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Abstract

The aim of this paper is to introduce the notion of m-j open sets in minimal structure spaces together with its
corresponding interior and closure operators. Furthermore, we investigated the basic properties of the sets and
studied their relationship with other existing sets. Moreover, the minimal structure properties of j-border, j-frontier

and j-exterior of the sets have been discussed.
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1. Introduction

Popa and Noiri [12] introduced the concepts of minimal
structure (briefly m-structure) in 2000. Also they studied the
notion of m,-open and m,-closed sets and distinguish the sets
using m,-closure and m,-interior operators respectively. The
space which contains the mother set X and the null set @ is
said to be minimal structure. In 2009, W.K.Min and Y.K.
Kim introduced Semiopen|7], Preopen[8] and ct-open[9] in
minimal structure. In 2012, I. Arockiarani and D.Sasikala[2]
introduced the notion of j-open sets. In [6], Caldas studied
the properties of ¢-border, a-frontier and a-exterior of -
open sets in topological space. In this paper, we introduced
and studied the minimal structure properties of m-j border,
m-j frontier and m-j exterior of the j-open sets. Also, we
discussed some of the basic properties of m-j open sets in
minimal structure.

2. Preliminaries

Definition 2.1. [12] Let X be a non-empty set and let m, C
P(X) denotes the power set of X. We say that m, is an minimal
structure on X if O and X belongs to the minimal structure m.
The sets which are in minimal structure are called m-open sets
and the complement of the m-open sets are called m-closed
sets.

Definition 2.2. [12] Let A be the subset of X. The my-interior
and my-closure of the subset A is defined by

i)my-Int(A) = U{U : U € my;U C A};where U is an open set.
ii)my-Cl(A) = {F —A CF;X —F € my},where F is a closed
set.

Definition 2.3. Let X be the non-empty set and A be the sub-
set of X. Then A is called

i)m-semi open [1] if A C my-Cl(my-Int(A))

ii)m-preopen 8] if A C my-Int(my-CI(A))

iii)m-b open [10] if A C my-Int (my-CI(A)) Um,-Cl(my-Int (A))
iv)m-a open [9] if A C my-Int(my-Cl(my-Int (A)))

Lemma 2.4. Consider a minimal structure (X, my). For the
subsets A and B the following conditions are true:

Dm-Cl(X —A) =X — my-Int(A) and my-Int (X — A) = my-
CIl(A)

iIf (X —A) € my,then my-Cl(A) = A and if A € my,then my-
Int(A) = A

iii)my-C1(0) = 0,m-Cl(X) = X ,my-Int (0) = O, my-Int (X)) =
X
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iv)If A C B, then my-CI(A) C my-Cl(B) and my-Int(A) C my-
Int(B)

v)A C my —CI(A) and my — Int(A) C A

vi)my-Cl(my-CL(A)) = my-CI(A)

Definition 2.5. [12] Let (X,m,) be the minimal structure and
A be the subset of X. A point x € X is called a limit point of A
if and only if every neighborhood of A contains a point of A
other than X and it is denoted by D(A).

3. m-j open sets

Definition 3.1. Ler (X,m,) be the minimal structure. Let A
be the subset of X. The subset A is called the m-j open set if
A C my-Int(my-pcl(A)).

Example 3.2. Consider X = {p,q,r} with minimal structure
my ={0,X,{p},{r}}.Then its corresponding m-j open sets

are Q,X,{p},{q}{r},{p,r}.

Definition 3.3. Ler (X,m,) be the minimal structure with
subset A of X. Then,

i)The my-Int j(A) is the union of all the m-j open sets contained
in A.

ii)The my-Cl;(A) is the intersection of all the m-j closed sets
containing A.

Theorem 3.4. Every m-open sets are m-j open sets.

Proof. Let (X, my) be the minimal structure. Let P be an m-
open set, then we have P = m,-Int(P). Also we know that
P C my-pcl(P). Hence we get P C my-Int(my-pcl(P). There-
fore, P is m-j open set.

The converse of the above theorem is not true by the fol-
lowing example: Consider X = {p,q,r} with minimal struc-

ture my = {0,X,{p},{q}, {r},{p,r}}. The setA={p,r}is
m-j open but not m-open set. O

Theorem 3.5. For any subsets A and B with minimal structure
the following conditions are true.  i)The my-Int;(A) is the
largest m-j open set contained in A.

ii)A is an m-j open set if and only if A = my-Int j(A).

iii)A C B, then my-Intj(A) C my-Int;(B).

iv)my-Int;j(0) = 0.

v)me-Intj(X) = X.

vi)my-Intj(ANB) C my-Intj(A) Nmy-Intj(B).

vii)my-Int j(A) Umy-Intj(B) C my-Intj(AUB).

