Malaya Journal of Matematik, Vol. 8, No. 3, 1126-1131, 2020
https://doi.org/10.26637/MJM0803/0067

On a-topological vector space

Shallu Sharma'’, Tsering Landol?® and Sahil Billawria®

Abstract

The purpose of this article is to continue the study of a-topological vector space in the spirit of a-open set,
o-closed set, a-continuous mapping from the previous paper by O. Njastad [10], A.S. Mashhour [9], S.N.
Maheshwari and S.S. Thakur [7, 8]. Several properties of a-topological vector space are obtained. There are
many more properties of the type translation, dilation and deep structure of the space are described in detail.
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1. Introduction and Preliminaries

Ever since the advent of topological vector spaces given
by Kolmogroff [6] in 1934, these spaces remain a center of
attraction for many researchers and mathematicians because
of their vast scope and existing properties. Hyers [2], Wen-
hausen [18], Schaefer [15] and many others have contributed
a lot in the field of topological vector spaces. In this day and
age, topological vector spaces are important and fundamen-
tal notion in fixed point theory, operator theory, variational
inequalities, vector equilibrium problems and many other ad-
vanced branches of mathematics.

We recall some generalizations and similar structures
of topological vector spaces added to their developments:

strongly preirresolute topological vector space [11], s-topological

vector space [3], irresolute topological vector space [5], al-
most pretopological vector spaces [16], almost s-topological
vector spaces [14] and -topological vector spaces [17].

In our paper, we introduce the idea of &-topological vector
spaces and generalize the properties.

Definition 1.1. A subset A of a topological space X is called
o-open [7] if A C Int(Cl(Int(A))).

It is clear from the definition that every open set is ¢c-open
but not conversely. We will present an example in this regard.

Example 1.2. Let X be a space of real numbers with the usual
topology induced on it. Consider F = {% :n € N}, where N
being the set of natural numbers. Then F€ is an a-open set
which is not open.

A set A in a topological space X is a-closed if its com-
plement is a-open or equivalently, CI(Int(CI(A))) C A. The
family of all a-open(resp. a-closed) sets in X will be denoted
by cxO(X)(resp. aC(X)). If A is any subset of topological
space X, then
(1) the intersection of all ¢-closed set in X containing A is
called o-closure of A [7] and is denoted by aCl(A), and
(2) the union of all o-open sets in X that are contained in A is
called a-interior [7] of A and is denoted by aInt(A).

We will make use of the notation .4 (X) and Ny(X) to denote
the open neighborhood and a-open neighborhood of origin in
a topological space X respectively.

Definition 1.3. A ropological space is said to be &-compact
[7]if every cover of X by o-open sets has a finite subcover.

2. a-Topological Vector Spaces

Let us introduce some notations. By K, we mean the field
of reals or complex numbers, with its usual topology. Scalars
are the elements of K. In this section, we define o-topological



vector spaces and present some examples of them. We study
some basic properties of a-topological vector spaces.

Definition 2.1. Let E be a vector space over the field K, where
K =R or C with the standard topology. Let T be a topology
on E such that the following conditions are satisfied:

(1) For each x,y € E and each open set W C E containing
x+y, there exist a-open sets U and V in E containing x and y
respectively, such that U +V C W, and

(2) For each A €K, x € E and each open set W C E containing
Ax, there exist oi-open sets U and V in E containing x and y
respectively, such thatU.V C W.

Then the pair (E(K), T) is called an a-topological vector space
(written in short, aTVS).

Given below is an example of ¢t-topological vector spaces.

Example 2.2. Let E = R be the real vector space over the
Jfield K endowed with the standard topology t. Then E k), T)
is an o-topological vector space.

Using the fact that every open set is a-open, it follows
that every topological vector space is an ¢-topological vector
space but the converse is not true in general.

From here on, we simply write E for an a-topological vec-
tor space (E(K), 7). Let us now discuss some basic properties
of a-topological vector spaces.

Theorem 2.3. For any open subset A of an a-topological
vector space E, the following are true:

(a) x+A € aO(E) for each x € E.

(b) LA € aO(E) for each non-zero scalar A.

Proof. (a) Let y € x+A. Since E is a-topological vector
space, there exist a-open sets U,V € ooO(E) containing —x
and y respectively, such that U +V C A. In particular, —x +
VCU+VCA=V Cx+A=ye€ alnt(x+A) and hence
x+A = alnt(x+A). This proves that x+ A is o--open set in E.

