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On fuzzy inverse systems of fuzzy topological
spaces
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Abstract

In this paper, we have initiated and studied the concepts of fuzzy inverse systems of fuzzy topological spaces and
fuzzy continuous functions along with their fuzzy inverse limits. We have shown that every fuzzy inverse system
possesses fuzzy inverse limit and fuzzy inverse limit is unique in some sense. The fuzzy inverse limit (X, y;);
of a fuzzy inverse system (X;, y;;); enjoys many satisfactory desired properties. Further, we have introduced a
covariant functor Flim. from the category FIS(Z) of fuzzy inverse systems of fuzzy topological spaces and fuzzy
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1. Introduction

In 1965, Zadeh [10] generalized the notion of “sets” to
“fuzzy sets”, which was a great achievement not only in pure
mathematics, but also in the whole world of mathematical
sciences because it has several direct applications in different
branches of science. “Fuzzy topology”, initiated by Chang
[3], becomes a mature field in fuzzy mathematics. To build
the foundation of fuzzy topology, the works of Lowen [6, 7],
Pao-Ming and Ying-Ming [8], Guojun [5] are worths to be
mentioned.

The notions of inverse systems and their inverse limits
has several application in different branches of mathematics,
specially in category theory [4] and finite group theory [9].

The main purpose of this article is to introduce the concepts of
fuzzy inverse systems of fuzzy topological spaces and fuzzy
continuous functions and their fuzzy inverse limits. In section
3, We have achieved a bridge result between the fuzzy inverse
system of the topological spaces and the inverse system of the
fuzzy topological spaces. We have also established that every
fuzzy inverse system of fuzzy topological spaces and fuzzy
continuous functions has fuzzy inverse limit. Further we have
shown that every fuzzy inverse system (X;, y;j;); possesses
the unique fuzzy inverse limit in the sense that if (X, y;);
and (X', y!); are two fuzzy inverse limits of (X;, y;;);, then
there exists a fuzzy homeomorphism % : X — X’ such that
y!.Z = y; for each i € 1. We have studied several other basic
properties of the notion of fuzzy inverse limit (X, y;); of a
fuzzy inverse system (X;, y;;);. Besides these, in section 4,
we have initiated a new covariant functor F lim, from the
category FIS(I) to the category FTS of fuzzy topological
spaces and fuzzy continuous functions.

2. Preliminaries
Zadeh [10] initiated the concept of “fuzzy set”.

Definition 2.1. Suppose X be a non-empty set. Then any
function with domain X and codomain J = [0,1] is said to
be a fuzzy subset of the set X and the collection of all fuzzy
subsets of the X is denoted by JX.
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Let A be a fuzzy set of X. Then the set supp(A) = {y €
X : A(y) > 0} is called the support of A.

Let ¢ be a real number with O <t < 1 and y € X. Then the
fuzzy set y; of X is defined by:

(2) = I z=y
yelZ 0 zy
is said to be a fuzzy point. We use the symbol Pt(X) to denote
the collection of all fuzzy points of a set X.
Let A and B be two fuzzy sets of X. Then we define the
relation < on the set of all fuzzy sets of X as follows:

A<B<=A(y) <B(y) WyeX.

Let A be a fuzzy set of X and y, € Pr(X) satisfying y, < A.
Then we say that “A contains the fuzzy point y; ” and in
symbol, we write it as y; € A.

Let a € [0, 1]. Then « is the fuzzy set (called a constant
fuzzy) of X defined by:

a(y)=avyeX.

Let A and B be two fuzzy sets of X. If there existsay € X
satisfying A(y) +B(y) > 1, then A and B are called quasi-
coincident [8] fuzzy sets. In this case, in symbol, we write
AgB. Otherwise, A and B are called not quasi-coincident [8]
fuzzy sets and then we use the symbol AgB.

Let it and v be two fuzzy sets of X. Then the join of
u and v (denoted by u V v) is a fuzzy set of X such that
(uVVv)(y) =max{u(y),v(y)} ¥y € X. And the meet of u
and v is defined by (u VvV v)(y) = min{u(y),v(y)} Vy € X. It
is well-known that the fuzzy set u’ of X with the property
1 (y)=1—pu(y) forall y € X is called the fuzzy complement
of U.

Chang [3] initiated first the concept of fuzzy topology.

Definition 2.2. Let § C JX satisfies:

(i) 0,1€6,

(i) uUAV €S forall n,v €6,

(iii) V{u € &} € 8 for any subfamily & of 6.

