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Abstract
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1. Introduction
In this work, there are more conjunctions about the ap-

proach of metric spaces (MS). Fixed point (fd-pt.) concept
in S-metric spaces (S−MS) and b-metric spaces (b−MS)
has been published in more papers like [4],[5],[8], etc. In
our work, we scrutinize a new approach of S−MS called
probabilistic sb−MS, which is an expansion of the S−MS
using the concept of self to be different from zero. Rouse by
crafted by Bakhtin in [4], we initially present the Psb−MS as
a generalization of the b−MS. Recently, R.Saadati,[9] intro-
duced the idea of r-distance on a Menger Psb−MS. Through
an idea of r-distance, we have defined rsb-distance and have
proved a few fixed pt. theorems in the same space.

2. Preliminaries
Definition 2.1. A probabilistic metric space [9] (PMS) be
a triple (M,F ,τ), here M is a nonempty set, F is a func-
tion from M2 → ∆+, τ is a triple function and the coming
properties were convinced ∀ s,u,w in M;

(a) Fss = ε0

(b) Fsu 6= ε0 if p 6= q

(c) Fsu = Fus

(d) Fsw ≥ τ(Fsu,Fuw)

If τ = τT any t-norm T ⇒ (M,F ,τT ) termed as Menger
space(MS).

Definition 2.2. A probabilistic b-metric space [1] (briefly
PbMS) be a quadruple (M,F,τ,s), here M is a non empty set,
F is a function from M2→ ∆+, τ is a triangle function s≥ 1
is a real number and the following conditions are fulfilled; ∀
s,u,w ∈M and r > 0,

(a) Fss = H

(b) Fsu = H ⇒ s = u

(c) Fsu = Fus

(d) Fsu(dr)≥ τ(Fsw,)Fwu)(r).
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If τ = τT any t-norm T ⇒ (M,F,τT ,s) be termed as b-MS.

Definition 2.3. Take X is a non-empty set and b ≥ 1 be
a given number Suppose that a mapping b ≥ 1 be a given
number. Let us take a mapping sb : X3→ R+ be a function
fulfilled the Coming properties:

(i) sb(m,o, p) = 0⇐⇒ m = o = p and

(ii) sb(m,o, p) ≤ b[sb(m,m,a)+ sb(o,o,a)+ sb(p, p,a)] ∀
m,o, p,a ∈X .

∴ the function sb be termed as sb-metric on X [8] and the pair
(X ,sb) is a sbMS.

Definition 2.4. Take (X ,F ,T ) is a Menger PMS. Then the
function h : X 2× [0,∞]→ [0,1] be termed as r-distance [8]
on X if the comings are fulfilled:

(R1) hm,p(e+h)≥T (hm,o(e),ho,p(h)), ∀m,o, p∈X e,h≥
0;

(R2) Any m ∈X and e ≥ 0, hm,. : X × [0,∞]→ [0,1] be
continuous;

(R3) Any ε > 0, ∃ ρ > 0 3 hp,m(t) ≥ 1−ρ and hp,o( f ) ≥
1−ρ imply Fm,o(e+ f )≥ 1− ε .

Example 2.5. Take (X ,F,T ) is a Menger PMS. Then h =
F is an r-distance on X.

Proof. Properties (R1) and (R2) are accessible. Take ε > 0
and elect ρ > 0 3 T (1−ρ,1−ρ)≥ 1− ε . Then hp,m(e)≥
1−ρ and hp,o( f )ρ1−ρ , we’ve,

Fm,o(e+ f ) ≥ T (Fp,m(e),Fp,o( f ))

≥ T (1−δ ,1−δ )≥ 1− ε.

Definition 2.6. Take X as a MS and T is a mapped, a point
u ∈X is termed as

(i) Fd-pt[6] of T if it is arrangement of the functional
Equation T (q) = q.

(ii) ε-Fd-pt[6] of T if d(u,T (u))< ε ∀ ε > 0.

3. Common Fixed Point Theorems with
rsb- distance

Definition 3.1. A mapping s : [0,1]2 → [0,1] is continuous
s-norm if s fulfills the coming properties:

(i) s is associative and commutative.

(ii) s is continuous.

(iii) s(g,0) = a ∀ g ∈ [0,1].

(iv) s(g, i) ≤ s(k, l) whenever g ≤ k and i ≤ l ∀ g, i,k, l ∈
[0,1]

the classical ex: of continuous t-norms were

s(g, i) = min(g+ i−1) and s(g, i) = max(g, i)

Definition 3.2. A Menger probabilistic sb normed space (briefly
Menger Psb−NS) is a triple (X ,η ,T ) here X is a vector
space, T is a continuous t-norm and η is a mapping from X
into D+ 3 the coming properties hold, ∀ m,o, p in X :

(i) ηm(e) = ε0(e) ∀ e > 0 iff m = 0.

(ii) µαx(t) = ηx(
t
|α| )) for α 6= 0.

