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Abstract

The theme of this paper is to establish two common fixed point theorems in S- metric space using the weaker class
of compatible mappings such as semi compatible, weakly reciprocally continuous (WRC), weakly compatible
mappings and occasionally weakly compatible (OWC ) mappings. Further some examples are discussed on

these concepts to strengthen our results.
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1. Introduction

The theory of metric space has been developed in many
fields of Mathematics. One of the generalizations of metric
space is S-metric space. In 2012,Sedhi.S, Shobe. N, and
Aliouche.A[1] developed the notion of S-metric space and
proved some theorems. Sharma and Sahu[4] introduced the
notion of semi compatible mappings and established various
fixed point theorems in metric space .On the other hand Pant
used the concept of reciprocal continuity which is weaker than
continuity. Junck[7] gave a generalized concept of compatibil-
ity with the introduction of weakly compatible mappings .The
concept of OWC maps in metric space has been developed by
Al-Thagafi and Shahzed[8] which is the most general among
all the commutativity concepts. Now in this paper we present
two common fixed point theorems in S-metric space using
the new contraction condition along with the weaker form of
compatible mappings such as semi compatible, WRC, weakly

compatible mappings and OWC mappings. These results gen-
eralize and extend some existing theorems in S-metric space
[2].[3],[5] and [6]. Further some examples are also discussed
to support our theorems.

2. Preliminaries

Before establishing our theorems we present some defini-
tions and examples.

Definition 2.1. [1] A non empty set X defined on a function
S : X% = [0,00) holding the following conditions:

(i) S(a,B,7) >0,

(ii) S(a, B,y) = 0; if and only if . = B =,

(iii) S(at, B,7) < S(a, &,a) +S(B,B,a) +S(v,7,a)

SJorall o, B,y,a € X. Then the pair (X,S) is called

an S-metric space.

Remark 2.2. (i) In an S-metric space, we observe that
S(o, 0, B) =S(B. B, )

(ii)In an S-metric space, by triangle inequality

S(O{, 067[3) = 2S(O£7 Ot,’}/) +S(ﬁ7ﬁ77)

(iii) In an S-metric space, if there exist sequences {0, } and
{Bn} such that limy_,. 04 = & and limy_,r = B then
S(a/wakvﬁk) = S(a7 aaﬁ)

Definition 2.3. Let(X,S) be an S-metric space and A C X
(i)the set A is said to be S-bounded if there exists r > 0 such
that S(a, 0, B) < Ve, B € X.
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(ii) A sequence {ay} in X converges to x if S(oy, o4, ) — 0
as k — oo that is for every € > 0 there exists ko € N such that
S(oy, o, @) < &g, for k > k.

(iii) A sequence {0y} in X is said to be a cauchy sequence if
for each € > 0 there exists ko € N such that S(., 0, @) < €
forall k,1 > ky.

(iv)A complete S-metric space is one in which every cauchy
sequence is convergent .

Definition 2.4. Define G and I are two self maps of an S-
metric space ,then G and I are said to be commuting if and
only if Gl = IGa forall o € X.

Definition 2.5. We define mappings G and I of an S-metric
space as weakly commuting on o if S(Gla,Glo,IGa) <
S(Ga,Go,Ia) forall x € X.

Definition 2.6. We define mappings G and I of an S-metric
space as compatible if S(Gloy,GIloy,IGoy) =0 as k — oo
when ever there is a sequence {0y} in X such that Goy =
Ioyy =pask—ooforallueX.

Definition 2.7. [7] Suppose G and I are mappings of S-metric
space in which Gu = I for some U € X such that GIu =
IGU holds.Then G and I are known as Weakly Compatible
mappings.

Now we give an example in which the mappings are
weakly compatible but not compatible.

