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We will continue to prove that operators W,%¥, meet all The-
orem 2.14 requirements.

Step1.  The set ¥(2,,) is bounded. For any y € 2,,, we
procure

¥yl

IN

D s v 3(v)) o
L(p) Jo (zP —vP)l-P

TP plf(p+€) [0 pP-1
+ [w|1‘(p+g)/o ((pp_up)l%pﬂ‘)

plo]

x|h(v,y(v))|dv

TPP
pPT(p +1)

Tp{ @] pP(P+S) }}

IN

||19||€(VO>{

Tplol LppT(p e+ 1)
< [19]E(vo)0r.

It demonstrate that ¥;(2y,) is uniformly bounded. The as-
sumptions of (.72)
and (.4) imply that

TP
——kvo,

Yoyl <
Ml < o

for any y € 2y,. Thus, the set ¥(2y,) is bounded.

Step 2. Continuous and completely continuous operator
P. Step 1 means that ¥; (2,,) is uniformly bounded. Further-
more, for any 71,7, € ¢, we have

1(¥1y)(12) = (Fry)(m) ]

I=p| /o p-1
lli(p) /O (Tgi)vp)l—p |h(v,y(v))|dv

pP-1

T
_/0 (2P —vP)l-p

|T§77f‘ pl_(P+€) ¢ pP-1
+ ol -
plo| L(p+6)Jo (@ —vP)I=(pFe)

|h(v,y(v))|dv

th(vay(v))ldvl

[2€ (Vo)
< m 2‘1’5—7{’|P+|T§P_T{Jp|
+|T§foH|19Hé(v0) { @] PP+o) }
ploi pPel(p+¢+ 1))

which is independent of y and tends to zero as 7, — 7] — O.
Thus, ¥, is equicontinuous. Hence, by the Arzela-Ascoli
Theorem, ‘Pl(gvo) is relatively compact. Now let y,,,y €
2y, with ||y, —y|| = 0. Then the limit |y, () — y(t)| = 0
is uniformly valid on _#. It follows that ||(T,ym(7)) —
h(z,y(t))|| — 0 is uniformly valid on _# from the uniform
continuity of /(7,y) on the compact set _# x [—Vy, Vo). Then

boundary conditions — 1103/1109

¥ 1ym — ¥1y|| — 0 as m — oo that proves ¥ is continuity.
The operator W is continuous and completely continuous.

Step 3. The operator ¥, : @VO — S is contractive. Ob-
serve that
TP
|(F2y)(1) — (F22)(7)| = ool 18(y) —8(2)]
TP
< —klly—zll=2ly—z|,
SToptly =2l =]

with A = @,k < 1 by the assumptions of (.#3). Hence ¥, is
contractive.

Step 4. Furthermore, it will be shown that the case (ii) in
Theorem 2.14 does not occur. For this, we presume that case
(ii) is true. Then, we have that 3 { € (0,1) and y € 02, >
y={Wy. So, we have |ly|| =vpandfort € 7,

1— T —1
1) = C{le(p;/o(rp vpvp)lph(v>y(v))dv+£g(y)

P plf(p+€> [0 P!
—— @

po F(p+€)/o (@P —vP)1=(pte)

xh(my(v))dv] }

Next, we get

(o)l < B(v)dv

pl*p /T ’Upil

é(Hy){F(p)o (Tp—l)p)l_p
TP p!=P+s) ro pP-19(v)dv
o |l / L

plol| L(p+¢6)Jo (¢p —vP)i=(pte)
TP
+——kl|y||,

St

with the hypothesis (.#3) — (.%5). Taking the maximum over
Te 7, we get

plfp T pP-1

bl < aﬂ%nmﬁ(w_mwp
TP plf(P+§) 9 pP 19 (v)dv

+p\0'\ ['a).'F(erg) /0 (¢P—UP)1(P+€)]}

TP
+——k]||y||-
ol

Which implies that

¥ (v)dv

Vo < O]9 (Vo) +kOavp.
Thus,

Vo < 1
O[|9[&(vo) ~ 1 kO,

which contradicts (3.8). Therefore, we have demonstrated
that operators W; and W, have fulfilled all the Theorem 2.14
assumptions. Thus, the Theorem 3.2 conclusion implies that

00%%
W)
8608272
RS
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operator ¥ has at least one fixed point y € @vo, which is the
solution of the BVP (1.1). ]

Remark 3.3. Setting p — 1, in the problem (1.1), then the
problem reduces to

w2Py(t) =h(z,y(1)), 1€ 7,
¥(0) = 0, @I°y(¢) =g(y),
1<p<2,0<g<l, e (0,T).

