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1. Introduction

All graphs observed here are simple, connected and finite.

Let V(G),E(G) and dg(w) indicate the vertex set, the edge
set and the degree of a vertex of a graph G respectively. A
graph with p vertices and ¢ edges is known as a (p,q) graph.

A topological index of a graph G is a real number which
is invariant under automorphism of G and does not depend on
the labeling or pictorial representation of a graph.

Gutman et.al.,[1] introduced the first and second Zagreb
indices of a graph G as follows:

Y, (do(w)+dsz) = Y. dg(w)

wz€E(G) weV(G)

M\(G) =

and

My(G)= Y, dc(w)dg(z)
wzeE(G)

Shirdel et.al. in [6] found Hyper-Zagreb index HM(G)
which is established as

HM(G) = Y [de(w)+dg(2)]*.

wz€E(G)

Also, they have computed the hyper - Zagreb index of the
cartesian product, composition, join and disjunction of graphs.

Milicevic et al [3] reformulated the Zagreb indices in terms
of edge degrees instead of vertex degrees, where the degree
of an edge e = wz is defined as d(e) = d(w) +d(z) — 2. Thus,
the reformulated first and second Zagreb indices of a graph G
are defined as

EM{(G)= Y d*(e)and EM(G) = Y. d(e)d(f)

e€E(G) e~f

where e ~ f means that the edges e and f share a common
vertex in G. That is, they are adjacent.

Nilanjan De. et.al., [4] computed precise formulae for the
reformulated first Zagreb index of some graph operations.

Recently, Todeschine et al [7, 8] have presented the mul-
tiplicative variants of ordinary Zagreb indices, which are de-
fined as follows:
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=1L = I desw)’= Tl [de(w)+ds(z)]
weV(G) wz€E(G)
and[[, =[(G) = I dg(w)da(z)]
wzeE(G)

In this paper, we introduce a new graph invariant namely
multiplicative reformulated Zagreb indices, denoted by

[IEM(G)= T (do(w)+ds(z)—2)*

wz€E(G)

The join G = G| + G, of two graphs G| and G is a graph
formed from disjoint copies of G| and G, by connecting each
vertex of G to each vertex of Gy.

The composition G = G|[G3] of graphs G| and G, with
vertex set V(Gp) X V(Gz) and (wy,z1)(w2,22) € G1[G] iff
wiwp € E(Gy) orrwy =w; and z122 € E(G»).

The Cartesian product of the graphs G; and G, is the
graph GG, with vertex set V(G) x V(G,) and for which
(W],Wz)(zl,zz) € G1UG, iff w; = z1 and wpzp € E(Gz) or
(i) wp =zp and wyz] € E(Gl).

The corona product of the graphs G| and G, is the graph
G1 ® G, obtained by taking one copy of G and |V (Gy)| dis-
joint copies of G,, and then joining the i vertex of G to
every vertex in i’ copy of G,.

The aim of this paper is to continue this program for
computing the sharp upper bound for the multiplicative refor-
mulated first Zagreb index of these operations on graphs and
to prove our bound is tight.

2. Main Results
Lemma 2.1. /2, 5]

dGl (W) + V(GZ)a
dGz (W) + V(Gl)v

we V(Gz)
1. d =
G1+G2(W) { we V(Gz)
2. dg, (G2 (w,z) = p2dg, (w) +dg,(2)

3. dGlE\Gz((WiaZj)) =dg, (wy) +dg, (Zj), where (W,‘,Zj) S
V(G10G,).

dG] (W) +p2
dg,(w)+p2

ifwe V(Gl)
if weV(Gay)
for some 0 <i<p;—1,

dGl ©Gy (W) =

where w € V(G| © G2) Gy is the ith copy of the graph
Gy in G1 ©Gy.