(b) Let x € AA be an arbitrary. By definition of a-topological

vector spaces, there exist ¢-open set U in K containing % and
V in E containing x such that UV CA=x€V CAA=x €
olnt(AA) = AA = alnt(AA). Thus 1A € 0O(E). O

Theorem 2.4. For any open subset A of an o-topological
vector space E, the following are true:

(a) x+A C Int(Cl(Int(x+A))) for each x € E.

(b) LA C Int(Cl(Int(AA))) for each non-zero scalar A.

Proof. Trivially from Theorem 2.3. 0

Theorem 2.5. Let F be any closed subset of an o.-topological
vector space E. Then the following are true:

(a) x+F € aC(E) for each x € E.

(b) LF € aC(E) for each non-zero scalar A.

Proof. (a) Suppose thaty € aCI(x+ F). Consider z = —x+y
and let W be any open set in E such that z € W. Then there
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exist a-open sets U and V in E such that —x € U,y € V and
U+V CW. Sinceye€ aCl(x+F),(x+F)NV #0. So,
there is a € (x+ F)NV. Now, —x+a€ FN({U+V) C
FNW=FNW #0=z€CIl(F)=F =y&cx+F and hence
x+F = aCl(x+F). This proves that x+ F is ct-closed set in
E.

(b) Assume that x € «CI(AA). Consider W be open neigh-
borhood of y = %x in E. Since E is a-TVS, there exist o-
open sets U in K containing % and V in E containing x
such that U.V C W. By hypothesis, we have (AF)NV # 0.
Therefore, there is a € (AF)NV. Now %a eFNU.V)C
FNW=FNW #0=yecCIl(F)=F = x € AF and thereby
AF = aCI(AF). Hence AF € aC(E). O

An immediate consequence of Theorem 2.5 follows in the
next theorem:

Theorem 2.6. For any closed subset F of an o.-topological
vector space E, the following are true:

(a) Cl(Int(Cl(x+F))) Cx+F foreachx € E.

(b) Cl(Int(CI(AF))) C AF for each non-zero scalar A.

A simple result that follows from Theorem 2.3 and Theo-
rem 2.5 is the following.

Theorem 2.7. Let A be any subset of an a-topological vector
space E. Then, for each x € E, the following assertion holds:
(a) Cl(Int(Cl(x+A))) Cx+CI(A).

(b) x+Cl(Int(CI(A))) CCl(x+A).

(c) x+1Int(A) C Int(Cl(Int(x +A))).

(d) Int(x+A) Cx+1Int(Cl(Int(A))).

Theorem 2.8. Let E be an o-topological vector space. Then
forACEand0+# A €K, we have

(a) Cl(Int(CI(AA))) C ACI(A).

(b) ACI(Int(CI(A))) C CI(AA).

Proof. Straightforward 0

Taking notice to Theorem 2.7(a) and Theorem 2.8(a), we
find that the former is a generalization of Theorem 2.6(a)
while the latter is an improvement of Theorem 2.6(b).

Theorem 2.9. Let A be any open set in an o.-topological
vector space E. Then Cl(x+A) = x+ CI(A) for eachx € E.

Proof. Since A is open, we have A C Int(CI(A)) C CI(A) =
CI(A) CCi(Int(CI(A))). In view of Theorem 2.7(b),
x+Cl(Int(CI(A))) CCl(x+A) and hence x+CI(A) C Cl(x+
A).

Since A is open, by Theorem 2.3, x + A is o-open set in E
and thus, x+A C Int(Cl(Int(x+A))) C Int(Cl(x+A)). This
implies that Cl(x +A) C CI(Int(Cl(x+ A))). By theorem
2.7(a), we obtain Cl(x+A) C x+CI(A). Collecting the facts,
we get the assertion. O



Theorem 2.10. Let A be any open set in an o.-topological
vector space E. Then CI(AA) = ACI(A) for each non-zero
scalar A.

Proof. By theorem 2.8, Cl(Int(CI(AA))) C ACI(A). Since
A is open, by theorem 2.3, AA is a-open in E and hence
CI(AA) = Cl(Int(CI(AA))). Thus, CI(AA) C ACI(A).