(3.9)

In this case the values of @1 and @2 are found to be
Ig+1) o]

0 -
2 |6|)

@] P¢ )

I'p+¢+1) (3.10)

@3.11)

and The operator form (2.5) changes

~ T — -1
$0)(2) = [T v,y (o))av

o T(p)
PRV
o -of ‘”%’h(v,y(v))dv] e s

a)'(Pg‘H
I'2+g)

£0.

where 6 =

Corollary 3.4. Suppose that (#1) and (.#2) holds. Then the
BVP (3.9), provided that

m :=K@)1+k@2 < 1,

where @1,@2 is described by (3.10) and (3.11) respectively,
has a unique solution on J.

Corollary 3.5. Suppose that (3), (#3),(%4) and (%5 ) holds.

Then the BVP (3.9), provided that

Vo > 1
1B (vo) 140,

has at least one solution on / .

Examples are given in this section to illustrate the feasi-
bility of the results obtained.

4. Examples
Example 4.1. Consider the following BVP

boundary conditions — 1104/1109

_ L2
eT

4(t+ VA2
tion: © = 3.991024198349486, ©; = 6.006235934230121,
0, =20.7086970622518162, n = 0.4462594521145642, and

We can acquire values using specified informa-

1 bl
h(t,y)—h(z, <
< —ly—1zl.
< 16Iy Z|

With KO + k@y < 1220.4462594521145642, The Theorem
3.1 presumptions are fulfilled. The BVP (4.1) has a unique
solution for [0,2].

Example 4.2. Consider the following BVP

{ Y P3y(1) = (\ |+1+|y|)i t€0,2],

42
2+1y[/ 200’ (4-2)

Example 4.1 boundary conditions augmented.
Herep=2 ¢=3 0=1,T=2p=1% ¢o=8 k=

5
1 /3 1+ |y
1
56 = () and e = )
ty 80) = 153 (5) and h(=.) P 2 200

ing the specified information, we can acquire values: ¢ =
4.038195686699365, ®; = 6.001791053992137,

1
©, 220.700418539414, and |h(t,y)| = |(|y|+2j};})250| <
(1 +3|y\ + 1)) 55, we choose ¥(t) = 555 and &(|y[) =1+

L() =~ 333233860

0274471 > 1.0753172110360703 = 7 v The Theorem

2
3.2 presumptions are fulfilled. The BVP (4.2) has at least one
solution for [0,2].

In this section, we obtain existence results for the BVP
(1.2) by using the nonlinear alternative for contractive maps.

5. Main Results : Multi-valued case
Theorem 5.1. Suppose that (%), (F%), (%) and (H3)
holds. Then the BVP (1.2) has at least one solution on ¢ .

Proof. In order to convert the problem (1.2) into a fixed point
question, the operator Q : 7 — & () specified by

qe N
vl

p'P 7
Q(T):{F(p)/o(rl’vP)IPh(v)dv
+558()

ki prpH;) /q> P h(v)do
po | T(p+g) Jo (P —vP)l=(pe)
is considered. For & € Wy ,. Next, we intimate two operators:
Q: 7 — %by

TP

Quy(r) = pfcg(y%

1104
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and the multivalued operator Q, : 5% — & () by
q € A

_ plfpl/ﬁ vp*l
Q(T) - { F(p) 0 (,.L.p _ Dp)l—p
VP~ h(v)dv ]

h(v)dv

pl=(P+s) re
A P /
po| T(p+g).Jo (P —vP)l-(pts)

Observe that Q = Q; 4+ Q,. We define the operators Q; and
€ that follow all of Theorem 2.15 assumptions on _¢ . For
that, we consider the operators Q,Q) : By — & (H),
where B, = {y € 5 : ||y|| < v} is a bounded set in 5#. Next,
we prove that Q; is compact valued on %,. Considering that
operator Q, is the &4 o ¥y composition where ¢ is the linear
continuous operator £ (_#,R) into %, as described by

—1

pl-p P

I'(p) /o (1P —vP)I=p
s [wpl(pﬂ) /w vP~19(v)dv 1
po | Tlp+¢)Jo (pp—vP)l=(pre) |’

Suppose y € Ay is arbitrary and allow {6, } to be a sequence
in Wy . In this case, we have 6,,(7) € H(7,y(t)) for al-
most all T € _#, by definition of Wy ,. Because H(7,y(7))
is compact for all V 7 € _#, it has a convergent subsequence
of {6,,(7)}, which converges for almost all T € _# to some
0(t) € Wp,y. First, ¢ is continuous, s0 4 (6,,)(t) = ¥4(0)(7)
point-wise on _#Z . To prove that the convergence is uniform,
we retain to demonstrate that the equicontinuous sequence is
{9(6)}. Let 71,7 € _#Z with T < 7,. Then, we find that

