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Abstract
In this paper, the notion of fuzzy automata orbit structure spaces is introduced and the concepts of fuzzy
automata orbit-α-ψ∗-open subsystems and fuzzy automata orbit-α-ψ∗-closed subsystems are studied with
suitable examples. Also, the notions of fuzzy automata orbit-α-ψ∗-co-kernel subsystems, fuzzy automata
orbit-α-ψ∗-kernel subsystems, fuzzy automata orbit-α-ψ∗-meager∗ subsystems and fuzzy automata orbit -α-ψ∗-
comeager∗ subsystems are introduced and some of their properties are studied.
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1. Introduction
Zadeh [8] initiated fuzzy set in 1965. In 1968, Chang

[1] characterized fuzzy topological space. The notion of
an automaton was first fuzzified by Wee [7]. Later, the
concepts of fuzzy subsystems and strong fuzzy sub-
systems of a fuzzy finite state machine ( briefly, ffsm )
were introduced and studied by Malik and Mordeson [4].
The concept of orbit function in general metric space was
introduced by Devaney[3]. In this paper, the notion of fuzzy
automata orbit structure spaces is introduced. Also, the no-
tions of fuzzy automata orbit-α-ψ∗-co-kernel subsystems,
fuzzy automata orbit-α-ψ∗-kernel subsystems, fuzzy au-
tomata orbit-α-ψ∗-meager∗ subsystems and fuzzy automata
orbit -α-ψ∗-comeager∗ subsystems are introduced and some
of their properties are studied.

2. Preliminaries
In this section, some basic concepts of fuzzy automaton,

fuzzy orbit under the function, etc. have been recalled. Also,
related results and propositions are collected from various
research articles

Definition 2.1. [8] Let X be a space of points ( objects ). A
fuzzy set A in X is characterized by a membership function
fA : X → [0,1].

Definition 2.2. [5] A fuzzy automaton is a triple M =
(Q,X ,δ ), where Q is a set(of states of M), X is a monoid
( the input monoid of M ), whose identity shall be denoted
as e, and δ is a fuzzy subset of Q×X ×Q, i.e., a map δ :
Q×X×Q→ [0,1], such that ∀q, p ∈ Q, ∀x,y ∈ X .
(i) δ (q,e, p) = 1 or 0, according as q = p or q 6= p,
(ii) δ (q,xy, p) = ∨{δ (q,x,r)∧δ (r,y, p) : r ∈ Q}.

Notation 2.1. For any non-empty set of states Q, IQ denotes
the collection of all functions from Q into I, where I is the
unit interval [0,1].

Definition 2.3. [6] λ ∈ IQ is called a fuzzy subsystem of
(Q,X ,δ ) if

λ (q)≥ λ (p)∧δ (p,x,q), ∀p,q ∈ Q, x ∈ X .
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Proposition 2.1. [6] The function c : IQ → IQ defined as
c(λ )(q) =

∨ { ∨ {
λ (p)∧δ (p,x,q) : x ∈ X

}
: p ∈ Q

}
,

∀λ ∈ IQ,∀q ∈ Q. is a kuratowski saturated fuzzy closure op-
erator on Q.

Proposition 2.2. [6] λ ∈ IQ is a fuzzy subsystem of (Q,X ,δ )
iff c(λ ) = λ . (i.e., iff λ is closed with respect to the fuzzy
topology induced by c on Q)

Definition 2.4. [2] A fuzzy subset λ of Q is said to be a
generating fuzzy set of M if c(λ ) = 1.

Definition 2.5. [3] Orbit of a point x in X under the mapping
f is of

O f (x) = {x, f (x), f 2(x), ...}.

3. Fuzzy automata orbit structure spaces
In this section, fuzzy automata orbit structure spaces,

FAOφ -α-ψ∗-co-kernel subsystems, FAOφ -α-ψ∗-kernel sub-
systems, FAOφ -α-ψ∗-meager∗ subsystems, FAOφ -α-ψ∗-comeager∗

subsystems and fuzzy automata orbit α-ψ∗-co-kernel spaces
are introduced and some of their properties are discussed.
Further, some equivalent statements are established.