Lemma 2.2 (Arithmetic geometric Inequality). Letyi,y2,...,Vn

. +vyy+-- 4
be non-negative numbers. Then iyt

3. The multiplicative reformulated first
Zagreb index of join of graphs

Theorem 3.1. Let G;,i = 1,2 be a (p;,q;) — graph. Then

[1EM: (G +Gy)

q
< | EM: (G1) +4p3q1 +4p> (My (Gl)_ZQI)} 1
N q1

r q
EM; (Gy) +4pqa +4py (M; (G2) — 2(12)] ’

X
L q2
paMy (G1) + piMy (Gy) 177
+8¢192 + p1p2 (p1 +p2 —2)°
9 s (p1+p2—2)(p192+ p2q1)

p1p2

Proof. From the definition of the multiplicative first Zagreb
index,

[1EM (G +G)
e, +6, (W) +dg, +6,(2) — 2

- 1

wz€E(G+Gy)

- 1l

wz€E(Gy)

x H [d6,+, (W)+dcl,cz(z)—2}2
WZEE(Gz)

X H H [dG1+G2 (W) + dG1=G2 (Z) - 2}2
weV(G1)zeV(Gy)

[dGl +G> (w)+ dc,+6, (z) = 2}2

=AxXBxC

where A, B and C indicate the products of the above terms in
order.
Now we calculate A.

a= Tl

wz€E(Gy)

= I ldo (w)+dg,(z)+2p2—2]
wz€E(Gy)

Y [de, (w)+dg, (2) +2p2—2]* 1"
wz€E(Gy)

[dGl +G2 (w)+ dG,+G, (2) - 2}2

IN

q1

Y [do, (w)+dg, (z) = 2> +4p3 17
wz€E(Gr)

+4p2 [dcl (W) +dGl (Z) - 2]
q1

[EM\(G)+4p3q1 +4p2(Mi(G1) —2¢1) "
mp
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Next we calculate B.

B= H [dGl+G2 (W) +dG,+6, (Z) - 2]2

WZGE(GQ)
= H [dcz (W)+d02(z)+2p1 —2}2
wz€E(G)
[ Y [do,(w)+de,(2)+2p =2 ]"
< wz€E(Gy)

q2

q2

L ld,(w)+de,(z) 2 +4pt

Wz€EE(G)
+4p; [dGz (w) + dg, (z) 2]
q2

EM\(G) +4piqr +4p1 (M1 (G2) —292) |
q2

Finally, we compute C

H H dG] +G2

weV(Gp)zeV(Gy)

H H g, (w

weV(G))zeV(G)

[ LY [dg (w)+dg,(z) 177
weV(Gy)zeV(Gy)

+ dG] +G> (Z) 2]2

+p1+p2—2?
pip2

IN

Y X [dg(w+dd () 17"

WweV(Gy) zeV(Gy)
+2dg, (w)dg, () + (p1 + p2 — 2)?
+2(dg, (W) +da, (2))(p1 + p2 —2)]

pip2

[ paMi(G1) + piMi(Ga) +8q192 7'
+p1p2(p1+p2—2)?
4(p1+p2—2)(p192 + p2q1)

pip2

Now using A, B and C we get the desired results.

Lemma 3.2. Let G;, (i = 1,2) be two regular graphs
of degree r;.

Let G, (i=1,2) be a (pi,q;) — graph. Then

[1EM; (Gi +Gy) = (2r1 +2py —2)*%

X (212 +2p1 —2)%%2 X (1) + 1y + p1 + pa — 2)%0192 .

W)+ pa2+dg, (2) + p1 — 2

1191 X

Proof.

HEM] (Gl + Gz)

= [I (o +6,(w)+dc,+c,(z) —2)
wz€E(Gy)

X H [dGl +G, (W) + d61 +G, (Z) - 2}2
wZGE(Gz)

X H I_I dG] +Gz

weV(G))zeV(Gy)

)+d6,+6,)(2) — 2]2

= H (r1+r1+2p2—2)2
wzeE(Gy)

< J] (ro+r+2p1 —2)?
wz€E(G3)

o zee(Gy) [Twzee(G,y) (1 +1r2
+p1+p2—2)?