Example 2.8. Ler X=[0,0) be an S-metric space with 8| and
& are two metrics on X and S(a, B,7)=81(a,y) + & (B, 7).
Define G and I as

l-o f0<a<i

= 2

G(a) { 3a271 if%<a§1 and
_[3a—-1 if0<a<j

I(a)_{mﬁ ifl<a<l.

Take a sequence {0y} as o = 5 — X for k>0

27 %k
Now G(ock)l=Gl(% — %1)=11f 3+ %)z% and
Iog)=1(3 —1)=3(3 — 1) —l=5 ask = o

—1
Therefore G(0oy) = I(0y) = 3 as k — oo.
Further GI(oy) = GI(5 — 1)=G(3 — %) =} and
1G(ag) =1G(3 - D=1+ 1) =3+

showing that the mappings G and I are not
Also G(}) = 1(}) = L and GI(}) = G(}) =
and IG(%) =1(}) = & implies GI(}) = IG(3).
This gives the pair (G,I) is weakly compatible.

Definition 2.9. [8] We define mappings G and I of an S-
metric space as OWC if there exists a point L € X which is a
coincidence point of G and I at which they commute.

Now we give an example in which the mappings are OWC
but not weakly compatible.

Example 2.10. Ler X=[0,1] be an S-metric ,8, and &, are
two metrics on X and S(at, B,7)=61(at,y) + &(B, 7).
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Define G and I as
Ita
Gla) = { 15_

)= { 2
Now G(0) =1(0)=1 and G(3)=I(3)=13.
Thus 0 and % are coincidence points.

Further GI(0)=G(})==% and IG(0)=I(})=% , which implies
GI(0) £ I1G(0).

But GI(})=IG(%)=(3) which gives GI(})=IG(3).
Therefore G and I are only OWC but not weakly compatible
mappings.

Definition 2.11. [4] We define mappings G and I of an S-
metric space as semi-compatible if S(Gloy,Gloy,IiL) =0
as k — oo when ever there is a sequence {04} in X such that
Gop=Ioypy=pnask—oforalluecX.

Definition 2.12. [? ] We define mappings G and I of an S-
metric space as G-WRC if S(GIoy,Gloy,,Gu) =0 as k — oo
when ever there is a sequence {0y} in X such that Goy =
Iy =pask—ooforallueX.

Definition 2.13. [? [We define mappings G and I of an S-
metric space as I-WRC if S(IGoy,IGoy,In) =0 as k — oo
when ever there is a sequence {4} in X such that Goy, =
Ioy=pask—ooforallucX.

Now we give an example in which the mappings are only
WRC but not compatible.

Example 2.14. Let X=[0,c0) be an S-metric space ,8; and &,
are two metrics on X ,S(a, B,7)=61(ct,y) + &(B, 7).

Define G and I such that G{o.} =30+ 1 and I{a} =20+ 2.
Take a sequence {0y} as o = 1+ 1 for k > 0.

Now G(og)=G(1+ +)=3(1+ 1)+ 1=4 and
I(og)=I(1471)=2(1+ 1) +2=4 as k — o.

Therefore G(oy) = 1(0g) =4 = U (say) as k — oo.

Further GI(og)=GI(1 + })=G2(1+ 1) +2=G(4+ 2) =
34+2)+1=13ask— o

Also IG(a)=IG(1+ 1)=13(1+ 1) + 1=1(4+2) =
24+2)+2=10ask — .

This gives S(Gloy,Gloy,IGoy)=S(13,13,10) # 0 and this
gives the pair (G,I) is not compatible. Further Gu=G(4)=13
and Ip=1(4)=10.

Therefore S(Gl oy, GIoy,Gu)=S(13,13,13) =0

as k — oo, this gives the pair (G,I) is G-WRC.

Also S(IGay, 1Goy., I1)=5(10,10,10)=0

as k — oo, this gives the pair (G,I) is I- WRC.

Now we proceed for our main theorems.