Definition 3.1. Let M = (Q,X ,δ ) be a fuzzy automaton,
where Q is a set ( of states of M ), X is a monoid ( the input
monoid of M ), whose identity shall be denoted as e, and δ is a
fuzzy subset of Q×X×Q, i.e., a map δ : Q×X×Q→ [0,1],
such that ∀q, p ∈ Q, ∀x,y ∈ X .

(i) δ (q,e, p) = 1 or 0, according as q = p or q 6= p respec-
tively.

(ii) δ (q,xy, p) = ∨{δ (q,x,r)∧δ (r,y, p) : r ∈ Q}.

Let φ : IQ→ IQ be any mapping. For any λ ∈ IQ, the fuzzy
automata orbit subsystem under the mapping φ is denoted by
FAOφ (λ ) and defined as FAOφ (λ ) = {λ ∧ φ(λ )∧ φ 2(λ )∧
...} ∈ IQ. For all µ ∈ IQ and q ∈ Q,
c(µ)(p) = ∨q∈Q { ∨x∈X

{
(µ)(q)∧ δ (q,x, p)

}}
is a Kura-

towski saturated fuzzy closure operator on Q. Let
τ =

{
FAOφ (µ) ∈ IQ : c(1Q−FAOφ (µ)) = (1Q−FAOφ (µ)),

where (1Q−FAOφ (µ)) is the fuzzy complement of FAOφ (µ)
}

be the collection of fuzzy subsystems which satisfies the fol-
lowing axioms :

(i) 0Q,1Q ∈ τ ;

(ii) If γ1,γ2 ∈ IQ and FAOφ (γ1),FAOφ (γ2) ∈ τ , then
FAOφ (γ1)∧FAOφ (γ2) ∈ τ ;

(iii) If γi ∈ IQ and FAOφ (γi) ∈ τ for each i ∈ J,where J is
an indexed set, then ∨i∈JFAOφ (γi) ∈ τ .

Then, the ordered pair (Q,τ) is said to be a fuzzy au-
tomata orbit structure space iff there exists a fuzzy automa-
ton (Q,X ,δ ) such that τ is a fuzzy topology associated with
(Q,X ,δ ). Moreover, the members of τ are called the fuzzy
automata orbit open subsystems and their fuzzy complements
are called the fuzzy automata orbit closed subsystems.

Notation 3.1. Throughout this paper, 0Q takes the member-
ship value M0Q(q) = 0, for all q ∈ Q and 1Q takes the mem-
bership value M1Q(q) = 1, for all q ∈ Q.

Example 3.1. Let M =(Q,X ,δ ) be a fuzzy automaton, where
Q = X = {0,1,2, ......} and δ : Q×X ×Q→ [0,1] be given
by

δ (q,0, p) =
{

1, if q = p
0, if q 6= p

with δ (q,x0, p) = 0.35, δ (q,x0,q) = 0.75, δ (p,x0, p) = 0.8,
δ (p,x0,q) = 0.7 for fixed x0 ∈ X(x0 6= 0) and for fixed p,q ∈
Q. For other p,q ∈ Q and x ∈ X , δ (p,x,q) = 0. Let λ , µ ∈
IQ be defined as follows : λ (1) = 0.45, λ (2) = 0.55,
µ(1) = 0.33, µ(2) = 0.5 and for other r ∈Q, r 6= 1,2, λ (r) =
0, µ(r) = 0 . Let φ : IQ→ IQ be a mapping defined by

ηφ (x) =

 η(2), if x = 1,
η(1), if x = 2,
0, otherwise

for all η ∈ IX . Then FAOφ (λ )(1) = 0.45, FAOφ (λ )(2) =
0.45, FAOφ (µ)(1) = 0.33, FAOφ (µ)(2) = 0.33. The Kura-
towski saturated fuzzy closure operator c : IQ→ IQ on Q is
defined as

c(µ)(p) = ∨q∈Q { ∨x∈X
{
(µ)(q)∧δ (q,x, p)

}}
.