Next, since A is open, CI(A) C CI(Int(CI(A))). On uti-
lizing theorem 2.8, we get ACI(Int(CI(A))) C CI(AA) and
thereby it follows that ACI(A) C CI(AA). Hence CI(AA) =
ACI(A). So, the proof is finished. O

Definition 2.11. A mapping f : X — Y from a topological
space X to a topological space Y is called o.-continuous [9] if
for each x € X and each open set V in Y containing f(x), there
exist an o-open set U in X containing x such that f(U) C'V.

Definition 2.12. Ler E be an o-topological vector space.
Then a subset A C E is called

(a) symmetric if for each x € A, —x € A; that is, A = —A.

(b) absorbing if for each x € E, there exist some scalar p > 0
such that Ax € A for all A € K with |A] < p.

(c) balanced if for every A € K with |A| < 1,AA C A.

(d) convex if for every x,y € A,Ax+ (1 —A)y € A,YA with
0<A<1.

If E is an o-topological vector space. Then for every
V € A, there exist Vi, V, € No(E) such that Vi +V, C V. Set
U=VinV,Nn(=Vi)N(=Va).

On considering theorem 2.3 and using the fact that the
family of all o-open sets forms a topology on E, we find that
the U € No(E) such that U = —U. Hence we have:

Theorem 2.13. Let E be an o-topological vector space. Then,
Sor every V € M, there exist a symmetric U € Ny(E) such
thatU +U CV.

Corollary 2.14. Let E be an o-topological vector space.
Then, for every V € N, there exist a symmetric U € Ny(E)
such thatx+U+U CV.

Theorem 2.15. Let E be an a-topological vector space. Then
(1) Every convex V € N is absorbing.

(2) For every convex V. € N, there exist a balanced U €
No(X) such thatU C V.

Proof. (1) Let V € 4 convex. We have to show that V is
absorbing. For this, we have to show that Vx € E, there exist
p >0 such that Ax € V, forall A € K with [A] < p.
Consider the mapping ¢ : K — E defined by ¢ (1) = Ax,VA €
K (x € E is fixed).

Claim: ¢ is ¢-continuous.
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Let U be any open set in E containing ¢ (A ). Then there
exist A € Ny (K) and B € N,(E) such that A.B C U. In par-
ticular, Ax C U, that is, ¢(A) C U. This reflects that ¢ is
o-continuous at A and hence ¢ is a-continuous.

Now since ¢ is a-continuous and 0 = 0.x, there exist
U’ € Nyo(K) such that U'x C V. Without loss of generality,
we may assume that U’ is convex because V is convex. Thus,
there exist p > O suchthat D ={A € K: |A| <p} CU’ and
hence Ax € V, forall A € D.

(2) Let V € 4 be convex. Since 0 = 0.0, there exist
A € Ny(K) and B € Ny(E) such that A.B C V. By convexity
of V, we may assume that A € Ny(K) is convex. Consequently,
there exist € > O suchthat D= {1 € K:|A| <€} CA. Let
U= U AB.Clearly, U € Ny(E).

|A|<e

In order to finish the proof, we show that U is balanced.

For,letn € Kwith || < 1. ThennU = |J nAB

|A|<e
= U [n[AB= U yBCU. Thus, U is balanced.
A|<e lrl<e

O

Question 1. Does Theorem 2.15 hold for any V € 4, i.e,
Is every V € 4 convex?

Theorem 2.16. Let E be an o-topological vector space and V

be any convex open set in E containing zero. Moreover, if {r, }

is a sequence of positive real numbers such that lim r, = oo,
n—->oo

then E= \J r,V.
n=1

Proof. Since V is convex, by theorem 2.15, V is absorbing.
Consequently, for any x € E, there exist € > 0 such that Ax €
V,VA € K with |A| < &. Also, since r, —> oo, for sufficiently
large n, |rin\ <eg= %x €V, for sufficiently large n and hence
E=UnV. O

n=1
Corollary 2.17. Let E be an a-topological vector space and

U be a convex open set in E containing zero. Then E = |J nU.
n=1
Question 2. Can convexity of V in Theorem 2.16 be
dropped?

Definition 2.18. Let E be an o-topological vector space.
Then a subset A C E is said to be

(1) bounded if for every U € N, there exist r > 0 such that
A CsU foralls >r.

(2) oi-bounded if for every U € No(E), there exist r > 0 such
that A C sU forall s > r.

(3) c-bounded if for every convex U € N, there exist r >0
such that A C sU forall s > r.