= (2r; +2py —2)%
x (2 +2p; — 2)2q2

X (ri + 12+ p1 + py —2)*P1P2
3.1

O

Remark 3.3. We find the upper bound of Lemman 3.2 when
G is a regular graph of degree ry with py vertices and q

edges and G, is a regular graph of degree ry with py ver-
171 P par:

tices and q, edges. Here q1 = >

p177, M1 (G2) = par3.

EM,\(G)) = q1(2r1 —2)°
=2piri(r1—1)

EM; (Gz) = q2(2r2 — 2)2
=2pary(ry—1)

Corollary 3.4. Using Remark 3.3 in Theorem 3.1, then we
get

HEM1 (G1+G2)=(2r1 +2p2— 2)2‘“
X (2ry +2py _2)26/2

X (r1+ra+ pi+py —2)712
3.2)

From (3.1) and (3.2) the bound is tight.
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4. The multiplicative reformulated first
Zagreb index of composition of graphs

Theorem 4.1. Let G;,i = 1,2 be a(pi,qi) —

graph. Then

HEM] (G] [Gz])

<

Proof.

[4p3aMy(G1) + p1EM; (G2) +8paqiMy (Ga) — 16pagiqa 171 %
P192

PIEM, (G1)+2pa (M) (G.) q1
(4pzqz +2p} (p2— 1)

+2p21M1 (G2) + 84143 + 16p2q192 (p2 — 1
+4p3q1 (p2— 1)

Qa3

q1)
)
)
2

q1p3

HEM] (G1 [Gz])

[dGl [Go] (w,k) +dgy(6,] (1) = 2]2

(wk)(21)€E(G1[Ga))

I1

[dg, (63) (w:K) +da 6y (2,1) — 2]

weV (Gy) kIEE(Gy)

X

I1 6,6 w:k) +dg, (6, (z:1) — 2]

keV(Gy)leV(Gy)wzeE(Gy)
=AXB,

where A and B indicate the products of the above terms

in order.

Now we compute A.

IN

2
[dGl [Go] (w,k) +dg, [G2] [(w.1) = 2]
weV (Gy)kI€E(Gy)

2
T [2p2dc, (W) +dc, (k) +dg, (1) —2]
weV(G))kleE(Gy)

[ Y [2padc, (W) +do, (k) +dg, (1) —2)
weV (G ) KIEE(Gy)

27 P1492

P192
[ 4p3q2M:1(G1) + p1EMy(G2) + 8p2q1M1 (G2)
—16p2q192

P12

P1q2

1192

2
B= 11 46,6, (%K) +dg,6,)[(z,1) —2]
keV(G,) eV (Gy) wzeE(Gy)
72
Y X X [pa(de,(w)+dg (x)—2) 17
keV(Gy) eV (Gy) wzeE(Gy)
< +(dg, (k) +dg, (1) —2) +2p2)?
B Piqi
_ -
Y X X [Pde,(w)+dg (x)—2) "7
keV(Gy) 1€V (Gy) wzeE(Gy)
+2p2(d(,|( )+d(1|( ) 2)
dg, (k) +dg, (1) +2(p2 - 1))+dc (k)
+dg, (1) +2dg, (k e (1)
_ +4(p2 — 1)(dg, (k) +dg, (1)) + 4(p2 — 1)?]
q1p3
) ) 2
[ PAEM(Gy)+2p>(Mi(G1) —2q1) nr
(4paga +2p3(p2 — 1)) +2p2qi M1 (Ga)
_ | 484143 +16p2q12(p2 — 1) +4p3q1 (p2 — 1)
913
Using A and B, we get the required results. O

Lemma 4.2. Let G;,i = 1,2 be two regular graphs of degree
ri and

let Gi,i = 1,2 be a (piq;)-graph. Then [TEM, (G, [G,]) =
(2part +2r2 — 2)2(2qu+p§q1).

Proof.