It is clear that
c(FAOφ (λ )) = FAOφ (λ ),
c(FAOφ (µ)) = FAOφ (µ),
c(FAOφ (0Q)) = FAOφ (0Q) = 0Q
and c(FAOφ (1Q)) = FAOφ (1Q) = 1Q.
Let τ = { 0Q,1Q,1Q−FAOφ (λ ),1Q−FAOφ (µ) }. Then τ is
a fuzzy automata orbit structure on Q and hence the ordered
pair (Q,τ) is a fuzzy automata orbit structure space.

Definition 3.2. Let (Q,τ) be a fuzzy automata orbit structure
space. For any FAOφ (µ), µ ∈ IQ, the fuzzy automata orbit in-
terior of FAOφ (µ) ( briefly, FAOφ int(FAOφ (µ)) ) is defined
by

FAOφ int(FAOφ (µ)) = ∨{σ : σ ≤ FAOφ (µ) and each
σ ∈ IQ is a fuzzy automata orbit open subsystem in (Q,τ) }.

Definition 3.3. Let (Q,τ) be a fuzzy automata orbit structure
space. For any FAOφ (µ), µ ∈ IQ, the fuzzy automata orbit
closure of FAOφ (µ) ( briefly, FAOφ cl(FAOφ (µ)) ) is defined
by

FAOφ cl(FAOφ (µ)) = ∧{σ : σ ≥ FAOφ (µ) and each σ ∈ IQ

is a fuzzy automata orbit closed subsystem in (Q,τ) }.

Definition 3.4. Let (Q,τ) be a fuzzy automata orbit struc-
ture space. For any µ ∈ IQ, FAOφ (µ) is said to be a fuzzy
automata orbit-α-open subsystem in (Q,τ) if FAOφ (µ) ≤
FAOφ int(FAOφ cl(FAOφ int(FAOφ (µ)))) and the fuzzy com-
plement of fuzzy automata orbit-α-open subsystem is said to
be a fuzzy automata orbit-α-closed subsystem.
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Notation 3.2. Let (Q,τ) be a fuzzy automata orbit structure
space. Then FAOφ -αO(Q,τ) will denote the family of all
fuzzy automata orbit-α-open subsystems in (Q,τ) and FAOφ -
αC(Q,τ) will denote the family of all fuzzy automata orbit-
α-closed subsystems in (Q,τ).

Definition 3.5. Let (Q,τ) be a fuzzy automata orbit structure
space. A function

ψ
∗ : FAOφ -αO(Q,τ)→ IQ

is called a fuzzy operator on FAOφ -αO(Q,τ), if for each
FAOφ (µ) ∈ FAOφ -αO(Q,τ), µ ∈ IQ with FAOφ (µ) 6= 0Q,
FAOφ int(FAOφ (µ))≤ψ∗(FAOφ (µ)) and ψ∗(FAOφ (0Q))=
0Q.

Remark 3.1. It is easy to check that some examples of fuzzy
operators on FAOφ -αO(Q,τ) are the well known fuzzy oper-
ators viz. FAOφ int,FAOφ int(FAOφ cl),FAOφ cl(FAOφ int),
FAOφ int(FAOφ cl(FAOφ int)) and
FAOφ cl(FAOφ int(FAOφ cl)).

Definition 3.6. Let (Q,τ) be a fuzzy automata orbit structure
space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). Then
any fuzzy automata orbit-α-open subsystem FAOφ (µ) ∈ IX

is called fuzzy automata orbit-α-ψ∗-open if FAOφ (µ)≤
ψ∗(FAOφ (µ)). The fuzzy complement of a fuzzy automata
orbit-α-ψ∗-open subsystem is said to be a fuzzy automata
orbit-α-ψ∗-closed subsystem.

Definition 3.7. Let (Q,τ) be a fuzzy automata orbit structure
space and and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
Let FAOφ (λ ) ∈ IQ where λ ∈ IQ. Then the fuzzy automata
orbit-α-ψ∗-co-kernel of FAOφ (λ ) is denoted by
FAOφ -α-ψ∗-co-ker(FAOφ (λ )) and defined as
FAOφ -α-ψ∗-co-ker(FAOφ (λ ))
= ∨{FAOφ (µ) ∈ IQ : FAOφ (µ) is fuzzy automata
orbit-α-ψ∗-closed and FAOφ (µ)≤ FAOφ (λ )}.