(iii) ηm+o+p(e1 + e2 + e3) ≥ T (ηm(e1),ηo(e2),ηp(e3)) ∀
m,n,o ∈X and e1,e2,e3 ≥ 0.

Remark 3.3. Assume for all η ∈ [0,1] ∃ a σ ∈]0,1[ which
doesn’t rely upon n, with T n−1(1−σ , ...,1−σ)> 1−η for
each n ∈ {1,2,3, ...}.

Definition 3.4. Take (X ,F,T ) is a Menger PsbMS. Then the
function h : X 3× [0,∞]→ [0,1] is termed as rsb - distance
on X if the coming were fulfilled.

(i) hm,o,p(e1 + e2 + e3)≥ T (hmov(e1),hmvp(e2),hvop(e3))
∀ m,o, p ∈X and e1,e2,e3 ≥ 0;

(ii) any m ∈X and e≥ 0, hm : X × [0,∞)→ [0,1] is con-
tinuous;

(iii) any ε > 0 ∃ ρ > 0 3 hvop(e1)≥ 1−ρ,hmvp(e2)≥ 1−ρ

and hmov(e3)≥ 1−ρ imply Fmop(e1+e2+e3)≥ 1−ε .

Example 3.5. Take (X ,F ,T ) is a Menger Psb−MS. Then
h = F is an rsb - distance on X .

Proof. By definition (3.1), properties (i) and (ii) are obvious.
For property (iii), Give ε > 0 and elect ρ > 0 3 T (1−ρ,1−
ρ,1−ρ)≥ 1− ε .
⇒Fm,o,v(e1)≥ 1−ρ,Fm,v,p(e2)≥ 1−ρ and Fv,o,p(e3)≥

1−ρ , we’ve
Fm,o,p(e)≥T (Fm,o,v(e1),Fm,v,p(e2),Fv,o,p(e3))≥T (1−

ρ,1−ρ,1−ρ)≥ 1− ε

⇒ h = F is an rsb- distance on X .

Example 3.6. Take (X ,F ,T ) is a Menger Psb−S and let
A is a continuous mapping from X into X . Then the func-
tion h : X 3 → [0,∞)→ [0,1] characterized by hm,o,p(e) =
min(FA m,o,v(e1),FA m,o,A o(e2),FA v,Fo,F p(e3)), ∀m,o, p∈
X and e1,e2,e3 > 0 is an rsb - distance on X .

Proof. Take m,o, p,v ∈X and e1,e2,e3 > 0 is an rsb- dis-
tance on X . If FA m,o,p(e)≤FA m,A o,A p(e) then we’ve

hm,o,p(e1 + e2 + e3) = FA m,o,p(e1 + e2 + e3)
≥T (FA m,o,v(e1),FA m,v,A p(e2),Fv,A o,F p(e3))
≥T (min(FA m,o,p(e1),FA m,A o,v(e1))min(FA m,o,p(e2),
FA m,o,A p(e2))
min(Fv,A o,A p(e3),Fv,A o,A p(e3)))
= T (hm,o,p(e1),hm,o,p(e2),hv,o,p(e3))
with this inequality, we’ve
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hm,o,p(e1 + e2 + e3) = FA m,A o,F p(e1 + e2 + e3)
≥T (FA m,A o,A p(e1),FA m,A o,A p(e2),AA v,A o,A p(e3))
hm,o,p(e1 + e2 + e3) = FA m,A o,A p(e1 + e2 + e3)
≥T (FA m,A o,v(e1),FA m,v,A p(e2),Fv,A o,A p(e3))
≥T (minFA m,o,p(e1),FA m,A o,v(e1)),min(FA m,o,p
(e2),FA m,v,A p(e2)),
min(F(v,A y,Az)(t3),F(u,Ay,Az)(t3)))
= T ( fx,y,u(t1), fx,u,z(t2), f(u,y,z)(t3))

Hence (i) holds. As A is continuous then (ii) is clear. To
prove (ii)

take ε > 0 be given and elect ρ > 0 3T (1−ρ,1−ρ,1−
ρ)≥ 1− ε .

Then from hm,o,v(e1)≥ 1−ρ,hm,v,p(e2)≥ 1−ρ and hv,o,p
(e3) ≥ 1− ρ we’ve FA m,o,v(e1) ≥ 1− ρ,FA m,v,A p(e2) ≥
1−ρ and FA m,A o,v(e3)≥ 1−ρ .

Therefore Fm,o,p(e1 + e2 + e3)≥T (FA m,o,v(e1),
FA m,v,A o(e2),FA m,A o,v(e3))
≥T (1−ρ,1−ρ,1−ρ)
≥ 1− ε .

Thence h is an rsb- distance on X .

Example 3.7. Take (X ,β ,T ) is a Menger Psb−S. Then the
function h : X 3× [0,∞]→ [0,1] characterized by hm,o,p(e) =
βm(e) ∀ m,o, p ∈ X and t > 0 rsb- distance on X , here
β = η .