3. Main Results

Theorem 3.1. Let (X,S) be a complete S-metric space and
there are four mappings G, H, I and J holding the conditions

N %,
= 7

(N
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(C-1) G(X) C J(X) and H(X) C I(X)
(C-2) S(Ga,Go,HB) < A max {S(Ia,Ia,JB),
OGS IGHEIE) S(HB,HB, Gar)}
forall a,B € X, where A € (0,1)
(C-3) the pair(G,I) is G-WRC and semi compatible
(C-4) the pair (H,J) is weakly compatible on X.
Then the above mappings will be having a unique common
fixed point.

Proof. Begin with using the condition (C-1), there is a point
op € X such that Gopy = Joy = Py (say) for some a; € X.For
this point o then 3 a point @, € X such that Hoy = Iop =
Bi(say). Continuing this process, it is possible to construct a
sequence { B¢} € X such that

ﬁ2k=G(X2k = Ja2k+] and.ﬁszr]:H(szJr] = I(X2k+2 fork > 0.

We now prove {f} is a Cauchy sequence in S-metric space.
Consider S(Bax, Bok, Bok+1)=

S(Gonr, Gy, Hopgr1) <

Amax{S(Ioox, 1001, J 01 1),

S(Gonr, Gony, 1001 )S(H 011, H 0k 1,J 01 1)
S(I 0, 10, J O 11)

S(H ok y1,H 011, GOy ) }

)

this gives

S(Boks Baks Box+1) < Amax{S(Bax—1, Bak—1,Bax),

S(Baks Baks Bak—1)S (Bak+ 1, Bak+1, Bak)
S(Bax—1,Bax—1,Bax) ’

S(Bak, Bar: Bor+1) }

on simplification

S(Ba, Bok, Bok+1) < AS(Bar—1, Bok—1, Bax)-

By Similar arguments we have

S(Bok—1,Bok—1,Bok) < A(S(Bok—2,Bok—2,Pok—1)- (3.2)

Now from (3.1) and (3.2) we have

S(Bis Bes Bi—1) <AS(Bi—1, Br—1fori—2) for k > 2
where 0 < A < 1.
Therefore in general

S(Be: Brr Be—1) < A*1S(By1. B, o).

Hence for k > [ on using the multiplicative triangle inequality
we get

S(Brs Brs Br) < 28(Brs B, Bri1) +28(Bis1; Brv1, Braa)+
28(Br+2,Br2: Brs) + -+ 28(Br—1, Br—1, Br)-

Hence from (3.3) and 0 < A < 1
S(Bes Brs Br)<2(A! + A4 A2 4 A1) S(B, B, o)
this implies

S(Bi, B B) <2AN (1 4+ A+ A% +--)S(B1, B Bo)

3.1)

(3.3)

also gives

S(Be, B Br) <225 S(B1. B Bo) — O as I — oo,

This results { S } as a cauchy sequence in S-metric space.
By the completeness of X, {f3;} converges to some point in X
as k — oo,

Consequently the sub sequences {Gogy b, {Iow}{Js+1}
and {H a1} of { i} also converge to the same point pt € X.
Suppose the pair (G.I) is G- WRC then

limg_,0oS(Gl 0y, Gl i, GLL) — 0. 3.4)
Also the pair (G,]) is semi compatible then

limyg_eeS(GI 0y, Gl 0o, I 1) — 0. (3.5)
From (3.4) and (3.5) we get

Gu=1Iu. (3.6)

Since G(X) C J(X) implies Ju € X such that Ju = Gory, and
since GOy, — W as k — oo.
Which implies

Ju=p. 3.7)

Now we prove Ju = Hu = [.
Putting @ = ap; and B = u in contraction condition
(C—2) we have

S(GOCQk, G(XZkHM) < lmax{S(IOtngOCgk,Ju),
S(GOCZk, G(XZk,]OCZk)S(Hu,HM,]M)

S(]azk,lazk,.]u) ’
S(HM,HM, Gazk)}

this gives

S(u, pw,Hu) < Amax{S(u, 1, Ju),
S(u, pt, 1)S(Hu, Hu, Ju)
S(u,p,Ju)

,S(Hu,Hu, )}

and this gives

S(u, p, Hu) <A max(S(u, p,Ju), 1,S(Hu,Hu, 1))
which implies

S(u, pw, Hu) <AS(u, p, Hu)

which gives

Hu=pu.