Definition 3.8. Let (Q,τ) be a fuzzy automata orbit structure
space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). Let
FAOφ (λ ) ∈ IQ where λ ∈ IQ. Then the fuzzy automata orbit-
α-ψ∗-kernel of FAOφ (λ ) is denoted by
FAOφ -α-ψ∗-ker(FAOφ (λ )) and defined as
FAOφ -α-ψ∗-ker(FAOφ (λ )) = ∧{FAOφ (µ) ∈ IQ : FAOφ (µ)
is fuzzy automata orbit -α-ψ∗-open and
FAOφ (λ )≤ FAOφ (µ)}.

Remark 3.2. Let (Q,τ) be a fuzzy automata orbit structure
space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). Let
FAOφ (λ ) ∈ IX be a fuzzy automata orbit subsystem in (Q,τ).

(i) (1Q−FAOφ -α-ψ∗-ker(FAOφ (λ ))) =FAOφ -α-ψ∗-co-
ker(1Q− (FAOφ (λ ))).

(ii) (1Q−FAOφ -α-ψ∗-co-ker(FAOφ (λ )))
= FAOφ -α-ψ∗-ker(1Q− (FAOφ (λ ))).

(iii) FAOφ -α-ψ∗-ker(0Q) = 0Q and
FAOφ -α-ψ∗-co-ker(0Q) = 0Q.

(iv) FAOφ -α-ψ∗-ker(1Q) = 1Q
and FAOφ -α-ψ∗-co-ker(1Q) = 1Q.

(v) If FAOφ (λ ) is a fuzzy automata orbit -α-ψ∗-open sub-
system then

FAOφ -α-ψ∗-ker(FAOφ (λ )) = FAOφ (λ ).

(vi) If FAOφ (λ ) is a fuzzy automata orbit -α-ψ∗-closed
subsystem then

FAOφ -α-ψ∗-co-ker(FAOφ (λ )) = FAOφ (λ ).

(vii) FAOφ -α-ψ∗-co-ker(FAOφ (λ1)∨FAOφ (λ2))

= FAOφ -α-ψ∗-co-ker(FAOφ (λ1))∨FAOφ -α-ψ∗-co-
ker(FAOφ (λ2)).

(viii) FAOφ -α-ψ∗-ker(FAOφ (λ1)∧FAOφ (λ2))

= FAOφ -α-ψ∗-ker(FAOφ (λ1))∧
FAOφ -α-ψ∗-ker(FAOφ (λ2)).

Proof The proof is simple.

Definition 3.9. Let (Q,τ) be a fuzzy automata orbit structure
space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). Then
(Q,τ) is said to be a fuzzy automata orbit -α-ψ∗-co-kernel
space if, for any finite collection {FAOφ (λi) : λi ∈ IQ and
i = 1,2, ...,n, where each FAOφ (λi) is a fuzzy automata orbit
open subsystem in (Q,τ)}, FAOφ -α-ψ∗-co-ker(FAOφ (λi))=
0Q, i = 1,2, ...,n and
FAOφ -α-ψ∗-co-ker(

∧n
i=1 FAOφ (λi)) = 0Q.

Example 3.2. Let M =(Q,X ,δ ) be a fuzzy automaton, where
Q = X = {0,1,2, ......} and δ : Q×X ×Q→ [0,1] be given
by

δ (q,0, p) =
{

1, if q = p
0, if q 6= p

with δ (q,x0, p) = 0.83, δ (q,x0,q) = 0.85, δ (p,x0, p) = 0.93,
δ (p,x0,q) = 0.9 for fixed x0 ∈ X(x0 6= 0) and for fixed p,q ∈
Q. For other p,q ∈Q and x ∈ X , δ (p,x,q) = 0. Let λ ,µ ∈ IQ

be defined as follows : λ (1) = 0.77, λ (2) = 0.8, µ(1) = 0.65,
µ(2) = 0.75 and for other r ∈Q, r 6= 1,2, λ (r) = 0, µ(r) = 0.
Let φ : IQ→ IQ be a mapping defined by