Proof. Take m,o, p ∈X and e1,e2,e3 > 0. Then we’ve
hm,o,p(e1 + e2 + e3) = βv(e1 + e2 + e3)

≥T (βm,o,v(e1),βm,v,p(e2),βv,o,p(e3))
= T (em,o,v(e1),hm,v,p(e2),hv,o,p(e3))

Hence (i) holds. Also (ii) is clear. To prove (iii), give
ε > 0 and elect ρ > 0 3 T (1−ρ,1−ρ,1−ρ)≥ 1− ε

⇒ hm,o,v(e1)≥ 1−ρ,hm,v,p(e2)≥ 1−ρ and hv,o,p(e3)≥
1−ρ we’ve

Fm,o,p(e1 + e2 + e3) = βm−o−p(e1 + e2 + e3)
≥T (βm(e1),βo(e2),βp(e3))
= T (hm,o,v(e1),hm,v,p(e2),hv,o,p(e3))
≥T (1−ρ,1−ρ,1−ρ)
≥ 1− ε

Hence h is an rsb- distance on X .

Lemma 3.8. Take (X ,F ,T ) is a Menger PsbMS and h is
a rsb– distance. Take {mn}, {on} and {pn} be sequence in
X . And take {αn}, {βn} and {γn} be a sequences in [0,∞)
converging to zero and m,o, p ∈X and e1,e2,e3 > 0. Then
the coming hold:

(i) if hmn,on,v(e1)≥ 1−αn,hmn,v,on(e2)≥ 1−βn,hv,on,pn(e3)
≥ 1−γn for any n∈N then Fmn,on,pn(e1+e2+e3)→ 1

(ii) if hmn,on,v)(e1 ≥ 1−αn,hmn,v,on(e2)≥ 1−βn and hv,on,pn

(e3)≥ 1− γn some n ∈ N ⇒ m = o = p.

(iii) if hxn,xm,xk(e)≥ 1−αn any n,m,k ∈ N with k > m > n
formerly {xn} be a CS.

Proof. (i) Take ε > 0. From the definition of rsb– distance,
∃ ρ > 0 3 hm,o,v(e1) ≥ 1− ρ,hm,v,p(e2) ≥ 1− ρ and
ev,o,p(e3)≥ 1−ρ implies em,o,p(e1 + e2 + e3)≥ 1− ε .

Elect n0 ∈ N 3 {αn} ≤ ρ , {βn} ≤ ρ and {γn} ≤ ρ ∀
n≥ n0. Then we’ve, any n≥ n0,hm,o,v(e1)≥ 1−αn ≥
1−ρ,hv,o,p(e2)≥ 1−βn ≥ 1−ρ and hv,m,o(e3)≥ 1−
γn ≥ 1−ρ and hence hm,o,p(e1+e2+e3)≥ 1−ε . This
implies that Fmn,on,pn(e1+e2+e3)→ 1. Thence we’ve
that {mn} converges to x. It follows from (i) that (ii)
hold.

(iii) Take ε > 0. By (i), Elect ρ > 0 and n0 ∈ N. For
any n,m,k ≥ n0 + 1, hmn,on,pn0

(e1) ≥ 1− αn0 ≥ 1−
ρ,hmn,mn0 ,on(e2)≥ 1−αn0 ≥ 1−ρ and hmn,on,mn0

(e3)≥
1−αn0 ≥ 1−ρ and thence Fxn,xm,xk(e1 + e2 + e3) ≥
1− ε . ⇒ {mn} is a CS.

Theorem 3.9. Take (X ,F ,T ) is a complete Menger PsbMS,
h is a rsb– distance and a mapping from X into itself. As-
sume that ∃ k ∈]0,1[ 3 hA m,A 2m,A 3m(e)≥ hm,A m,A 2m(

e
k ), ∀

m ∈X ,e > 0 3 sup{T (hm,o,p(e),hm,A m(e)) : m ∈X } < 1
∀ p,o ∈X with o 6= A o, p 6= A p. Then we’ve

(i) If t-norm holds and ∃ a v ∈X with Eh(v,A v,Bv) =
sup{(Eγ ,h)(v,A v,Bv) : γ ∈]0,1[< ∞} then ∃ p ∈X
3 p = A p.

(ii) If s-norm holds then ∃ p∈X 3 p =A p. Furthermore
if r = A r,q = Bq and h ∈ D+ then hr,r,r =0

Proof. (i) Take v ∈X is 3 Eh(v,A v)< ∞. Characterize
vn = A n u any n ∈ N. Then we’ve, for some n ∈ N,
hvn,vn+1,vn+2(e)≥ hvn−1,vn,vn+1(

e
kn )

...
≥ hv,v1,v2(

e
kn )

∴ Eσ ,h(vn,vn+1,vn+2) = in f{t > 0 : hvn,vn+1,vn+2(e) >
1−σ}
≤ in f{e > 0 : hv,v1,v2(

e
kn )> 1−σ}

= knEσ ,h(v,v1,v2)
hence m > n and σ ∈ [0,1] ∃ γ ∈ [0,1] 3
Eσ ,h(vn,vm,vk)≤Eγ,h(vn,vn+1)+...+Eh(vm−1,vm)+...+
Eh(vk,vk+1)

≤ kn

1−k Eγ,h(v,v1,v2)

Then ∃ n0 ∈ N 3 ∀ n > n0 we’ve Eσ ,h)(vn,vm,vk
→ 0 and

hence {vn} is a CS.