Then X is called a fuzzy topological space with fuzzy topology
S. A fuzzy topological space X with a fuzzy topology O is
denoted by (X,8). A u € JX is called a fuzzy open set of the
Juzzy topological space X if 4 € 8. And if V' € 8, then v is
called a fuzzy closed set of the fuzzy topological space X.

In the entire paper, (X, 6) and (Y, 0) (or simply X and ¥)
are non-empty fuzzy topological spaces.

Lety, € Pt(X). If a fuzzy open set u of the fuzzy topolog-
ical space X has the property y;gu, then p is said to be fuzzy
quasi-neighborhood of y,. We denotes the set of all fuzzy
quasi-neighborhoods of y; in the fuzzy topological space X
by 2 (X )Y t)'
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Let n € JX and Q C §. Then Q is said to be a fuzzy open
coverof nif V{u:ueQ} >n.

Lowen [6] introduced the notion of fuzzy compact space.

Definition 2.3. Let (X, 8) be a fuzzy topological space. Then
Anm € JX is said to be fuzzy compact [6] if for every € > 0
and for every fuzzy open cover Q of 1, there exists a finite
subfamily Qo C Q such that \/cq 0 > N — €. If all the
constant fuzzy subsets of X are fuzzy compact, then X is said
to be a fuzzy compact space.

A mapping v : (X,6) — (Y,0) is said to be fuzzy con-
tinuous if y~'(u) € § for all u € o, or equivalently, for
each x, € Pt(X) and for each { € 2(Y,y(x,)), there is a
v € 2(X,x,) such that y(v) < {. A bijective fuzzy contin-
uous mapping Y : X — Y is called fuzzy homeomorphism if
v~ ! is fuzzy continuous.

3. Fuzzy inverse systems of fuzzy
topological spaces

In this section, we have introduced the notions of fuzzy
inverse systems of fuzzy topological spaces and their fuzzy in-
verse limits. We have studied several basic properties of fuzzy
inverse limits of fuzzy inverse systems of fuzzy topological
spaces.

Throughout this section, symbol / stands for a directed
index set.

Definition 3.1. A fuzzy inverse system consists of
(i) a family {X; : i € I'} of fuzzy topological spaces and
(ii) a family {y;; : (i, j) € I x I} of fuzzy continuous mappings
V;j : X; — X; such that

(a) i is the identity mapping on X; for each i € I,

(b) VijVik = l//ikforall i, jkelwithi<j<k.
This fuzzy inverse system is denoted by (X;, W;j)r or simply, by
(X, wij).

Let (X, ) be a given topological space and g = {]r,o[:
r € R}U{0}. Consider the space J = [0, 1] with subtopology
R|; and @(t) = {1 € X’/ : u is continuous}. Lowen [7]
showed that (1) is a fuzzy topology on X.

Lemma 3.2. The mapping v : (X, t) — (Y,7') is continuous
ifand only if v : (X,0(7)) — (Y, (7)) is fuzzy continuous.

Proof. In [1], Afsan has showed that the continuity of y :
(X,7) — (Y, 7') ensures the fuzzy continuity of ¥ : (X, (7)) —
(¥, o(7)).

Conversely, suppose ¥ : (X, 0(7)) — (Y, 0(1")) is fuzzy
continuous. Let V be an open set containing y(x) € Y. Then
for each € > 0, xv € 2(Y,y(x¢)). Then there exists u €
2(X,x¢) such that y(u) < xy. Now the continuity of u :
(X,7) — Jensuresthat U = {p € X : u(p) > 1 —¢&} is open
in (X, 7) and containing x. Also w(U) C V. So, y: (X,T) —
(Y,7') is continuous. O



On fuzzy inverse systems of fuzzy topological spaces — 1116/1118

Following theorem is the direct consequence of the result
of above lemma.

Theorem 3.3. Let ((Xi,7;), Wij)1 be an inverse system of topo-
logical spaces and continuous functions. Then ((X;, @(7;)), Wij)1
is a fuzzy inverse system of fuzzy topological spaces and fuzzy
continuous functions.

Definition 3.4. Ler (X;, ;)1 be a fuzzy inverse system and
Y be a any fuzzy topological space. Then a family {y; :i €
I} of fuzzy continuous mappings W; : Y — X; is called fuzzy
compatible with this fuzzy inverse system if

VijVj = Vi
forallijelwithi<j.