ηφ (x) =

 η(2), if x = 1,
η(1), if x = 2,
0, otherwise

for all η ∈ IX . Then FAOφ (λ )(1) = 0.77, FAOφ (λ )(2) =
0.77, FAOφ (µ)(1) = 0.65, FAOφ (µ)(2) = 0.65 The Kura-
towski saturated fuzzy closure operator

c(µ)(p) = ∨q∈Q { ∨x∈X
{
(µ)(q)∧δ (q,x, p)

}}
.
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It is clear that c(FAOφ (λ ))
= FAOφ (λ ), c(FAOφ (µ))
= FAOφ (µ), c(FAOφ (0Q)) = FAOφ (0Q) = 0Q and
c(FAOφ (1Q)) = FAOφ (1Q) = 1Q.
Let τ = { 0Q,1Q,1Q−FAOφ (λ ),1Q−FAOφ (µ) }. Then τ is
a fuzzy automata orbit structure on Q and hence the ordered
pair (Q,τ) is a fuzzy automata orbit structure space. Thus
the collection {FAOφ (λi) : λi ∈ IQ and i = 1,2 is a fuzzy
automata orbit -α-open subsystems in (Q,τ)}. Let ψ∗ =
FAOφ int(FAOφ cl). Then FAOφ (λi) is a fuzzy automata orbit
-α-ψ∗-open subsystems in (Q,τ)}. Thus

FAOφ -α-ψ∗-co-ker(FAOφ (λi)) = 0Q

and
FAOφ -α-ψ∗-co-ker(

∧
i=1,2

FAOφ (λi)) = 0Q.

Hence (Q,τ) is a fuzzy automata orbit -α-ψ∗-co-kernel space.

Definition 3.10. Let (Q,τ) be any fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
For any µ ∈ IQ, FAOφ (µ) is said to be a fuzzy automata
orbit-α-ψ∗-Oδ subsystem (briefly, FAOφ -α-ψ∗-Oδ S) if

FAOφ (µ) = ∧n
i=1 {FAOφ (µi),µi ∈ IQ : each FAOφ (µi) is a

fuzzy automata orbit -α-ψ∗-open subsystem }.

The fuzzy complement of a fuzzy automata orbit-α-ψ∗-Oδ

subsystem is fuzzy automata orbit -α-ψ∗-Cσ subsystem (briefly,
FAOφ -α-ψ∗-Cσ S).

Proposition 3.1. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
Then the following statements are equivalent :

(i) (Q,τ) is a fuzzy automata orbit-α-ψ∗-co-kernel space.

(ii) For any fuzzy automata orbit-α-ψ∗-open subsystem
FAOφ (λi) in (Q,τ) where λi ∈ IQ, i = 1,2, ...,n and
for every fuzzy automata orbit -α-ψ∗-Oδ subsystem
FAOφ (µ) in (Q,τ) where µ ∈ IQ, FAOφ -α-ψ∗-co-
ker(FAOφ (λi)) = 0Q and
FAOφ -α-ψ∗-co-ker(FAOφ (µ)) = 0Q.

(iii) For any fuzzy automata orbit -α-ψ∗-open subsystem
FAOφ (λi) in (Q,τ) where λi ∈ IQ, i = 1,2, ...,n and for
every fuzzy automata orbit-α-ψ∗-Cσ subsystem
1Q− (FAOφ (µ)) in (Q,τ)
where µ ∈ IQ, FAOφ -α-ψ∗-ker(1Q−FAOφ (λi)) = 1Q
and FAOφ -α-ψ∗-ker(1Q−FAOφ (µ)) = 1Q.

Proof. (i)⇒ (ii)
Let (Q,τ) is a fuzzy automata orbit co-kernel space. Then

for any finite collection {FAOφ (λi) : λi ∈ IQ and i= 1,2, ...,n,
where each FAOφ (λi) is fuzzy automata orbit-α-ψ∗-open
subsystem in (Q,τ)}, FAOφ -α-ψ∗-co-ker(FAOφ (λi)) = 0Q,
i = 1,2, ...,n and FAOφ -α-ψ∗-co-ker(

∧n
i=1 FAOφ (λi)) = 0Q.