Therefore Ju = Hu = UL.

Since the pair (H.J) is weakly compatible and u is a
coincidence point then HJu = JHu which gives

Huy=Ju. 3.8)

From (3.7) and ((3.8)

Ji = Hy = . (3.9)

)
P
400
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Putting o = p and B = p in contraction condition (C —2)
we have

S(Gu, G, Jp) <Amax{S(Ipu,Iu,Jp),
S(Gu, Gu, Ip)S(Jp, Ju,J )
NUTR T ’
S(p,Ju,Gu)}

which gives

S(Gu, G, ) <Amax{S(Gu,Gu, i),
S(Gu, GUGU)S (1, 1, 1)
S(Gu,Gu, p) ’
S(u,p,Gu)}

this gives
S(Gu,Gu, p) <Amax{S(Gu,Gu, u),

B(G, G,y (OH-GH-)

and this gives S(GU,GU, 1) <AS(Gu,Gu, 1)
which implies Gu = u.

Therefore

Gu=Ju=yu. (3.10)
From (3.9) and(3.10) we get

Gu=Ju=Hu=Iu=u. (3.11)

This implies u is a common fixed point of G,H,I and J.
For Uniqueness Consider ¢ (1 # ¢) is another common
fixed point of G,I,H,and J.

Then G¢ =J¢ = HPp = 1¢ = ¢ and substitute ¢ = @
and = p in the inequality (C —2) we have

S(Go,Go,Hu) <Amax{S(I19,1¢,Ju),
S(G9,Go,Iu)S(Ho, Ho, )
S(10,19,7p) ’
S(Hu,Hu,Go)}

this gives

S(9,¢,1) <Amax{S(¢,0,u),

S(¢,¢,1)S(¢, ¢, 1)
S(¢. ¢, 1)

S, 1, 0)}

and which implies

S(¢,9.1)<Amax{S(¢,¢,u),(S(¢,¢,u),(S(9. 9, 1)}
this gives
5(0,0,4)<AS(9,0,1)
thus ¢ = u.
This assures the uniqueness of the common fixed point.
O

Now we support our theorem with a suitable Example.
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Example 3.2. Suppose X = (0,0) in S-metric space, 3
and & are two metrics on X such that

S(a,B,7)=61(e,y)+ &:(B,y) for all ., B,y € X.
We define self maps G,H,I and J as follows

G(a):H(a):{ EADLES

3a—1 o1
) ify<o<l1
and

2041 . 1
2abl g <<t

1) = J(a) = { o

) ifi<a<l.
Now G(X)=H(X)=(0,%]U(%,3) and
[(X)=J(X)= uAUQb
This gives G(X) C J(X)and H(X) C I(X)
so that the condition(C — 1) is satisfied.
Now take a sequence {0y} as o = 1— § for k> 0.

1
Now G(ay) = G(1 — H)=20 (1 321 ok oo
and (o) =I1(1—1)= =

2(1—4)-
Therefore G(oy) = I(0y) = 3 as k — oo.
Further GI(oy) :GI(IfE)=G( 2]
(5—1)=3ask—o
and 1G(oy.) = 1G(1 — 1)=1(2 =" y=p(1 — 2 =

1,3y
%:Oask_)oo'

Thus S(Gloy., Gloy, IGoy)=S(%,1,0) # 0 and showing that
the pair (G,I) is not campatlble

Further G(3) =H(%) = and I(3) = J(3) =
H(L) = (1),

This assures H]( N =H(3) =
this gives HJ (%) = JH(l)
Showing that the pair (H,J) is weakly compatible mapping.
Hence the condition (C-4) is satisfied.
Further S(Glak,GI(xk,G(%)) =545 =
Showing that the pair (G,I) is G-WRC.
Also S(Gloy., Gloy,1(%)) = S(3,%.1) = 0 as k — o« proving
that the pair (G,I) is semi compatible.