Also for any sequence {mn} is a CS w.r.to h iff it is a
CS with Eσ ,h.

∴ {ρn} → 0 3 for n ≥ max{n0,n1},n1 ∈ N, we’ve
hvn,vm,vk(e)≥ 1−ρn.

By the reason of X is complete, then {vn} → some
point p ∈X .

Thence by definition of Menger probabilistic sb-normed
space, we’ve hvn,vm,p = limT (k→ ∞)hvn,vm,vk ≥ 1−ρn
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and hvn,vn+1,vn+2 ≥ 1−ρn. Assume that p 6= Ap.
By statement, we’ve

1≥ sup{T (hm,o,v(e),hm,v,p(e),hv,o,p(e)) : m ∈X }
≥ sup{T (hm,o,v(e),hA m,v,A p(e),hv,A o,A p(e)) : m ∈
M }
≥ sup{T (hA m,A o,v(e),hA m,v,A p(e),hv,A o,A p(e)) :
m ∈X }
≥ sup{T (hvn,A o,v(e),hvn,v,vn+2(e),hv,vn+1,vn+2(e)) : n
∈ N}
≥ sup{T (1−ρn,1−ρn,1−ρn : n ∈ N)}= 1,
Which is inconsistency. ∴ we’ve p = A p.

(ii) The proof is same as (i) but σ does not depend on k.

Presently if v = A v and h ∈ D+ then we’ve
hr,r,r(e) = hA r,A 2r,A 3r(e)
≥ hr,A r,A 2r(

e
k )

= hr,r,r(
e
k )

Enduring this process, we’ve
hr,r,r(e) = hr,r,r(

e
kn )

. Also we’ve er,r,r = ε0.

Theorem 3.10. Take (X ,F ,T ) is a complete Menger Psb
MS and A is a mapping from X into itself. Assume ∃ β ∈
]0,1[ 3
FA m,M o,A p(e)≥S (Fm,A m,A 2m(

e
β
),Fo,A o,A 2o(

e
β
),

Fp,A p,A 2 p(
e
β
)) ∀ m,o, p ∈X and e > 0.

(i) If t-norm holds and ∃ a u ∈ X with E (v,A v,A 2v)< ∞

then A has a unique fd-pt..

(ii) If s-norm holds then A has a unique fd-pt.

Proof. (i) Take m ∈X . From the difference (I), we’ve
FA m,A 2m,A 3x(e)≥S (Fm,A m,A 2m
( e

β
)),FA m,A 2m,A 3m(

e
β
),FA 2m,A 3m,A 4m(

e
β
) and hence

FA m,A 2m,A 3m(e)≥Fm,A m,A 2m(
t
β
) By the reason of

the probabilistic metric F is an rsb-distance, assume
that ∃ o ∈X with o 6= A o and sup{Fm,o,p(e) :
Fm,A m,A 2m(e) : m ∈X }= 1.

By the reason Fmn,o,A o(e)→ 1 and Fmn,A mn,A 2
mn
(e)→

1, then by lemma (3.9), we’ve {A mn} → o.

another way, by the reason of A fulfills the condition (I)
then we’ve, FA mn,A 2mn,A o(e)≥S (Fmn,A mn,A 2mn

( e
β
),

Fo,A o,A 2o(
e
β
))→ 1 as n→ ∞ i.e o = A o. inconsis-

tency. Thence if o 6=A o then sup{Am,o,p(e) : Am,A m,A 2m
(e) : m ∈X }< 1.

Then by theorem (3.10), ∃ p ∈X 3 p = A p. By the
reason of F ∈ D+ then the uniqueness is trivial.

(ii) The proof is same as (i).

4. rsb-distance with Property C and
Weakly Commuting maps in PsbM-Space

Definition 4.1. State rsb- distance h has property (C ′) if
it fulfills the coming condition: hm,o,p(e) = C ′ ∀ t > 0 ⇒
C ′ = 1.

Theorem 4.2. Take (X ,F ,T ) is a complete Menger PsbM-
space, h is r-distance on it and A ,B,C : X → X be maps
that fulfill the coming properties:

(i) C (X )⊆B(X )⊆A (X ).

(ii) A ,B and C are continuous

(iii) hC (m),C (o)(e)≥ hF (m),B(o)(e)≥ hA (m),A (o)(
e
k ) ∀m,o∈

X , t > 0, 0 < k < 1.