Definition 3.5. Ler (X;, yij)r be a fuzzy inverse system. A
fuzzy inverse limit of this fuzzy inverse system consists of
(i) A fuzzy topological space X and
(ii) a family {y; : i € I} of fuzzy continuous mappings y; : X —
X; fuzzy compatible with the fuzzy inverse system (X, Y;j)r
such that

(%) for each fuzzy compatible family {6; : i € I} of fuzzy
continuous mappings 0; : Y — X;, there exists a unique fuzzy
continuous mapping ¥ : Y — X such that Wy;y = 0; for all
iel
This fuzzy inverse limit of the fuzzy inverse system (X, y;;)1 is
denoted by (X, y;); or simply by

F— lile‘.
«—

Remark 3.6. Let ((X,T), y;); be an inverse limit of an inverse
system ((Xi, i), Wij)1 of topological spaces and continuous
Sunctions. Then ((X,®(7)),;); is a fuzzy inverse limit of the
fuzzy inverse system ((Xi, @ (7)), Wij)1 of fuzzy topological
spaces and fuzzy continuous functions.

Lemma 3.7. Let v : (X,0) — (Y,0) be a fuzzy continuous
Sunction and A C X. Then y |a: (A,04) — (Y, 0) is fuzzy
CONtinuous.

Proof. We note that 64 = {l |a: it € 6}. Suppose vV € ©.
Then y~!(v) € 8. Now we shall show that y~!(v) [4= (¥ |4
)1 (v). Leta€A. Then (v )~ (v)(@) = V(v |a (@) =
v(y(@) =y (v)(a). Thus (v [4)"'(v) =y~ (V) l4€ &
and so Y |4 is fuzzy continuous. O

Following theorem shows that every fuzzy inverse system
has a fuzzy inverse limit.

Theorem 3.8. Let (X;, ;)1 be a fuzzy inverse system. Then
(Xi, Wij)r has a fuzzy inverse limit.

Proof. () LetX =T[{X;:iel}. LetY ={xeX :y;;mj(x) =
m;(x) : for all i, j € I with j > i} and y; = 7; |x for eachi € 1.
We claim that (Y, y;); is a fuzzy inverse limit of (X;, y;;);.
Lemma 3.7 ensures that y; is fuzzy continuous for each i € 1.
It is also obvious that y;;y; = y; for all i, j € I with j >

i. Now suppose {6; : i € I'} be a fuzzy compatible family
of fuzzy continuous mappings 6; : Z — X;. We define the
mapping ® : ¥ — X by @(y) = (yi(y)). Then m;@0 = y; for
all i € I. Then o is fuzzy continuous. We note that for j > i,
mi(0(2)) = i(z) = (W) (2) = (W 7;0)(2) = ¢i7j(0(2))
forall z€ Z. So w(z) €Y for all z € Z. Now we define the
mapping @ : Z — Y by @(z) = w(z) forall z€ Z. So @ is
fuzzy continuous and y;@ = O; forallic /. Let @, : Z =Y
be another fuzzy continuous mapping satisfying y;®; = 6;
forall i € I. Then for all i € I and for all z € Z, [ (z)]; = i-th
component of @ (z) = y;(z). So @ (z) = @(z) forall z € Z.
Hence @) = @ and consequently, (Y, y;); is a fuzzy inverse
limit of (Xi7llfij)1~ O

Remark 3.9. The fuzzy inverse limit (Y, ;) of the fuzzy in-
verse system (X;, y;;)1 is denoted by

F— Slile'.
<

Theorem 3.10. Let (X, y;); and (X', )1 be two fuzzy inverse
limits of a fuzzy inverse system (X;, W;;)1. Then there exists a
fuzzy homeomorphism & : X — X' such that y. 7 = v; for
eachiecl.

Proof. Since (X, y;); is a fuzzy inverse limit of (X;, y;;); and
{y] :i €I} is compatible family of continuous mappings
with the fuzzy inverse system (X;, y;;);, there exists a unique
fuzzy continuous mapping @ : X’ — X such that y;@ = y/
for each i € I. Again since (X', y/); ia a fuzzy inverse limit of
(Xi, wi;)r and {; : i € I'} is compatible family of continuous
mappings with the fuzzy inverse system (X;, y;;);, there exists
a unique fuzzy continuous mapping @’ : X — X’ such that
y/@' = y;foreachi € I. So, y;(@®’) = y; foralli € I. Since
{y] :i eI} is compatible family of continuous mappings with
the fuzzy inverse system (X;, y;;);, there exists a unique fuzzy
continuous mapping idy : X — X such that y;idy = y; for
each i € I. Thus we must have @®’ = idy. Similarly, we can
show that @'® = idy. Then .% = @’ is a fuzzy homeomor-
phism satisfying y/.% = y; for each i € I. O

Remark 3.11. (i) Every fuzzy inverse system (X, ;)1 pos-
sesses the unique fuzzy inverse limit in the sense that if (X, W;);
and (X', y)1 are two fuzzy inverse limits of (Xi, Wij)1, then
there exists a fuzzy homeomorphism % : X — X' such that
y.F = v for eachi € I.