9(0)(r) = 0(v)dv

19 (6)(72) =9 (6m)(T1) ]|
1-p T p—1
N
< 6,,(v)d
>~ F(P) 0 (Tg _UP)I*P (U) (V)
T P!
|T) — 0| —(p+¢) /‘P P16, (v)dv
plo| (p+<.;)- 0 (pp —vP)I=(p+)
[9]E(v)
< oPT(p+1) 2/t) = |P +|15P — 2|
+|"52 — 7 |[9)1&(v) { |@| pPP+e) }
plo| pPrel(p+¢+1)

The inequality above tends to be zero like 7o — 7;. There-
fore, the sequence {¥(6,,)} is equicontinuous and we obtain
a uniform convergent subsequence using the Arzela-Ascoli
theorem. So, there is a subsequence of {6}, > 4(6,,) —
%(0). Considering 4 (0) € 4 (¥h ). Consequently, Qo (y) =
9 (Wh.y) is compact V' y € Ay. So Q(y) is compact. Now,

we depict that Q) (y) is convex V' y € 2. Let vy, vy € ().
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We nominate hy,h; € Yy y >

p] P vpfl
) = oy ) sy

L(p)
a wplf(pﬂ) /w vP~hj(v)dv
po| T(p+g)Jo (pp —vr)l=(pte)

j=1,2foralmostall T € #.Let0 <y < 1. Then, we have

[vi+ (1=7)(7)

1 T
- l;mi/o (rP—vP 5 Vi (V) + (1= y)ha(v)]dv

[w
po

x[yhi(v) + (1 — Y)hz(v)]dU] :

1 (p+g) 1)p—l
T(p +§ ((pf’ —oP)-

(p+¢)

Since H has convex values, so % , is convex and yh;(v) +
(1=7)h2(v) € Gy y. Thus, yvi + (1 —7)v2 € Qs(y). Hence,
Q, is convex-valued. Undoubtedly, Q is compact and convex-
valued. The remaining facts contains multiple phases and
statements.

Step 1. We demonstrate that  is a contraction on .7Z°. This
is a result of (.#2), and the evidence in Step 2 of Theorem 3.2
is similar to that of Operator ¥».

Step 2. We will proceed to demonstrate that the operator Q; is
compact and upper semicontinuous. This is shown in number
of claims.

Claim I: Q, maps bounded sets into bounded sets in .77°. To
see this, let By = {y € 7 : ||y|| < v} be a bounded set in .77.
Then, for each g € Qo (y), y € By, Th € Py >

h(v)dv

B pl p/ Dpfl
W = Ty @y
ki (DPHPHJ) ¢ P 1p(v)dv
po F(p+€)/o (@P —vP)I=(pre) |7

Then, for T € 7, we have

l9(7)]

< PO )
< Ty b ool

- /<" 0P~ !h(v)|dv
L(p+6) Jo (@p —vp)l=(p+s)

pl_P T vp_l
é(llyll){r(p)/o CEEOIE

TP
plo]

IN

¥(v)dv

P |w|p1—(p+g)/<p VP19 (v)dv
plol| "Tp+¢)Jo (¢p —vP)i=(pre)
TPP TP |@| (pp(p+g)

.

é(v){pmpﬂﬁmd e ern) (1)
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Thus, [|g]| < S(v)O1[|9].

Claim II: Next, we show that Q) maps bounded sets into
equicontinuous sets. Let 71,7 € _#, and y € %,. For each
q € Q(y), we get

lg(12) —q(T1)|
p'P
L(p)

vl

)
/0 (T —vP)i-p

< h(v)dv

vP-1

T
_/0 (2P —vP)l-p

a)‘pl—(P+€)/<p VP~
Llp+6) Jo (g —vP) =0

h(v)dv

il 1

plo|
[BIE(v)

pPT(p +1)

\ff-ffllIﬁllé(V){
plo|

h(v)dv]

IN

z|r§rfp+|r§f’rff’|]

|@| @P(P+6)
pPHer(p+¢+ 1)}'

The right side of the above inequality obviously tends to be
zero, independent of y € %, as 7, — 71 — 0. Therefore, the
Arzela-Ascoli theorem that Q : S — &, (H), is com-
pletely continuous. By Lemma 2.12, Q, is semi-continuous if
we prove it has a closed graph since Q, is already shown to
be absolutely continuous. We set it out in the next paragraph.
Claim IIT: Q; has a closed graph. Let y,, — y. and g¢,, €
Q> (yi) and g, — ¢+« Then, we need to show that g. € Q(y«)
associated with g, € Qo(ym), 3 iy € Phy,,  for each 7 €

A,

plfp T vp*l
qm(T) = F(P)/() (Tpfvp)l—phm(u)dv

TP aypl(P+Q‘/ﬂ) UP*lhm(v)dv
po 0 '