Let FAOφ (µ) ∈ IQ be a FAOφ -α-ψ∗-Oδ S. By Definition
3.10,

FAOφ (µ)

=
n∧

i=1

FAOφ (λi),λi ∈ IQ

FAOφ -α-ψ∗-co-ker(FAOφ (µ))

= FAOφ -α-ψ∗-co-ker(∧n
i=1FAOφ (λi))

Since (Q,τ) is a fuzzy automata orbit-α-ψ∗-co-kernel space,
FAOφ -α-ψ∗-co-ker(∧n

i=1FAOφ (λi)) = 0Q.
Then FAOφ -α-ψ∗-co-ker(FAOφ (µ)) = 0Q.
(ii)⇒ (iii)

For λi ∈ IQ, i ∈ J, let FAOφ (λi) be any fuzzy automata
orbit-α-ψ∗-open subsystem in (Q,τ) with FAOφ -α-ψ∗-ker(1Q−
FAOφ (λi)) = 1Q. Thus FAOφ -α-ψ∗-co-ker(FAOφ (λi)) =
0Q. By (ii), for every fuzzy automata orbit -α-ψ∗-Oδ sub-
system FAOφ (µ) in (Q,τ) where (µ ∈ IQ), FAOφ -α-ψ∗-co-
ker(FAOφ (µ)) = 0Q. Then

1Q−FAOφ -α-ψ∗-co-ker(FAOφ (µ)) = 1Q

FAOφ -α-ψ∗-ker(1Q−FAOφ (µ)) = 1Q

(iii)⇒ (i)
Let FAOφ -α-ψ∗-ker(1Q−FAOφ (λi)) = 1Q, λi ∈ IQ, i =

1,2, ...,n. This implies that,

FAOφ co-α-ψ∗-ker(FAOφ (λi)) = 0Q. (3.1)

Let FAOφ (µ) be FAOφ -α-ψ∗-Oδ S.
Then FAOφ (µ) = ∧n

i=1FAOφ (λi), where each FAOφ (λi) is a
fuzzy automata orbit-α-ψ∗-open subsystem in (Q,τ). Thus
1Q−FAOφ (µ)) is FAOφ -α-ψ∗-Cσ S.
By (iii), FAOφ -α-ψ∗-ker(1Q−FAOφ (µ)) = 1Q.
Then 1Q−(FAOφ -α-ψ∗-ker(1Q−FAOφ (µ)))= 1Q−1Q. Thus
FAOφ -α-ψ∗-co-ker(FAOφ (µ)) = 0Q. Hence

FAOφ -α-ψ∗-co-ker(∧n
i=1FAOφ (λi)) = 0Q. (3.2)

From Equations 3.1 and 3.2, we have (Q,τ) is a fuzzy au-
tomata orbit-α-ψ∗-co-kernel space.

Proposition 3.2. Let (Q,τ) be a fuzzy automata orbit-α-ψ∗-co-
kernel space where ψ∗ is a fuzzy operator on FAOφ -αO(Q,τ).
For µ ∈ IQ, if FAOφ (µ) ∈ IQ, is FAOφ -α-ψ∗-Cσ S, then
FAOφ (µ)∧{1Q−FAOφ (γ)} 6= 0Q, for every fuzzy automata
orbit-α-ψ∗-open subsystem FAOφ (γ) 6= 1Q, γ ∈ IQ of (Q,τ).

Proof. Let (Q,τ) be a fuzzy automata orbit-α-ψ∗-co-kernel
space. Then for any finite collection {FAOφ (λi) : λi ∈ IQ

and i = 1,2, ...,n , where each FAOφ (λi) is a fuzzy automata
orbit-α-ψ∗-open subsystem in (Q,τ)},
FAOφ -α-ψ∗-co-ker(FAOφ (λi)) = 0Q and
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FAOφ -α-ψ∗-co-ker(
∧n

i=1 FAOφ (λi)) = 0Q. Let FAOφ (µ) be
FAOφ -α-ψ∗-Cσ S. Then by Definition 3.10,

FAOφ (µ) = ∨n
i=1FAOφ (λi),λi ∈ IQ

then (1Q−FAOφ (µ)) = 1Q−∨n
i=1FAOφ (λi)

thus (1Q−FAOφ (µ)) = ∧n
i=1(1Q−FAOφ (λi))