Theorem 3.12. Let (X;, ;)1 be a fuzzy inverse system of
fuzzy Hausdorff topological spaces and
Y =F —slimX;.
—
Then yxy is fuzzy closed subset of X =T[{X;:i € I}.

Proof. Let

Xy = (xi)y € Ix — xy-
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Then (x;) ¢ Y. Then there exist i, j € I with j > i such that
Vij(xj) # x;. Consider the fuzzy points (y;;(x;)), € FP(X;)
and (x;); € FP(X;). Since X; is fuzzy Housdorff, we can
find U € 2(X;, (vij(x;))x) and V € 2(X;, (x;);) such that
UAV = 0. Since y;; is fuzzy continuous, there exists U* €
2(Xj,(xj),) such that y;;(U*) <U. Consider the fuzzy open
set W=[[{Vk:ke,V;=V,V; =U*"V, = Iy, for k # i, }.
Then W is a fuzzy quasi-neighbourhood of x = (x;) in X such
that W < 1x — xy. So 1x — xy is fuzzy open subset of X and
so yxy fuzzy closed subset of X. O

Theorem 3.13. Let (X;, y;;)1 be a fuzzy inverse system and
Y = FlimX;.
—

(a) If each X; is fuzzy Hausdorff, sois Y.

(b) If each X; is fuzzy compact topologically generated and
fuzzy Hausdorff, then Y is fuzzy compact.

(c) If each X; is fuzzy compact topologically generated, fuzzy
totally disconnected fuzzy Hausdorff space, then Y is so.

(d) If for each i € I, X; # 0, fuzzy compact topologically gen-
erated and Hausdorff, then Y # 0.

Proof. 1t is sufficient to prove the results for

Y = FslimX;.
—

(a) Since each X; is Hausdorff, X = T]{X; : i € I'} is Hausdorff.
Since Y is a subspace of X, Y is also Hausdorff.

(b) Since each X; is fuzzy compact, X = [[{X; : i € I} is
fuzzy compact. We claim that X is topologically gener-
ated. Since each (X;,d;) is topologically generated, there
exists a topology 7; on X; such that §; = ©(7;). Let & be
the fuzzy product topology on X and 7 be the product topol-
ogy on X. We know that 71',;1 (o(t,)) = a)(ir,;l (7)) and so
AV 77:,;1((0(1;([)) = AL w(n,;l(fkl.)) for each finite n € N.
So, 6 = o(7). Therefore Y is a closed subspace of the fuzzy
compact topologically generated Hausdorff space X. Thus Y
is fuzzy compact.

(c) In [2], Balasubharamanian shaw that the fuzzy product of
fuzzy totally disconnected spaces is fuzzy totally disconnected
and subspace of fuzzy totally disconnected spaces is fuzzy
totally disconnected. Thus the result follows.

(d) For each i € I, we define the set ¥; = {x = (x;) € X :
Vij(x;) = x; whenever j < i}. Then it can be shown that xy,
is closed subset of X with xy, # 0. O

Theorem 3.14. Let (X;, ;)1 be a fuzzy inverse system and
(Y,y;);1 be fuzzy inverse limit of the fuzzy inverse system
(Xi, Wij)1. Then {y;'(U) : U is open in X;} is a base for
Y.

Proof. Consider a fuzzy open set P = [l//,-?l (U) A l[li;l (U2) A
A y/i;l(U,,)} | Y, where U; is a fuzzy open set of X;,, j =
1,2,...,n. Let x;, = (x3) € Pt(Y) with Pgx; . Choose ak € I
such thatk > iy, is,...,i;. Then thee set y/l:k] (U,) (r=1,2,...,n)
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in open in X since ;, ; : Xj — X;, is a continuous mapping.
Since iy (x*) = ' for all i < k, x’icjy/;kl(U,) (r=1,2,...,n).
Consider U = /\{1//1.:,(1 (U,):r=1,2,....,n}. Then U is a fuzzy
open set of X; and x’ic}U . Thus v~ Y(U) is a fuzzy open set of
Y and x; gy, ' (U). Clearly y, ' (U) < P. So {y; '(U) : U is
open in X;} is a base for Y. O

Theorem 3.15. If X is a subset of Y satisfying y;(X) = X; for
eachi€l. Then xx is dense inY.