Proof. i)Since, m,-Intj(A) = U{G : G is m-j open, G C A}.
Hence it contains every m-j open subset G of A. Therefore,
my-Intj(A) is the largest m-j open set contained in A.
ii)Let A = my-Intj(A). Since my-Intj(A) is an m-j open set, A
is also an m-j open set. Conversely, let A be any m-j open
set and also it is the largest m-j open set. Hence we have
A =my-Intj(A).

iii)Let A C B. We have to prove that m,-Int;(A) C my-Int;(B).
Let x € my-Int;(A). Then there exists an open set G such that
x€ G CA. Since A C B, G is also contained in B. Hence
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x € G C B which implies that x € m,-Int;(B).
Intj(A) C my-Intj(B).

vi)Let x € my-Intj(ANB). Hence there exist a open set G
in X such that x € AN B which implies that x € A and x € B.
Therefore, x € G C A and x € G C B. Hence x € my-Intj(A)
and x € my-Intj(B). Hence my-Intj(ANB) C my-Intj(A) Nmy-
Int; (B)

vii) Let x € my-Intj(A) Um,-Int;(B). Hence x € my-Int;(A)
or x € my-Intj(B). If x € m, — Intj(A), then there exists an
open set G such that x € G C A. If x € m — Int j(B), then there
exists an open set G such thatx € G C B. Hence x €« G C AUB.
Therefore, my-Intj(A) Umy-Int;(B)

C my-Intj(AUB). O

Hence m,-

Theorem 3.6. In minimal structure, the arbitrary union of
m-j open sets is always an m-j open set.

Proof. Let A =|JA, be the arbitrary union of m-j open sets.
Hence A C my-Int (m,-pcl(A)) which implies JA; C my-Int (my-
pcl(UA;)). Therefore, each A; is m-j open. Hence the arbi-

trary union of m-j open is always m-j open.
O

Remark 3.7. The intersection of any two m-j open sets need
not be m-j open by the following example.

Consider X = {p,q,r} with minimal structure m, given by
my=1{0,X,{p},{s}.{a,7}.{p.q}.{p,7.s}}. The correspond-
ing m-j open set is given by m-jO(X) ={0,X,{p},{s},{p.q},
{a.7} Ap,st Ap,a.r} Ap,r.;s}A{p,q.5},{q,r,s}}. Here {p,q}
N{q,r} = {q} which is not in the m-j open set.

Theorem 3.8. Every m-j open sets are m-preopen sets.

Proof. Let A be the m-j open set. Hence A C my-Int(m,-
pcl(A)). Since pcl(A) C CI(A) we have A C my-Int (m,-CIl(A)).
Hence A is m-preopen. O

The converse of the above theorem is not true by the above
example. m'PO(X) = {(Z),X, {p}v {S}a {paq}a {qa I‘}, {V,S},

{p,sHp,r}{a,s}Ap.q,r}.{p,r.s}.{p.q,s}.{q,r,s}} Here
A = {r,s} is m-preopen but not m-j open.

Theorem 3.9. Every m-j open sets are m-b open sets.

Proof. We have to show that A is m-b open. Since A is m-j
open, we have A is m-preopen. That is A C my-Int(m,-CI(A)).
Hence we have A C my-Int(my-CI(A)) U my-Cl(my-Int(A)).
Therefore, A is m-b open. O

The converse of the above theorem is not true by the
following example. Consider X = {p,q,r} with minimal
structure m, given by m, = {0,X,{p},{q},{p,r}} with m-
bO(X) ={0,X ,{p}.{a},{r}, {p,q},{p,r}} and m-jO(X) =

{0,X,{p}.{q4}.{p.q}.{p.r}}. Here A= {r} is m-b open but
not m-j open.
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4. m-j border,m-j frontier,m-j exterior of
the sets

Definition 4.1. In a minimal structure (X,my), my-b;j(A) =
A\my-Intj(A) is called the m-j border of A, where A is the
subset of X.

Example 4.2. Consider the minimal structure (X,my) with

X= {p,q,r,s} and my = {0,X,{p},{s},{q,r},{p,q},{p,r,s}}.

And the corresponding m-j open set is given by m-jO(X) =

{0.X,{p} st Ap.atAa.r}Ap sk Ap.q. vy Aps st AP g5},

{q,r,s}}. Let A= {r,s} then m\-b;(A) = {r}.