Since FAOφ -α-ψ∗-co-ker(∧n
i=1{1Q−FAOφ (λi)}) = 0Q,

FAOφ -α-ψ∗-co-ker(1Q− (FAOφ (µ))) = 0Q (3.3)

As a contrary, suppose that

FAOφ (µ)∧{1Q−FAOφ (γ)}= 0Q

then,
1Q− (FAOφ (µ)∧ (1Q−FAOφ (γ))) = (1Q−0Q)

and therefore
(1Q−FAOφ (µ))∨FAOφ (γ) = 1Q.

Now, FAOφ -α-ψ∗-co-ker{(1Q−FAOφ (µ)) ∨FAOφ (γ)}
= FAOφ -α-ψ∗-co-ker(1Q);

thenFAOφ -α-ψ∗-co-ker{1Q−FAOφ (µ)}
∨FAOφ -α-ψ∗-co-ker{FAOφ (γ)}= 1Q;
which implies that 0Q∨FAOφ -α-ψ∗-co-ker{FAOφ (γ)}=
1Q {by 3.3 };
therefore FAOφ -α-ψ∗-co-ker{FAOφ (γ)}= 1Q.

which is not possible as FAOφ (γ) 6= 1Q. Hence,

FAOφ (µ)∧{1Q−FAOφ (γ)} 6= 0Q.

Definition 3.11. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). A
fuzzy automata orbit subsystem FAOφ (λ ), λ ∈ IX is said to
be a fuzzy automata orbit-α-ψ∗-meager∗ subsystem if

FAOφ (λ ) = ∨n
i=1FAOφ (λi),λi ∈ IQ

with FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(FAOφ (λi)))= 0Q.
The fuzzy complement of a fuzzy automata orbit-α-ψ∗-meager∗

subsystem is a fuzzy automata orbit-α-ψ∗-comeager∗ subsys-
tem.

Proposition 3.3. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
If (Q,τ) is a fuzzy automata orbit-α-ψ∗-co-kernel space,
then for every fuzzy automata orbit-α-ψ∗-meager∗ subsystem
FAOφ (λ ), λ ∈ IQ,

FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(FAOφ (λ ))) = 0Q.

Proof. Let FAOφ (λ ),λ ∈ IQ be a fuzzy automata orbit-α-ψ∗-
meager∗ subsystem. By Definition 3.11,
FAOφ (λ ) = ∨n

i=1(FAOφ (λi)),λi ∈ IQ with

FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(FAOφ (λi))) = 0Q.

Now, FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(FAOφ (λ )))
= FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(∨n

i=1(FAOφ (λi))))
= FAOφ -α-ψ∗-ker(0Q)
= 0Q.

Hence for every fuzzy automata orbit-α-ψ∗-meager∗ sub-
system FAOφ (λ ),λ ∈ IQ,

FAOφ -α-ψ∗-ker(FAOφ -α-ψ∗-co-ker(FAOφ (λ ))) = 0Q.

Proposition 3.4. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ). If
(Q,τ) is a fuzzy automata orbit-α-ψ∗-co-kernel space, then
for every fuzzy automata orbit-α-ψ∗-comeager∗ subsystem
FAOφ (λ ),
FAOφ -α-ψ∗-co-ker(FAOφ -α-ψ∗-ker(FAOφ (λ ))) = 1Q.

Proof. Proof is similar to the proof of Proposition 3.3.

Proposition 3.5. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
Then the
following statements are equivalent:

(i) (Q,τ) is a fuzzy automata orbit-α-ψ∗-co-kernel space.

(ii) FAOφ -α-ψ∗-ker(∨n
i=1FAOφ (λi))= 1Q, for every fuzzy

automata orbit-α-ψ∗-closed subsystem FAOφ (λi), λi ∈
IQ, i = 1,2, ...,n with FAOφ -α-ψ∗-ker(FAOφ (λi)) =
1Q.