Proof. Let U be any fuzzy open set of X;. Then y; '(U) is
a basic open set in Y. Clearly w;(xx)qU, i.e. xxqy; ' (U).
So every basic open set of Y is quasi-coincident with Yy and
hence xx is dense in Y. O

4. Category of fuzzy inverse systems of
fuzzy topological spaces and fuzzy
continuous functions

In this section, we have introduced a category ¢ = .% .# .7 (I)
of fuzzy inverse systems of fuzzy topological spaces and fuzzy
continuous functions and a covariant functor F lim,_ from the
category FIS(I) to the category FTS of fuzzy topological
spaces and fuzzy continuous functions.

Lemma 4.1. A mapping 0 : X — Y is a fuzzy continuous if
and only if W;0 is fuzzy continuous.

Proof. If the mapping 0 is a fuzzy continuous, then clearly
;0 is fuzzy continuous for each i € I. Now let ;0 is fuzzy
continuous for each i € I. Let U be any fuzzy open set of X;.
Then y; ' (U) is a basic open set in Y. Now 8~ (y; " (U)) =
(w;0)~1(U) is open in X. So 0 is fuzzy continuous. O

Definition 4.2. Let (X;, ij)1 and (X], ;)1 be two fuzzy in-
verse systems. A fuzzy morphism © : (X, Wij)1 — (X{, ¥i;)1
of the fuzzy inverse systems consists of a collection of fuzzy
continuous functions {0; : X; — X/ : i € I} such that O;y;; =
I[Ii’jﬁj, i.e. the diagram

Vi
Xj SN X;

@jl ﬂ,i

]4/.’ .
Xj — X!

is commutative whenever j < i.

Here the functions of the set {¥; : X; — X/ : i € I} are
called the components of the morphism ®. A homomor-
phism © : (X;, ij); — (X, ¥;j); is called the identity homo-
morphism of the system (X;, y;;); if the component ¥; = idyx,
foralliel
Let (X;, ¥ij)1, (X{, w;;)r and (X', y/7); be three fuzzy inverse
systems. Let @ : (X;, yij)r — (X{, ;) and ¥ : (X/, y;)1 —
(X7, 1//1’1’) 1 be homomorphism with respective sets {9; : X; —
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X/ :iel} and {¢;: X — X/ :i €I} of the components.
Then the composition of morphism is defined as the mor-
phism WO : (X;, ;)1 — (X;', ;)1 between the fuzzy inverse
systems (X;, ;)7 and (X/, ;) whose set of components is

{(Pi19,' X — Xi// S I}

Definition 4.3. Let the category € = % .9 S (I)

(a) whose objects are the set of all fuzzy inverse systems in-
dexed by I and

(b) morphisms are the morphisms of fuzzy inverse systems.
This category is called the standard category of fuzzy inverse
systems.

Let (Xi, Wij)1, (X/, w/;)1 be two members of the category
F . (I) such that

X =FlimX; = (X,y); and X' = FlimX/ = (X', ).
— —

Assume that © : (X;, y;;)r — (X/, ;)1 be a morphism with
the set of components {®; : X; — X/ : i € I'}. Then the collec-
tion of compilable mappings ¥;y; : X — X/ yields the unique
continuous mapping

Flim®=yg:X — X’
«—
such that
ViVe = Dii
foralli € I. Moreover, we see that if © : (X;, y;;)1 — (X/, W)
and ¥ : (X/,y;)r — (X{', y;})r be homomorphism with re-
spective sets {0;: X; — X/ :iel} and {@; : X] = X/":iel}
of the components, then
Flgn(‘l‘@) = Flgn(‘l‘)Flgn(@).
Thus
Flim
«—
is a covariant functor from the category FIS() to the category

FTS of fuzzy topological spaces and fuzzy continuous func-
tions.

Above results can be summarized in the following theo-
rem:

Theorem 4.4. Let FTS be the category of all fuzzy topologi-
cal spaces and fuzzy continuous functions. Then

Fliin :FTS — FTS

is a covariant functor from the category FIS(I) to the category
FTS.
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5. Conclusion

In this paper, we have fuzzified the classical notions of
inverse systems of topological spaces and its inverse limit in
fuzzy topology. We have investigated and archived several
basic properties of these notions. There are several applica-
tions of inverse systems and their inverse limits in different
branches of mathematics, specially in category theory [4] and
finite group theory [9]. Therefore, as the case of non-fuzzy
mathematics, several research in fuzzy mathematics can be
done in future on the basis of the notions introduced in this

paper.
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