Theorem 4.3. Consider the minimal structures (X,m,) with
the subset A of X, the following conditions are true:

i) my-bj(A) C my-b(A)

ii)my-Intj(A) Umy-bj(A) = A

iit) my-Intj(A) Nmy-bj(A) = 0

iv) A is an m-j open set if and only if m,-

v) my-bj(my-Intj(A)) =0

vi) my-Intj(my-bj(A)) =0

Vii) my- ](mx bj(A)) =my-bj(A)

viii) me-bj(A) = ANm-Clj(X — A)

iX) my- ](A) my-D (X — A)

bj(A) =0

Proof. 1) my-bj(A)

it)my-Intj(A)Umy-bj(A)

iii) my-Intj(A) Nmy-bj(A) =

0.

iv) A is an m-j open set if and only if m,-Int;(A) = A if and

only if A\m,-Int;j(A) = 0 if and only if m,-b;(A) = 0.

v) By the definition of m-j border, we have m.-b;(A) = A\m,-

Intj(A). When A = m,-Int;(A) we have m,-b;(A) =

my-Intj(A)\my-Int;j(A) = 0.

vi) If x € my-Intj(my-b;j(A)) then x € my-b;(A). On the other

hand, since m,-b;(A) C A, we have x € my-Intj(m-b;j(A)) C

my-Intj(A). Hence x € my-Intj(A) Nmy-b(A) which is a con-

tradiction to (iii). Thus

my-Intj(my-bj(A)) = 0.

vii) Since my-b j(my-Int;(A)) =0, we have m-bj(my-b;j(A)) =
-bj(A\mx-Intj(A)) = mx-bj(A).

=A\my-Intj(A) CA\my-Int(A) C my-b(A
=my-Intj(A)U(A\my-Intj(A)) =A.
my-Intj(A) N (A\my-Int;(A)) =

viii)my-b j(A) = A\my-Intj(A) = A\ (X \m,-Cl;(X —A)) =AN
my-Cl; (X A).

ix) my-bj(A) = A\my-Intj(A) = A\(A\my-Dj(X —A)) = m,-
D;(A). O

Consider the Example 4.2. If A = {p, s} then m\-b;(A) =
0 and m,-b(A) = {s}. Hence m,-b(A) ¢ my-b;(A). In general,
the converse part of the theorem 4.3(i) may not be true.

Definition 4.4. Let (X, m,) be the minimal structure and A
be the subset of X, then m,-Frj(A) = my-Cl;j(A)\my-Int;(A)
is said to be m-j frontier of A.

Example 4.5. Let X = {a,b,c} with minimal structure m, =
{0,X,{a},{b},{b,c},{a,b}} and the corresponding m-j open
set is given by m-jO(X) ={0,X,{a,b},{b,c},{a},{b}}. Let
A ={a,b} then m-Frj(A) = {c}.
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).

Theorem 4.6. Consider the minimal structures (X ,my) with
the subset A of X the following conditions are true:

i) me-Frj(A) C my-Fr(A) where Fr(A) denotes the fron-
tier of A.

ii) my-Cl;(A) = my-Int j(A) Umy-Frj(A).

iii) my-Int j(A) Nmy-Frj(A) = 0.

iv) my-bj(A) C my-Frj(A).

v) my-Frj(A) = my-bj(A) Umy-D;(A).

vi) A is an m-j open set if and only if my-Frj(A) = my-
Dj(A).

vii) my-Frj(A) = m-Clj(A) Nmy-ClLj(X —A).

viii) me-Frj(A) = my-Frj(X —A).

ix) my-Frj(A) is m-j closed.

xX)my-Fri(my-Fri(A)) C my-Fr;(A).

xi) me-Frj(my-Intj(A)) C my-Frj(A).

xii) me-Frj(me-Clj(A)) C my-Frj(A).

xiii) my-Int j(A) = A\my-Fr;j(A).

Proof. )my-Frj(A)
Int(A) C my-Fr(A)
iiymy-Intj(A)Umy-Fri(A)
(4)) = m,Cl;(A)

iii)It is similar to (ii) and also by the definition.

iv)my-bj(A) = A\my-Intj(A) C my-Cl;(A)\my-Intj(A) C m,-
Frj (A)

VIt follows from (ii) and from the fact that m,-Cl;(A) =
AU mx—Dj (A)

vi)It follows from (v) and the fact that if A is an m-j open set
if and only if m,-b;(A) = 0.
vil)my-Frj(A) = m-Clj(A)\my-Int;(A)
(X—-A).

viii)It is similar to (vii)and by the definition of m-j frontier of
A.

iX)my-Clj(my-Frj(A)) = me-Clj(m-Clj(A) Nm,-ClLj(X —A))
=my-Cl;(my-CLj(A)) Nmy-Cl; (mx Cl; (X A)) =my-Frj(A).
X)my-Frj(me-Fri(A)) = my- Cl i (my- Fr](A))ﬂmx-Clj(X\mx-
Fri(A) Cme-Clj(me-Fri(A)) = me-Frj(A).

xi)It is similar to (X).