Theorem 2.19. Let E be an a-topological vector space such
that nU € Ny(E), for all U € No(E),n € N. Then every a-
compact set in E is c-bounded.



Proof. Let A be an ¢i-compact set in E and choose any convex
open set V in E containing 0. By theorem 2.15, we find a
balanced U € Ny(E) such that U C V. Corollary 2.17 yields

A C U nU. Since nU € t* and A is o-compact, we have

n=1
N

AC UnmU.
1

n=
Since U is balanced, A C nyU. Consequently, for any s > ny,
we have A C nyU = s."T{VU C sU C sV. This proves that A is
c-bounded. O

Theorem 2.20. Let A and B be a-bounded subsets of an
a-topological vector space E. Then A+ B and AU B are c-
bounded.

Proof. Choose a convex set V € 4. Then there exist a bal-
anced U € Ny(X) such that U + U C V. By assumption, there
exist 1,7, > 0 such that A C sU and B C s'U, for each s > ry,
s’ > r.

Let r = max{ry,r2}. Then, for any t > r, we have tV D t(U +
U) =tU +1tU D A+ B reflecting that A 4 B is c-bounded.
Similarly, since V¢ > r,tV 2 tU =¢(UUU) = (tU)U (tU) 2
AUB, it follows that AU B is c-bounded. Thus, the proof is
finished. U

Theorem 2.21. Let A and B be subsets of an o.-topological
vector space X such that A is a-compact, B is a-closed. Then
A+ Bis o-closed.

Proof. Let x ¢ A+ B. Then, for all a € A, x ¢ a+ B. Since
a+ B is a-closed by theorem 2.5, there exist a-open set Uy
and V in X such that x € Uy, a+ B C Vg and U, NV, = 0.

As a consequence, A C |J (Vi — B). Notice that (Vy, — B) is
acA
a-open in X and therefore, there exist a finite subset S of A
such that A C {J (Vo —B).
aces

Let U = () Ug. Then U is -open in X containing x such
acs
that U N (A + B) = 0. For if there is y € U N (A + B), then

y € Vy, for some a € Vg, the absurd. Thus x ¢ oCI(A + B).
Hence the assertion follows. O

Theorem 2.22. Let A and B be any subsets of an a-topological
vector space E. Then aCl(A) + aCl(B) C CI(A+B).

Proof. Omitted, trivial to proof. O

Theorem 2.23. For any subset C and D of an a-topological
vector space E. Then C+ Int(D) C alnt(C + D).

Proof. Omitted, trivial to proof. O

Corollary 2.24. Let C and D be any subsets of a-topological
vector space E. Then Int(C) + Int(D) C alnt(C+ D).
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3. Characterizations

In this section, we present some important and useful
depths of a-topological vector spaces.

Theorem 3.1. For a subset A of an a-topological vector
space E and for each x € E, the following are satisfied:

(a) aCl(x+A) Cx+CI(A).

(b) x+aCl(A) CCl(x+A).

(c) x+1Int(A) C alnt(x+A).

(d) Int(x+A) C x+ alnt(A).

Proof. (a) Let y € aCl(x+A) and consider z= —x+y in
E. Let W be any open neighborhood of z. Then we get o-
open set U containing —x and V containing y in E such that
U+V CW. By assumption, we have (x+A)NV # 0, so
there is @ € E such that a € (x+A)NV. Now, —x+a €
AN(U+V) CANW = ANW # 0 and hence z € CI(A); that
is,y € x4+ CI(A). Therefore, aCl(x+A) C x+CI(A).

(b) Let z € x+ aCI(A). Then z =x+y for some y €
oCI(A). Notice that for any open neighborhood W of z, there
exist a-open set U,V € aO(E) such thatx € U and y € V
and U+V CW. Since y € aCl(A), ANV # @ = there is
acANV.Nowx+ae€ (x+A)NU+V)C (x+A)NW =
(x+A)NW #0 =z € Cl(x+A). Hence the assertion follows.

(c) Let y € x+1Int(A). Then U +V € Int(A) for some
U,V € aO(E) such that —x € U and y € V. Whence we
have —x+V CU+V CA =V Cx+A. Since V is a-open,
y € alnt(x+A) and consequently, x+ Int(A) C alnt(x+A).

(d) Let y € Int(x+A). Then y = x+ a for some a € A.
Since E is a-TVS, there exist U,V € ooO(E) such that x €
UacVandU+V Clnt(x+A). Nowx+V CU+V C
Int(x+A) C x+ A implies that y € x+ aInt(A). Therefore,
the assertion follows.