Suppose m ∈X
Eh(A (m),B(m),C (m))+Eh(A (m),B(m), p)+Eh(B(m),C
(m), p)+Eh(B(m),B(B(m)), p)+Eh(C (m),C (C (m)), p)+
Eh(C (m),B(m),A (m))<∞, ∀ p∈X with B(Z ) 6=B(B(p
)) and C (p) 6= C (C (p)) here Eh(z,y,x) = sup{Eγ,h(z,y,x) :
γ ∈ (0,1)}.
Also suppose if {mn} is a sequence in X with limT (n→
∞)A (mn)= o∈X , then ∀η ∈ (0,1), we have Eη ,h(A (mn),A
(ms),o)≤ lims,u→∞ E η ,h(A (mn),A (mp),A (mu)).
In addition,

(i) If t-norm holds and ∃ a m0 with
Eh(A (m0),B(m0),C (m0))= sup{Eγ,h(A (m0),B(m0),
C (m0)) : γ ∈ (0,1)}<∞ and Eh(B(m0),B(B(m0)),C
(C (m0)))= sup{Eγ,h(B(m0),B(B(m0)),C (C (m0))) :
γ ∈ (0,1)}<∞ then A ,B and C have a Common fixed
point given that A ,B and C commute each other.

(ii) If s-norm holds then A,B,C have a common fixed point
given that A ,B and C commute one another. In ad-
dition if h has the property C ′, h(.) is non decreasing
and B(r) =B(B(r)), ∀ r ∈X then hB(r),B(r)(r) = 1
and C (w) = C (C (w)) ∀ w ∈ X and hC (w),C (w)(e) = 1.

Proof. (i) First ∀ m ∈X , inf{Eh(A (m),B(m),C (m))+
Eh(A (m),B(m), p)+Eh(B(m),C (m), p)+Eh(B(m),
B(B(m)), p)+Eh(C (m),C (C (m)), p)+Eh(C (m),
B(m),A (m))}> 0, ∀ p ∈X with B(p) 6= B(B(p))
and C (p) 6= C (C (p)).

Assume this is true. For that, let m0 ∈X with Eh(A (m0),
B(m0),C (m0))
<∞, Eh(B(m0),B(B(m0)), p)<∞ and Eh(C (m0),C
(C (m0)), p)< ∞.

But (i), we find m1,m2 3 A (m1) = B(m0) = C (m2).
By acceptance we can characterize a sequence {mn}n
3 A (mn) = B(mn−1) = C (mn+1).
By acceptance again,
hA (mn),B(mn+1),C (mn+2)(e)= hB(mn−1),B(mn),B(mn+1)(e)≥
hA (mn−1),A (mn),A (mn+1)(

e
k ))≥ ...≥ hA (m0),A (m1),A (m2)

( e
kn ) and therefore,
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Eγ,h(A (mn),A (mn+1),A (mn+2))≤ knEγ,h(A (m0),A
(m1),A (m2)), for n= 1,2, ...⇒ s> n and for η ∈]0,1[
∃ σ ∈]0,1[ 3 Eη ,h(A (mn),A (ms),A (mu))≤ Eσ ,h(A
(ms−1),A (ms),A (ms+1))+Eγ,h(A (ms−2),A (ms−1),
A (ms))+...+Eσ ,h(A (mn),A (mn+1),A (mn+2))≤Eh

(A (m0),A (m1),A (m2))∑
s−1
j=n k j ≤ ( kn

1−k )

Eh(A (m0),A (m1),A (m2)).

Thence {A (mn)} is a CS. By the reason of X is
complete then ∃ o ∈X 3 limT (n→ ∞)A (mn) = o
If B(mn−1) = A (mn) → o then {B(A (mn))}n →
B(o).

Be that as it may B(A (mn))=A (B(mn)),C (B(mn))
= B(C (mn)) and A (C (mn)) = C (A (mn)), by the
commutative condition and so A (b(mn)),B(C (mn))
and C (A (mn)) → A (o). By the reason the limits
are unique, A (o) = B(o) = C (o) and so A (A (o)) =
A (B(o)) = A (C (o)).

Differently, we’ve
Eη ,h(A (mn)),A (ms,o)≤ lims,u→∞ E η ,h(A (m−n),A
(ms,A (mu))≤ Eη ,h(A (mn),A (ms),o)≤
Since ∀ η ∈]0,1[ then we’ve Eh(A (mn),A (ms),o)≤

kn

1−k Eh(A (m0),A (m1),A (m2)). Also, by the reason
B(mn)=A (mn+1)=C (mn+2) then we’ve Eh(B(mn),

B(ms),o)≤ kn+1

1−k Eh(A (m0),A (m1),A (m2)) and Eh(C

(mn),C (ms),o)≤ kn+2

1−k Eh(A (m0),A (m1),A (m2)) and
hB(mn),B(B(mn)),C (mn)(e)≥ hA (mn),A (E B(mn)),C (mn)(

e
k )

= hB(mn−1),B(B(mn−1)),C (mn−1)(
e
k )

≥ hA (mn−1),A (B(mn−1)),C (mn−1)(
e
k2 )

= hB(mn−2),B(B(mn−2)),E (mn−1)(
e
k2 )

= hB(mn−2),B(B(mn−2)),C (mn−1)(
e
k2 )

≥ ...≥ hA (m1),B(A (m1)),C (m1)((
e
kn )

⇒ Eη ,h(B(mn),B(B(mn)),C (mn))≥ knEη ,h(A (m1),
B(A (m1)),C (m1))≤ knEh(A (m1),B(A (m1)),C (m1
)) and so, Eh(B(mn),B(B(A (mn)),C (mn))≤ knEh(A
(m1),B(A (m1)),C (m1)).