Hence condition (C-3) is satisfied.

We now establish that the mappings G,H,I and J satisfy the
condition (C-2) .

Case

If o, B € (0, and S(a,B,7) = | — 71 +1B — 7.

Putting o0 = %,ﬂ = % the inequality (C-2) gives

thls gives

Yand JH(3)=J(3) =% and

0ask — oo.

111 335
- - )< S o Ta
5(4 7 3)7)Lmax{S(8 3’ 2)
S(ia%’%)s(% % %) S(l 1 l)
SGog) 272

0.166 < Amax(0.08, 22%0.16 ¢ 5)

0.166 < A(0.5),thus A= 0336 (0,1) so that the
inequality (C-2) holds.

Case 11

Ifa?ﬁ € (%al) andS(a7ﬁ7’Y) = |(X—’)/|+‘ﬁ—’)/|
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Putting o = %,[3 = % the inequality (C-2) gives

20°20° 16
)

0.075 < A max(0.1,212¥%1 0,075
0.075 < A(0.125),thus A=0.6 € (0,1) so that the

inequality (C-2) holds.

Similarly we can prove the other cases. It is also the fact
to note that % is the unique common fixed point of the four
mappings H,G,I and J.

Now we prove another theorem on OWC mappings.

Theorem 3.3. Let (X,S) be a complete S-metric space and
there are four mappings G, H, I and J holding the conditions
(D-1) G(X) CJ(X)and H(X) CI(X)
(D-2) S(Go,Ga, HB) < A max {S(Ia, Iat,JB),
Ty P S(HP, HB.Gat)}

forall a,p € X,where A € (0,1)
(D-3) the pairs (G,I) and (H,J) are having coincidence points
(D-4) the pairs (G,I) and (H,J) are OWC mappings .
Then the above mappings will be having the unique common
fixed point.

Proof. Since the pair (G,I) is OWC then there exists
u € C(G,I) such that Gu = Iu = u (say) and
Glu = IGu = u' (say). Hence we have

Gu=1Iu=npn'. (3.12)

Again since the pair (H,J) is OWC there exists v € C(G,I)
such that Hv = Jv = §(say) and HJv = JHv = §'(say).
Hence we have

H§=J8=25". (3.13)

Now we claim u = 6.
Substitute & = u and B = v in the inequality (C-2) we get
S(Gu, Gu,Hv) <Amax{S(Iu,lu,Jv),
S(Gu, Gu,Iu)S(Hv,Hv,Jv)
S(Tu,Tu,Jv) ’
S(Hv,Hv,Gu)}

this gives

S(,p,8) <Amax{S(u,u,95),
S(u,p,p)S(6,98,6)
S(u,u,8)
S(8,6,u)}

and this implies
S(u,p, 6) <Amax{S(u,u,8),

1
mﬁ(u,uﬁ)}
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and this gives
S(p,u,8)<AS(u,u,0)

which gives

©=3s. (3.14)

Substitute & = y and § = § in the inequality (C-2)

S(Gu,Gu,Ho) <Amax{S(Iu,Iu,Jo),
S(Gu, G, Iu)S(HS,HS,J5)
S(Iu,Iu,Js) ’
S(HS6,HS,Gu)}

this gives
S(u',u', 8" <Amax{S(u',u',8"),
S(u',u'u")s(s',8',8"
S(ut,put, 8t ’
s(8'.8"u")}

and this implies
S(u',pu',8") <Amax{s(u',u',8"),

1 1 1 1
75(;11,#1,51)’5(” 80}
this results
S(u',u', 8N <AS(u',u', 8"

which implies
ul=8§". (3.15)
Substitute o = u and = § in the inequality (C-2) we obtain
S(Gu,Gu,H8) <Amax{S(Iu,Iu,Jd),
S(Gu, Gu, Iu)S(HS,HS,J5)