T(p+¢) Jo (@p —vp)l=Pre)
And it is enough to show 3 . € Wy, > foreacht€ 7,

plfp T vp*l

) = 1 eyt 0
N [mpl—(pﬂ) /fp VP11, (V)dv 1
po | T(p+g)Jo (pp—ovr)l=(pe) |’

Let us consider the linear operator Q : Z!(_# | R) — J# de-
fined by

pl—p T P!
() b o

wpl(p+g)/¢ vP~1h(v)dv ]
0

h— Q(h)(t) =

T(p+¢) Jo (pp —vP)l=(PHe)
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Observe that

llgm(7) — q.(7)]|
p'=P 7P~ (h,(V) —he(V))dv TP
I'(p) /0 (TP —vP)l=P po

wp‘(P+g)/‘l’vpl(hm(v)—h*(v))dv
0

Llpt¢) Jo  (gp —vp)i-lpte)

as m — oo, Thus, using by Lemma 2.13 that Q oWy, is
a closed graph operator. Furthermore, we have g, (7) €
Q(Wy,y,)- Since y, — y«, therefore, we have

’—>07

vP-l

T

/0 (TP —vP)1-P
wpl%pﬂs) /(9 0P~ 1, (v)dv ]
T(p+¢) Jo (pp —vP)l=PFe) |’

for some h, € Wy ,,. Consequently £, has a closed graph.
Q, is upper semi-continuous. Operators Q1 and , satisfy
all the criteria of the theorem and its implementation, thus
results, in either case, (i) or case (ii). We define the case (ii),
as not probable. If y € nQ; (y) + uQ2(y) for u € (0,1), then
dhe “PH,y =)

p'~P
L(p)

TP
po

q«(1) = h.(v)dv

pI*P T P! P
yr) = “{r(p)/o (Tpfvp)l,ph(v)dvﬂLprg(y)
T [wp](pﬂ) /(p VP~ h(v)dv 1}
po | T(p+g)Jo (pp—vP)i=lpte) | [
for T € ¢ . Consequently, we have
(o)l < 5<|y||>||ﬁ|[’;zp'; [ fpvpl)l_pdv

plf(pﬂ)
I(p+g)

TP
+ 0)
plo]
TP
I kylre g
plo] 7

which, on taking supremum over T € ¢, yields

¢ vP-lgv
/0 (pP —vP)1-(p+g)

B pl=p [T P! Iy
< &b | By | a0
TP p'=(Pte) ro pP-19(v)dv
+ @ /
plol\ "T(p+g) Jo (pp —vr)l-(p+e)
"kl
_A'_i
plol "

< S(yDIB]©1 + Oakllyl-

If case (ii) of Theorem 2.15 holds, then 3 u € (0,1) and
y € 0%y with y = uQ(y). Then, y is a solution of (3.5) with
ly]| = a. Now, the last inequality implies that

(X(l —k@z)

S(a)[[d]©r —
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which contradicts (3.3). Hence Q has a fixed point in _¢ by
Theorem 2.15, and hence the problem (1.2) has a solution. [

The problem comparison results (4.1) and (3.9) are presented
in this section.

6. Discussion

Here, two cases, where been discussed, and also p = 0.5 hap-
pens to be case 1, case 2 is for p = 1. Rest of the values
are kept in common for problems (4.1) and (3.9). Problem
(4.1) signifies the generalized Caputo case and problem (3.9)
delineates the Caputo case. The assumption value of the
uniqueness of solutions for the problem (4.1) is 1 and is il-
lustrated in Figure. 1. Likewise, 1y depicts the assumption
value for the problem (3.9) and is represented in Figure.2.
Here we demonstrate the comparison results of assumption
values of the problem (4.1), and (3.9) is represented in Fig-
ure.3. From the above-said figure, we justify the values of
n, M by showing the influence of p for its differing values
on the characteristics of a fractional derivative. It is evident
from the figure that when p > 0, we can get positive solutions
under the assumptions of Theorem 3.1. According to Figure.1
and Figure.2, the behavior of the fractional derivative con-
cerning p leads to a new path regarding control applications.
We came to realize that in favor of the results stated at the
top, the problem of GCFDEs with non-local GRLFI boundary
condition holds good for existing conditions. Therefore, the
reader can build the problem with ample ideas with certain
consistent estimates of the problem parameters. We enrolled
below a few special cases.

o If p — 1, after that we acquire the solution for the
problem of Caputo type FDEs with non-local Riemann-
Liouville fractional integral boundary conditions.

e If p — 0, in that case, we come to have the results (by
noting that

fim (7 5°) =i and i (“5) =10 ()

for the problem of

Caputo-Hadamard type FDEs with non-local Hadamard
fractional integral

boundary conditions. Make note that the generalized
fractional derivative and

integral in the problem reduces to the Caputo-Hadamard
fractional derivative and Hadamard integral in the limit
p — 0 with the help of L’Hospital’s rule.
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