Presently B(o)=B(B(o)) and C (o)=C (C (o)). Sup-
pose B(o) 6=B(B(o)). By above, we’ve 0< inf{Eh(A
(m),B(m),C (m))+Eh(A (m),B(m),o)+Eh(B(m),
C (m),o)+Eh(B(m),B(B(m)),o)+Eh(C (m),C (C
(m)),o)+Eh(C (m),B(m),A (m)) : m∈X }≤ inf{Eh
(A (mn),B(mn),C (mn))+Eh(A (mn)
B(mn),o)+Eh(B(mn),C (mn),o)+Eh(B(mn),B(B(
mn)),o)+Eh(C (mn),C (C (mn)),o)+Eh(C (mn),B(mn
),A (mn)) : n ∈ N} = inf{Eh(A (mn),A (mn+1),o) +
Eh(A (mn),A (ms),A (mu))+Eh(B(mn),B(ms),o)+
Eh(B(m1),B(B(m1)),o)+Eh(C (mn),C (ms),C (ms))
+Eh(C (ms),B(mu),A (mn))}= inf{Eh(A (mn),A
(mn+1),o)+Eh(A (mn),A (ms),A (mu))+Eh(
B(mn),B(ms),o)+Eh(B(m1),B(B(m1)),o)+Eh(C
(mn),C (ms),C (mu))+Eh(C (mu),B(mu),A (mn))}
≤ inf{knEh(A (m0),A (m1),o)+( kn

1−k )Eh(A (m0),A

(m1),A (m2))+( kn+1

1−k )Eh(A (m0),A (m1),A (m2))+

knEh(B(m1),B(B(m1)),o)+( kn

1−k )Eh(C (m0),C (m1),

C (m2))+( kn+1

1−k )E f (C (m0),C (m1),C (m2)) : n∈N}=
0
This is a conflict. Thus B(o) = B(B(o)) and C (o) =
C (C (o)). Thus B(o) = B(B(o) = A )(B(o)) and
accordingly B(o) is a common fixed point of A ,B
and C . Moreover if B(o) is a common fixed point of
A ,B and C B(v) = B(B(v)) ∀ v ∈ X , then we have
h(B(o),B(o),B(o)(e) = hB(B(o)),B(B(o)),B(B(o))(e)≥
hA (B(C (o))),A (B(C (o))),A (B(C (o)))(

e
k )≥

hA (B(o)),A (B(o)),A (B(o))(
e
k ) = hB(o),B(o),B(o)(

e
k ),

Since A (B(C (o))) = C (A (B(o)))⇒ (B(o)) = C (
B(o)) ⇒ B(o) = B(o) and B(C (o)) = B(o) and
B(C (o)) = B(o). Differently, known h is decreas-
ing, then we’ve hB(o),B(o),B(o)(e)≤ hB(o),B(o),B(o)(

e
k )

Thus we’ve hB(o),B(o),B(o)(e) = hB(o),B(o),B(o)(
e
k )⇒

hB(o),B(o),B(o)(e) = C ′ ∀ e > 0. Hence by property
(C ′) we’ve hB(o),B(o),B(o)(e) = 1.
To prove the assert, consider that ∃ o∈X with B(o) 6=
B(B(o)) and C (o) 6= C (C (o)) and inf{Eh(A (m),B
(m),C (m))+Eh(A (m),B(m),o)+Eh(B(m),C (m),o
)+Eh(B(m),B(B(m)),o)+Eh(C (m),C (C (m)),o)+
Eh(C (m),B(m),A (m)) : m ∈X }= 0.
Then ∃ {mn} 3 limn→∞{Eh(A (mn),B(mn),C (mn))+
Eh(A (mn),B(mn),o)+Eh(B(mn),C (mn),o)+Eh(B
(mn),B(B(mn)),o)+Eh(C (mn),C (C (mn)),o)+Eh(
C (mn),B(mn),A (mn))}= 0. We know that,
hA (mn),B(mn),C (mn)(e)→ 1 and hA (mn),B(mn),o(e)→ 1
and by lemma (3.9) we’ve limB→∞ B(mn) = o and
limn→∞ C (mn) = o.
Also hB(mn),C (mn),o(e)→ 1, hA (mn),B(mn),B(B(mn))(e)
→ 1 and hA (mn),B(mn),C (C (mn))(e)→ 1
∴ by lemma (3.9), we’ve
limn→∞ B(B(mn)) = y and limn→∞ C (C (mn)) = 0.
Therefore B(o) = B(B(o)) and C (o) = C (C (o)),
which is a contradiction. Hence if B(o) 6= B(B(o))
and C (o) 6=C (C (o)) then inf{Eh(A (m),B(m),C (m))
+Eh(A (m),B(m),o)+Eh(B(m),C (m),o)+Eh(B(m),
B(B(m)),o)+Eh(C (m)C (C (m)),o)+Eh(C (m),B
(m),A (m)) : m ∈X }> 0.