Xii)my-Frj(my-Clj(A)) = my-Clj(my-CLj(A)) \my-Int j(m-Cl,;
(A)) = my-ClL;j(A)\my-Int j(m-Cl;(A)) = m-Cl;(A)\my-Int
(A) = my-Fr;(A).
xiii)A\m-Frj(A)

=my-Clj(A)\my-Intj(A) Cmy-CI(A)\my-

=my-Intj(A)U(my-Clj(A)\my-Int;

= mx-Clj (A) n mx-Clj

= A m-Clj(A) my-Intj(A) = my-Intj(A).
O

The converse part of (i) and (iv) of the above theorem are

not true by the following example. Consider X = {p,q,r,s}
with minimal structure given by m, = {0,X,{p},{s},{q,r},
{p,q},{p,r,s}}. The corresponding m-j open set is given by
m-jO(X) ={0,X,{p}.{s}.{p.q}.{a,7}.{p.s}.{p,q, 7},
{p,r,s},{p,q,5},{q,r,s}}. If A={p,r} then m-Fr(A) =
{b,c} ¢ {c} = my-Frj(A).
Consider X = {p,q,r} with minimal structure given by m, =
{0.X.{p},{a}.{q.}, {p.q}} and the corresponding m-j open
set is given by m-jO(X) = {0,X, {p,a},{¢,r} {p}, {a} }If
A ={a,b}, then m,-Fr;j(A) = {c} and m,-b;(A) = 0. Hence
my-Fri(A) ¢ me-b;(A).
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Definition 4.7. Let A be the subset of minimal structure
(X,my), then my-Extj(A) = my-Intj(X\A) is said to be m-j
exterior of A.

Example 4.8. Consider X ={p,q,r} andm, ={0,X,{p},{r},
{p,r}} and the corresponding m-j open set is given by m-

jO(X) = {Q,X,{p},{q},{r},{p,q},{p,r}}. Let A = {q}’
then my-Extj(A) = {p,r}.

Theorem 4.9. For the subset A and B of X, the following
conditions are true

i)my-Ext(A) C my-Extj(A) where Ext(A) denotes the ex-
terior of A.

ii) my-Extj(A) is open.

iii) me-Extj(A) = my-Intj(X\A) = X\m,-Cl;(A).

iv) my-Extj(my-Extj(A)) = my-Intj(m-Cl;(A)).

v) If A C B,then my-Extj(A) C my-Ext;(B).

vi) my-Extj(AUB) C my-Extj(A) Nmy-Extj(B).

vii) my-Extj(A) Umy-Ext j(B) C my-Extj(ANB).

viii) me-Extj(X) = 0.

ix) my-Ext;(0) = X.

x) my-Extj(A) = my-Extj(X\my-Ext;(A)).

xi) mye-Intj(A) = my-Extj(my-Extj(A)).

xii) X = my-Intj(A) Umy-Ext j(A) Umy-Frj(A).

Proof. 1) Since every interior point of A is the j-interior of A
in minimal structure, we have m.-Int(A) C my-Int;(A). There-
fore, my-Ext(A) = my-Int(X\A)

C my-Intj(X\A) = my-Extj(A).

ii) Since my-Ext;(A) = my-Intj(X\A), then my-Ext;(A) is
open.

iii) It is obvious that m-Ext;j(A) = my-Intj(X\A) = X \m,-
Cl;(A).

iv) Since my-Int j(X\A) = X \m,-Cl;(A), we have m-Ext (n,-
Ext;j(A)) =my-Extj(my-Intj(X\A)) = my-Int (X \my-Intj(X\
A)) = my-Intj(m,-Cl;(A)).

v) Since A C B, we have m,-Intj(A) C m.-Int;(B). Therefore
by definition we have m,-Ext;(A) C m-Extj(B).

vi) Using my-Int j(A) Umy-Intj(B) C my-Intj(AUB), we have
my-Extj(AUB) = my-Intj(X — (AUB)) = my-Int;((X —A) N
(X —B)) Cmy-Intj(X —A) Nmy-Int j(X —B) = my-Extj(A)N
my-Ext j(B).

vii) The proof is similar to (vi).

viii) my-Extj(X) = my-Intj(X€) = 0.

ix) my-Extj(0) = my-Int;j(0°) = X.

x) Since my-Int j(my-Intj(A)) = my-Int;(A), by the definition

of j-exterior of A we have m-Extj(A) = my-Ext j(X \my-Extj(A)).

xi) Since my-Extj(A) = my-Int j(X\A), we have m,-Int;(A) =
my-Extj(m-Extj(A)).

xii) It is obvious from the definition that X = m,-Int;(A) Um,-
Extj(A)Umy-Fri(A). O
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