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Abstract
In this paper, we make use of Lie group investigation of the following non-linear of fractional partial differential
equations using symmetry.

Dα1u1 =
1
2

u1

Dα2u2 = u2 +u1
2, (0.1)

where α1 and α2 are real constant, 0 < α1α2 ≤ 1 and u1 and u2 are functions of independent variable x and Dα u
is a fractional derivative of u w.r.t. x which can be the following R-L type.

∂ α u
∂xα

=


∂ mu
∂xm α = m ∈ N

1
(m−α)!

∂ m

∂xm

∫ t
0(t− τ)m−α−1u(τ,x)dτ m−1 < α < m,m ∈ N
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1. Introduction

Fractional differential equations (FDEs) have a large sig-
nificance as they have vast applications in relating familiar
phenomena to nearly every field of Mathematics, Science,
Engineering and Technology etc.[3–7]. The most important
advantage of using FDEs in these and other applications is
their nonlocal property. Constructing fractional mathematical
models for precise phenomena and developing numerical or
analytical solutions for these fractional mathematical mod-
els are most important issues in mathematics, physics, and
engineering.
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A well-known technique for studying FDEs is the Lie
symmetry method. It was in the beginning proposed for
integer-order differential equations [1, 2, 8] and after that
recognized for fractional-order single differential equations
[9–11, 18]. Lie group analysis and its applications to differen-
tial equations[12–14, 19–21] is one of the efficient methods
to handle fractional partial differential equation (FPDE), for
such problems a large amount labours have been spent in re-
cent years to extend techniques to deal with FDEs because
there exists no precise method to resolve it thoroughly.

There are some efforts in group analysis of FDEs and group
properties of FDEs such as Scaling transformations of the
time-fractional linear wave-diffusion equation and its group
invariant solutions[15], Using group of scaling transforma-
tions, self-similarity solutions to a nonlinear fractional diffu-
sion, Burgers and KdV equations[16, 17], Lie symmetries of
the fractional nonlinear anomalous diffusion equations[22],
Entire group classification and symmetry reductions of the
fractional fifth-order KdV type of equations[23] e.t.c.

2. Preliminaries
In this section, we use some definitions and notations

which are given in [9, 14, 15, 24, 27] with details and present
technical preparation needed for further discussion.

Definition 2.1. [24] The Riemann-Liouville fractional inte-
gral operator of order α ≥ 0 of a function f ∈Cµ ,µ ≥−1 is
defined as

Jα f (x) =
1

Γ(α)

∫ x

α

(x−µ)α−1 f (µ)dµ, α > 0,x > 0.

j0 f (x) = f (x)
when we formulate the model of real world problem with
fractional calculus, the Riemann-Liouville have certain dis-
advantages. Caputo proposed in his work on the theory of
viscoelasticity a modified fractonal differential operator Dα .

Definition 2.2. [24]The fractional derivative of f(x) in Caputo
sense is defined as

Dα f (x) = Jm−α Dm f (x)

=
1

Γ(m−α)

∫ x

0
(x−η)m−α−1 f m(η)dη

for m−1 < α ≤ m,m ∈ N,x > 0, f ∈Cm
−1

Definition 2.3. [9,27] The Caputo space-fractional derivative
of order α > 0 is defined as

Dα
y u(x,y) =

∂ α u(x,y)
∂yα

=
1

Γ(m−α)

∫ y

0
(y− τ)m−α−1 ∂ mu(x,τ)

∂τm dτ

if m−1 < α ≤ m,m ∈ N
and the Caputo fractional derivative of order β > 0 is defined
as

Dβ
y u(x,y) =

∂ β u(x,y)
∂xβ

=
1

Γ(m−α)

∫ x

0
(x−η)m−α−1 ∂ mu(η ,y)

∂ηm dη

if m−1 < α ≤ m,m ∈ N

Definition 2.4. [9,27] For m to be a smallest integer that
exceeds α , the Caputo time fractional derivative operator of
order α > 0 is defined as

Dα
t u(x, t) =

∂ α u(x, t)
∂ tα

=


1

Γ(m−α)

∫ t
0(t− τ)m−α−1 ∂ mu(x,τ)

∂τm ,m−1 < α < m

∂ mu(x,t)
∂ tm , α = m ∈ N

Let us consider the equation

F(u) = 0, u = u(x, t) (2.1)

Definition 2.5. [9,14] A one parameter family of scaling
transformations, denoted by Tλ , is a transformation of (x,t,u)-
space of the form

x̄ = λ
ax, t̄ = λ

bt, ū = λ
cu, (2.2)

where a, b and c are constants and λ is real parameter re-
stricted to an open interval I containing λ = 1.