Definition 4.3. Take h and k be maps from a Menger PsbM-
space (X ,F ,T ). The maps h and k are termed as be Weakly
Commuting if Fhkm,khm(e)≥Fhm,km(e) for each m in X and
e > 0.

Remark 4.4. Consider ϕ denote the set of all onto and strictly
non-decreasing function ϕ from [0,∞)→ [0,∞) which grat-
ify limn→∞ϕn(e) = 0 for e > 0. Here ϕn(e) stands for nth
iterative function of ϕ(e).

If ϕ ∈ φ then ϕ(e) < t for e > 0. suppose that ∃ eo > 0
with e0 ≤ ϕ(e0). Then since ϕ is non decreasing we have
e0 ≤ ϕn(e0) ϕ ∀ n ∈ {1,2, ...} which is inconsistency. Also
ϕ(0) = 0.

Lemma 4.5. Assume a Menger PsbM-space (X ,F ,T ) ful-
fills the coming condition: Fm,o,p(e) = C ∀ e > 0 then we’ve
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C = ε0(e) and m = o.

Theorem 4.6. Take (X ,F ,T ) is a complete Menger Psb-
space and h,k and l be weakly commuting self mappings of X
fulfilling the coming properties:

(i) h(X )⊆ k(X )⊆ l(X )

(ii) h and k or l is continuous.

(iii) Fhm,ho,hp(ϕ(e))≥Fkm,ko,kp(e)≥Flm,lo,l p(e), here ϕ ∈
φ .

(a) If t-norm holds and ∃m0 ∈X with EF (lm0,km0,hm0)=
sup{Eγ,F (lm0,km0,hm0) : γ ∈ (0,1)} < ∞, thus h and k
have exclusive common fixed point.

(b) If s-norm holds then h and k have a unique common
fixed point.

Proof. Elect m0 ∈ X with EF (lm0,km0,hm0) < ∞. Take
m1 ∈X with hm0 = km1 = lm2. In general, pick mn+1,mn+2 3
hmn = kmn+1 = lmn+2. Presently Fhmn,hmn+1,hmn+2(ϕ

n+1(e))
≥Fhmn−1,hmn,hmn+1(ϕ

n(e))≥Fkm0,km1,km2(e)≥ Elm0,lm1,lm2

(e). every σ ∈ (0,1), Fσ ,F (hmn,hmn+1,hmn+2) = inf{ϕn+1

(e)> 0 : Fhmn,hmn+1,hmn+2(ϕ
n+1(e))> 1−σ}

≤ in f{ϕn+1(e)> 0 : Flm0,km0,hm0(e)> 1−σ}
≤ ϕn+1(in f{e > 0 : Flm0,km0,hm0(e)> 1−σ})
= ϕn+1(Eσ ,F (lm0,km0,hm0))
≤ ϕn+1(EF (lm0,km0,hm0))
Hence Fσ ,F (hmn,hmn+1,hmn+2)≤ϕn+1(EF (lm0,km0,hm0
)) Take ε > 0 and n∈{1,2,3, ...} so FF (hmn,hmn+1,hmn+2)
< ε−2ϕ(ε). For σ ∈ (0,1), ∃ η ∈ (0,1) with Eσ ,F (hmn,h
mn+1,hmn+3)≤ Eη ,F (hmn,hmn+1,hmn+1)+Eη ,F (hmn+1,h
mn+2,hmn+2)+Eη ,F (hmn+2,hmn+3,hmn+3)
≤ Eη ,F (hmn,hmn+1,hmn+1)
+ϕ(Eη ,F (hmn,hmn+1,hmn+1))+ϕ(Eη ,F (hmn+1,hmn+1,h
mn+2))≤ EF (hmn,hmn+1,hmn+1)+ϕ(EF (hmn,hmn+1,h
mn+1))+ϕ(EF (hmn,hmn+1,hmn+2))
≤ [ε−2ϕ(ε)]+ϕ(ε)+ϕ(ε)
≤ ε