Proof. (i)⇒ (ii)
Let {FAOφ (λi) ∈ IQ,λi ∈ IQ, i = 1,2, ...,n} be the collec-

tion of fuzzy automata orbit
-α-ψ∗-closed subsystems with FAOφ -α-ψ∗-ker(FAOφ (λi))=
1Q. Then {1Q−FAOφ (λi),λi ∈ IQ, i = 1,2, ...,n} is the col-
lection of fuzzy automata orbit-α-ψ∗-open subsystems with
FAOφ -α-ψ∗-co-ker(1Q−FAOφ (λi)) = 0Q. Since (Q,τ) is a
fuzzy automata orbit-α-ψ∗-co-kernel space,
FAOφ -α-ψ∗-co-ker(∧n

i=1(1Q−FAOφ (λi))) = 0Q
1Q−{FAOφ -α-ψ∗-co-ker(∧n

i=1(1Q−FAOφ (λi)))}
= (1Q−0Q)
FAOφ -α-ψ∗-ker(∨n

i=1FAOφ (λi)) = 1Q. (ii)⇒ (i)
On taking fuzzy complement of (ii), we get (Q,τ) is a

fuzzy automata orbit-α-ψ∗-co-kernel space.

Proposition 3.6. Let (Q,τ) be a fuzzy automata orbit struc-
ture space and ψ∗ be a fuzzy operator on FAOφ -αO(Q,τ).
Let λ ∈ IQ, FAOφ (λ ) be a fuzzy automata orbit subsys-
tem in (Q,τ). If FAOφ -α-ψ∗-co-ker(FAOφ (λ )) = 0Q then
(FAOφ (γ)∨FAOφ (λ )) 6= 1Q, for every fuzzy automata orbit
-α-ψ∗-open subsystem (FAOφ (γ), FAOφ (γ)) 6= 1Q,γ ∈ IQ.

Proof. Let FAO-α-ψ∗-co-ker(FAOφ (λ )) = 0Q and
FAOφ (γ) 6= 1Q, be a fuzzy automata orbit-α-ψ∗-open subsys-
tem. As a contrary assume that,

FAOφ (γ)∨FAOφ (λ ) = 1Q,
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for every fuzzy automata orbit-α-ψ∗-open subsystem FAOφ (γ),
FAOφ (γ) 6= 1Q. Then,

FAOφ (γ)∨FAOφ (λ ) =
1Q,
implies that 1Q−{FAOφ (γ)∨FAOφ (λ )}
= 1Q−1Q,
and so {1Q−FAOφ (γ)}∧{1Q−FAOφ (λ )}= 0Q,
thus 1Q−FAOφ (γ)
≤ 1Q−{1Q−FAOφ (λ )},
therefore 1Q−FAOφ (γ)
≤ FAOφ (λ ),
Hence FAOφ -α-ψ∗-co-ker(1Q−FAOφ (γ))
≤ FAOφ -α-ψ∗-co-ker(FAOφ (λ )).

By assumption, FAOφ -α-ψ∗-co-ker(1Q − FAOφ (γ)) =
0Q. Since 1Q−FAOφ (γ) is fuzzy automata orbit-α-ψ∗-closed
subsystem, FAOφ -α-ψ∗-co-ker(1Q−FAOφ (γ))
= 1Q−FAOφ (γ). Thus, 1Q−FAOφ (γ) = 0Q. This implies
that, FAOφ (γ) = 1Q, which is a contradiction to our assump-
tion. Hence FAOφ (γ)∨FAOφ (λ ) 6= 1Q.

4. Conclusion
In this paper, the concept of fuzzy automata orbit structure

spaces is introduced and some of its properties are studied.
Also, the concepts of fuzzy automata orbit-α-ψ∗-co-kernel
subsystems, fuzzy automata orbit-α-ψ∗-kernel subsystems,
fuzzy automata orbit-α-ψ∗-meager∗ subsystems and fuzzy
automata orbit-α-ψ∗-comeager∗ subsystems are introduced.
The notion of fuzzy automata orbit-α-ψ∗-co-kernel spaces is
introduced and some equivalent statements are discussed.
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