T1EM:(G\[Ga))

= [1 TI ldee)0mk) +de, 6, (w1)-2]
ueV(Gy)kl€E(Gy)
[1

< 1

keV(Gy) 1€V (Gy) wzeE(Gy)

2

[dGl [G2] (wyk) + dg, (G, (@) - 2} :

= H H (2p2r1 + 2r2 — 2)2
weV (Gy) kI€E(Ga)

X H H H (2p2r| +2}’2—2)2
kEV(Ga) 1€V (Gy) weE(Gy)

= (2par1 +2r —2)%P192 5 (2pyr) +2r) — 2)2”%‘“

= 2(pars 41y — 1) (Preatr3an) @1

O

Corollary 4.3. Using the Remark 3.3 in Theorem 4.1, we
have

[1EM: (G [Ga)) < [2(pary + 12 —2)P(M1e730) (4.2

From (4.1) and (4.2) our bound is tight.
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5. The multiplicative reformulated first
Zagreb index of cartesian product of
graphs

Theorem 5.1. Let G;,i = 1,2 be a(p;,q;) —graph. Then

[1EM1(G1OGy)
- {PIEMI (G2) 4+ 89 1M1 (G2) +492M (Gy) — 1641(12}"““

P192
" {PZEMI (G1) +8qoM; (Gy) +4q 1M (Go) — 16q1Q2]p2q‘
P291
Proof.
[1EM: (G\OG,)
= 11 ldg, 06, (w.k) +dg,06, (2,1) — 2]

(w,k)(z,1)€E(G10G3)

= II II ldoioc, (wk)+de e, (wl)— 2
weV (Gy) kl€E(Gy)

< I1 11
keV(Gp)wzeE(Gy)
=AXB

[dGlDGZ (W» k) + dGlan (Z, k) - 2}2

where A and B indicate the products of the above terms in
order.
Now we calculate A.

H H dGIDGz w,k) +dg,06,(w,1) — ]2
WEV(GI)/{ZEE Gz)

= [T TII [de (w)+dc,(k)+dc,(1) -2
weV (Gy) kI€E(Gy)

[ X >

WEV(G] ) klEE(Gz)

2dg, (w) +dg, (k) 17"

+dG2 (l) — 2]2
P19z

IA

Z Z q P192

[4dg, (w) + (da, (k)
WEV(Gl)kIEE(Gz)

+dg, (1) —2)?
+4dg, (w)(dg, (k) +dg, (1) —2)]

P19z

P1EM|(G)) +8q1M,(Gy) 17'*

+4q:M,(G1) — 164192
P1q2

1193

Now we compute B.

[T [d6,06,0wk) +de,06, (2.k) — 2P
€E(Gy)

= H H [ZdGz (k) + dGl (W) + dGl (Z) - 2]2
wz€E(G))

> >

keV(G,)wzeE(Gy)

[2dg, (k) +dg, (w) 77"

+dcl (Z) — 2]2
P2q1

IA

1 P241

)y )y

[4d, (k) +
keV(G,) wzeE(Gy)

(dGl (W)

+dg, (z) —2)*
+4dg, (k)(dg, (W) +dg, (z) —2)]

P2q1

P2EMy(G1) +8¢2M1(Gy) 77

+4q 1M (G2) — 164192
P2q1

Using A and B we get the required result. O

Lemma 5.2. Let G;;i = 1,2 be two regular graphs of degree
ri and
let Gla: 172 be a (Pia‘Ii) -

graph. Then TIEM,(G,0G;) =
2(ri 41— 2)2(P1612+P2611)

Proof.

HEM] G] DGQ)

IT TI [4eoc, wk) +de,oc, (wi) -2
weV(Gl)kleE G>)

x [T TI ldooc2(w.k)+dec,ce,(z.k) — 2]
keV(Gy) wzeE(Gy)

= I_I H (r]+r2—|—r1+r2—2)2
weV(Gy) kl€E(Gy)

X H H (r1+r2+r1+r2—2)2
keV(Gy) wzeE(G,)

= (2r1 +2r0 — 2)*P12 x (21 + 21y — 2)°P20!