Similarly arguments as above yield the following useful
result.
O

Theorem 3.2. For a subset A of an a-topological vector
space E and any non-zero scalar A, the following are valid.:
(a) oCIl(A.A) CA.CI(A).

(b) L.aCIl(A) CCI(A.A).

(c)A.Int(A) C alnt(A.A).

(d) Int(A.A) C A.odnt(A).

Theorem 3.3. For any o-topological vector space E and for
each x,y € E, the following are true:

(a) the translation mapping T, : E — E defined by T,(y) =
x—+y is o-continuous and

(b) the mapping Ty : E — E defined by T),(x) = Ax is a-
continuous, where A is a fixed scalar.

Proof. (a) Let y € E and V be an open set in E containing
T:(y) = x+Y. By the definition of a-topological vector spaces,

0gl0
S0,
S5027:

(N



we obtain U,U’ € aO(E) such that x € U and y € U’ and
U + U’ CV and consequently 7,(U’) C V. This shows that
T, is a-continuous at y. Since y € E was arbitrary, it follows
that 7 is ¢t-continuous.

(b) Let x € E be an arbitrary. Let W be any open set in E
containing Ax. Then there exist o--open sets U in K containing
A and V in E containing x such that U.V C W. In particular,
AV CW =T, (V) CW and hence T), is a-continuous. [

Theorem 3.4. For an a-topological vector space E, the map-
ping ® : E X E — E defined by ®(x,y) = x+y,V(x,y) €
E x E is o-continuous.

Proof. Let (x,y) € E X E and let W be an open set in E such
that ®(x,y) = x+y € W. Then, by the definition of an o-
topological vector space, there exist ¢t-open neighborhood U
and V of x and y resp. such that U +V C W. Since U x V is
a-open in E x E (with respect to the product topology) such
that ®(U x V) =U +V C W. Hence, ® is a-continuous at
arbitrary point (x,y) € E X E. O

Theorem 3.5. For an a-topological vector space E, the map-
ping ¥ : K x E — E defined by ¥(A,x) = AL.x,Y(4,x) €
K x E is o.-continuous.

Proof. Omitted, trivial to proof. U

Theorem 3.6. Let E| be an a-topological vector space, E
be a topological vector space over the same field K. Let
f: Ey — Ej be a linear map such that f is continuous at 0.
Then fis a-continuous everywhere.

Proof. Let x be any non-zero element of £ and V be an open
set in E; containing f(x). Since translation of an open set in
topological vector spaces is open, V — f(x) is open set in E
containing 0. Since f is continuous at 0, there exist an open
set U in E| containing 0 such that f(U) C V. Furthermore,
linearity of f implies that f(x+U) C V. By theorem 2.3, x+ U
is ai-open and hence f is a-continuous at x. By hypothesis, f
is a-continuous at 0. This reflects that f is a-continuous. [

Corollary 3.7. Let E be an a-topological vector space over
the field K. Let f : E — K be a linear functional which
is continuous at 0. Then the set F = {x € E : f(x) =0} is
a-closed.

Theorem 3.8. Let A be any o.-compact set in an o.-topological
vector space E. Then x+ A is compact, for each x € E.

Proof. Let % = {Uq : o € A} be an open cover of x +A.
Then A C Ugea(—x+ Uy). By hypothesis and theorem 2.3,
A C Ugepy(—x+Ug) for some finite Ag C A. Whence we
find that x + A C Ugep,Uq- This shows that x + A is compact.
Hence the proof. O

Theorem 3.9. Let A be any o.-compact set in an o.-topological
vector space E. Then AA is compact, for each scalar A.
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Proof. If A =0 we are nothing to prove. Assume that A is
non-zero. Let % = {Uy : & € A} be an open cover of 1 A.
Then A C Uaer(%Uoc)- In view of theorem 2.3, %Ua is a-
open and consequently, by hypothesis, A C Ugea, (%Ua) for
some finite Ag C A. Whence we find that AA C Ugep,Uq.
This proves that AA is compact. O

4. Conclusion

In this paper, we generate one of the generalization of the
topological vector space called o-topological vector space.
The notion is further presented along with examples and
prominent properties. Additionally, significant characteri-
zation of the space is discussed intensively in the paper.
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