S(Tu,Iu,J§) 7
S(HS,HS,Gu)}

this implies

S(u,p,8") <Amax{S(u,u,8"),
S(u,p,u)8(8',8°8")
S(u,p,8t)
S(u,p,8")}

and this gives
S(H,H,SI)S;L maX{S(IJﬂl’laSl)a W,S([J,uﬁl)}
this results

S(p,p, 8" <A(S(p, 1, 8")
which gives

u=2a' (3.16)
Thus from (3.14),(3.15) and (3.16) we have
S=u=38"=p" (3.17)
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From (3.14),(3.15) and (3.17) we have

Gu=Iu=Ju=Hu=u. (3.18)

The Uniqueness can be proved easily.
O

Now we present another illustration to discuss the validity
of the above theorem.

Example 3.4. Suppose X = (0,0) in S-metric space with
01 and & are two metrics on X with

S(a,B,y)=61(et,y)+ 6:(B,y) for all &, B,y € X.
We define self maps G,H,I and J as follows

a ifo<a<lt
G =H = =3
and X
1-2a if0<oc<—
(a) (a) { '3064+1 1f3<05<1

Now G(X)=H(X)=(0,%]U(3,3) and

I(X)=J(X)= (5,1]U(0, 3).

This gives G(X) C J(X)and H(X) C I(X) so that the
condition (D — 1) is satisfied.

Now take a sequence {Ock} as oy = 5 — 1 for k> 0.
Now G(oy) =

Therefore G(Otk) = ( ©) =
Further GI(oy) = GI(% —
G+ h==4 g
and IG(0y) = IG(5 — })=
(34+7)=1ask— oo
Thus S(Gloy, Gloy, IGoy,)= (g, 2. #0.

Showing that the pair( G, I ) is not compatible.

Further G(3)=1(3)=1and G(3)=1(3) = 3.

Therefore %and % are the coincidence points of G and L.

But GI(%) = .1G(%)=0 implies GI(}) # IG(})

and GI(%) = 3,1G(%)= 3 implies GI(}) = IG(}), showing
that the pair (G,I) is OWC but not weakly compatible.
Hence the condition (D-4) is satisfied.

We now establish that the mappings G,H,I and J satisfy the
Condition (D-2).

Case I

Ifa,Be(0,5]and S(a,B,y) = o~ +|B VL.

Putting o = % and B = % the inequality (D-2) gives

S5, 5 D<A mar(s(3,3, 1), g D)
0.1 < Amax(0.2, 28%05 ¢.1)

0.1 < A(0. 02)thus l 0 5¢ (0, 1) so that the inequality (D-2)
holds.

Case Il

Ifo,Be (%71) and S(at, B,y) =
Putting o0 = % and B =

=7+ 1B
% the inequality (D-2) gives

S(3,3.5)5(L 13
SG3 o) <A max(S(3.3.3), AR (. )
0.083 < A max(0.25, %53 0.083)
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0.083 < A(0.25)thus 1=0.332 € (0, 1) so that the inequality
(D-2) holds.

Similarly we can prove the other cases.
It is observed that % is the unique common fixed point of the
four mappings H,G,I and J.

4. Conclusion

In this paper we established two results on S- metric space
using the new contraction condition along with WRC, semi
compatible, OWC and weakly compatible mappings .It is
observed that the mappings in the two theorems are neither
continuous nor compatible mappings.Further these two results
are justified with suitable examples.Thus we assert that our
theorems stand as generalizations of many existing theorems
in S-metric space.
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