=2(r+r— 1)]2(plqz+17zq1) (5.1)

Corollary 5.3. Using Remark 3.3 in Theorem 5.1, we get
[1EMi(GIOG,) < [2(ry + 1y —2) P12t r20) - (5.2)

From (5.1) and (5.2) the bound is tight.
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6. The multiplicative reformulated first

Next compute B

Zagreb index of corona product of graphs

Theorem 6.1. Let G;,i = 1,2 be a (p;,q;)-graph. Then

[1EM: (G ®G)
_ {EMI (G1) +4p3q1 +4p2M; (Gy) —
o q1

5 'HM(GZ):|P1112
q2

[ paM, (G1) + piM; (Go) +4pipa (pr—1)°
+4p2q1 (P2 — 1) +4p1g2 (P2 — 1) +8q192

8paq1 "

pip2

Proof.

[1EM: (G1,0G))
[do1 (W) +dg, (z) +2p2 —2)*

- 1

wz€E(Gy)

X H H [dGz(k)+dGz(l)]2

WEV(G])klEE(Gz)
X H H [dGl (W)+dGz(k)+p2_1]2
WGV(Gl)kEV(Gz)
=AxBxC

where A, B and C are the products of the about terms
in order.
Now calculate A,

A= ] lde,(w)+dg,(z)+2n—2]
wz€E(G)
[ X [de,(W)+dg, () +2m— 227"
WZGE(GI)
<
q1
[ X [(do,(w)+dg,(2)—2)* 1"
WZEE(GI)
_ | 4P +4pa(dg, (w) +da, (2) ~2)]
q1

EM; (G1) +4p3q1 +4p2Mi(Gy) —
q1

8paq1 "

p1p2

B=T1 II lda®k)+ds,(0)
WEV(G])](IEE(G2)

Y [de, (k) +da, (D]
weV(Gy) kIEE(Gy)

P192

IA

_leM(Gz) P192
riq2 ]

B _HM(Gz) P192
B q2 }

Finally, compute C

= 1 TI e, (w)+dc,(k)+p2—1)°
WGV(Gl)kEV Gy)
[ L Y (dg(w)+de,(k)+pa—1)"1""

weV(Gy)xeV(Gy)

IN

pPip2

Y X

weV (Gy) keV (Gy)

+(p2—1)2+2(p2 — 1)dg, (w)

+2(p2 — 1)dg, (k) +2dg, (w)dg, (k)]
P1D2

[, (w) +dg, (k) 17"

p2Mi(G1) + piM1Gr) pipe
+p1p2(p2—1)* +4p2qi(p2— 1)
+4p1ga(p2 — 1) +8q192

pPi1p2

The required result is obtained by multiplying A,Band C. [

Lemma 6.2. Let G;,i = 1,2 be two regular graph of degree
ri, and

let Gi,i=1,2be a (pi,qi) —

1194

graph. Then

[1EM: (Gi ©Gs) = [2(r1 + pa — DT x (2ry)?712
X (ri+r+pr— 1)2mp2
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Proof. ok k ok ke ok ke k ok
ISSN(P):2319 — 3786
HEM 1(G1 ©Gy) Malaya Journal of Matematik
= JI e, (w)+de, (z)+2p2—2)? ISSN(0):2321 — 5666
wzeE(Gy) * Kk kk ok ok ok ok ok

x [T TI e, k) +de, )

WEV(Gl) klEE(Gz)

X H H [dG1(W)+dG2(k)+p2_ 1]2
WEV(Gl)kEV(Gz)

H (2r1+2p2—2)2>< H H (2;’2)2

wz€E(Gy) weV(Gy) kI€E(G,)

< [T TI (n+r+p—1)7
WEV(Gl)kGV(Gz)
= [2(r+p2 = DP x (22" (ry 2t pr = 1)
(6.1)

O

Corollary 6.3. Using Remark 3.3 in Theorem 6.1, we get

HEM] (G1 @Gg) < [2(7‘1 +r— 1)}2(11 X (2p2)2p1q2
X (ri +ry 4 py —1)?P1P2 (6.2)

From (6.1) and (6.2) the bound is tight.
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