Then Eσ ,F (hmn,hmn+1,hmn+3) ≤ ε . For σ ∈ (0,1), ∃ η ∈
(0,1) with Eσ ,F (hmn,hmn+2,hmn+4)≤ Eη ,F (hmn,hmn+1,h
mn+2)+Eη ,F (hmn+1,hmn+2,hmn+3)+Eη ,F (hmn+2,hmn+3,
hmn+4)≤ Eη ,F (hmn,hmn+1,hmn+2)+ϕ(Eη ,F (hmn,hmn+1,
hmn+2))+Eη ,F (hmn+2,hmn+3,hmn+4)≤ (ε−2ϕ(ε))+ϕ(ε
−ϕ(ε))+ϕ(Eη ,F (hmn+1,hmn+2,hmn+3)
≤ (ε−2ϕ(ε))+ϕ(ε−ϕ(ε))+ϕ(ε−ϕ(ε))
≤ ε .
Similarly for each σ ∈ (0,1), we’ve Eσ ,F (hmn,hmn+2,hmn+4)
≤ ε .
Note that F(hmn+1,hmn+2,hmn+3)ε(e)≤Fkmn+1,kmn+2,kmn+3
(e) = Fhmn,hmn+2,hmn+4
⇒Eσ ,E (hmn+1,hmn+2,hmn+3)≤ϕ(Eη ,F (hmn,hmn+2,hmn+4
)). Therefore, EF (hmn,hmn+2,hmn+4)≤ ε .
By induction, EF (hmn,hmn+k,hmn+k+2)≤ ε for k∈{1,2,3, .}
Therefore {hmn} is a CS and by the reason X is complete,

{hmn} converges to r in X . Also {kmn} and {lmn} con-
verges to p. let us now presume that the mapping h is continu-
ous. Then limn hmn = hp, limn kmn = f z and limn hlmn = hp.
Since h,k and l are weakly commuting each other, we’ve,
Fhkmn,khmn(e)≥Fhmn,kmn(e),Fhlmn,lhmn(e)≥Fhmn,lmn(e)
and Fklmn,lkmn(e)≥Fkmn,lmn(e).
Take n→∞ in the above disparity and limn→∞ khmn = hp and
limn→∞ klmn = hp continuity of h.
Presently prove p = hp. Consider p 6= hp. By (iii) some e >
0, we’ve Fhmn,hhmn,hpn(ϕ

k+1(e)) ≥ Fkmn,khmn,kpn(ϕ
k(e)) ≥

Flmn,lhmn,l pn(e)
⇒Fp,hp,p(ϕ

k+1(e))≥Fp,kp,p(ϕ
k(e))≥Fp,hp,p(e)

Also we’ve Fp,hp,p(ϕ
k(e))≥Fp,hp,p(ϕ

k−1(e)) and Fp,hp,p
(ϕ(e))≥Fp,hp,p(e)
Thus we’ve Fp,hp,p(ϕ

k+1(e))≥Fp,hp,p(e)
Differently, Fp,hp,p(ϕ

k+1(e))≤Fp,hp,p(t).
Then Fp,hp,p(e) = C and by lemma (2.3.5) p = hp. Since
h(X ) ⊆ k(X ) ⊆ l(X ) Thus the locate p1, p2 ∈X 3 p =
hp = hp1 = hp2 = kp1 = l p2.

Presently Fhhmn,hp1,hp2(e)≥Fkhmn,kp1,l p2(varphi−1(e)).
Taking limit as n→ ∞, we’ve,
Fhp,hp1,hp2(e)≥Fp,kp1,l p2(ϕ

−1(e))⇒Fhp,p,p(e)≥Fp,hp,p
(ϕ−1(e)) = ε0(e),⇒ hp = hp1.
That is p = hp = hp1 = kp1 = l p2 = l p1.
Also e> 0, known h,k and l are weakly commuting each other,
we’ve Fhp,kp,l p(e) = Fhkp1,kl p1,hl p1(e) ≥ Fhp1,kp1,l p1(e) =
ε0(e)

Thence hp = kp = l p. Thus p is a common fixed point of
h,k and l. To prove the uniqueness, suppose p1 6= p2 6= p is
another common fixed point of h,k and l. Then some e > 0
and n ∈ N we’ve
Fz,z1,z2(ϕ

n+1(t)) = Ff z, f z1, f z2(ϕ
n+1(t))

≥ Fgz,gz1,gz2(ϕ
n(t)) = Fhz,hz1,hz2(ϕ

n(t))
= Fz,z1,z2(ϕ

n(t)) Also we have Fp,p1,p2(ϕ
n(e))≥Fp,p1,p2(

ϕn−1(e)) and Fp,p1,p2(ϕ
n(e))≥Fp,p1,p2(e).

Thence we’ve Fp,p1,p2(ϕ
n+1(e))≥Fp,p1,p2(e).

Differently, we’ve Fp,p1,p2(e)≤Fp,p1,p2(ϕ
n+1(e))

Then Fp,p1,p2(e) = C and by lemma (4.5) p = p1 = p2
which is a conflict.

Thus p is the unique common fixed point of h,k and l.

5. Conclusion
Main consequence of this work is,

(i) r-distance in Menger PMS can be extended to rsb- dis-
tance in Menger probabilistic sb-metric spaces.

(ii) A few fixed point theorems were proved in complete
Menger PsbMS.

(iii) Also some statements were proved in both rsb-distance
with property C and weakly commuting maps.
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