Definition 2.6. [9,14]The equation (2.1) is invariant under
the one-parameter family Tλ of scaling transformation (2.2)
iff Tλ takes any solution u of (2.1) to a solution ū of the same
equation:

ū = Tλ u and F(ū) = 0

Definition 2.7. [15]The real- valued function η(x, t,u) is
called an invariant of the one-parameter family of Tλ , if it is
unaffected by the transformations, in other words:

η(Tλ (x, t,u)) = η(x, t,u) f orall λ ∈ I.

On the half-space {(x, t,u),x > 0, t > 0}, the invariants of
the family of scaling transformation (2.2) are provided by the
functions

η1(x, t,u) = xt−a/b, η2(x, t,u) = t−c/bu.

if the equation (2.1) is a second order partial differential
equation of the form

G(x, t,u,ux,ut ,uxx,utt ,uxt) = 0 (2.3)

and this equation is invariant under Tλ , given by (2.2), then
the transformation

u(x, t) = tc/bv(z), z = xt−a/b

reduces the equation (2.3) to a second order ordinary differ-
ential equation of the form

g(z,v,v′,v′′) = 0.
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Theorem 2.8. [15] The invariants of scaling transformations
are given by the expressions

η1(x, t,u) = xt−α/β , η2(x, t,u) = t−γ u,

γ being a arbitrary constant.

3. Main Results
Lie investigation for FPDE’s:
Take a scalar time FPDE’s of the following forms

∂ α1u1(x)
∂xα1

= F1(x,u1,u2,u1x,u2x,u1xx,u2xx...)

∂ α2u1(x)
∂xα2

= F2(x,u1,u2,u1x,u2x,u1xx,u2xx...)

where the subscripts denote the partial derivatives.
We imagine that the above FPDE is invariant under a one pa-
rameter (ε). In view of lie theory, the creation of the symme-
try group is equivalent to the determinant of its infinitesimal
transformation.

x = x+ εξ (x,u1,u2)+O(ε2)

u1 = u1 + εη1(x,u1,u2)+O(ε2)

u2 = u2 + εη2(x,u1,u2)+O(ε2)

∂ α1u1(x)
∂xα1

=
∂ α1u1(x)

∂xα1
+ εζ

0
α1

+O(ε2)

∂ α2u2(x)
∂xα2

=
∂ α2u2(x)

∂xα2
+ εζ

0
α2

+O(ε2)

∂u1

∂x
=

∂u1

∂x
+ εζ

1
1 +O(ε2)

:
:
:
:
:
:

(3.1)

where ξ ,η1 and η2 are infinitesimal and ζ 1
1 , ζ 0

α1
, and ζ 0

α2
are extended infinitesimal of order 1, α1, α2 respectively.
Infinitesimal generator takes the form

X = ξ
∂

∂α
+η1

∂

∂u1
+η2

∂

∂u2

The following equation is the α th
1 extended infinitesimal re-

lated to R-L fractional time derivative.

ζ
0
α1

=Dα1
x (η1)−α1Dx(ξ )Dα1

x u1−
∞

∑
n=1

(
α1

n+1

)
Dn+1

x (ξ )Iα1−n
x (u1).

Here the operator Dα1
x stands for the total fractional deriva-

tive operator. The first term in the right hand side of equation
can be written as

Dα1
x (η1) =

∂ α1 η1

∂xα1
+η1u1

∂ α1 u1

∂xα1 −u1
∂ α1 η1u1

∂xα1
+η1u2

∂ α1 u2

∂xα1
−u2

∂ α1 η1u2

∂xα1

+
∞

∑
n=1

(
α1

n

)
∂ n(η1u1 )

∂xn Iα1−n
x u1 +

∞

∑
n=1

(
α1

n

)
∂ n(η1u2 )

∂xn Iα1−n
x u2 +µ

∗,

where

µ
∗ =

∞

∑
n=2

n

∑
m=2

m

∑
k=2

k−1

∑
r=0

(
α1

n

)(
n
m

)(
k
r

)
1
k!

xn−α1

Γ(n+1−α1)
×{

(−u1)
r ∂ m(uk−r

1 )

∂xm
∂ n−m+kη1

∂xn−m∂uk
1
+(−u2)

r ∂ m(uk−r
2 )

∂xm
∂ n−m+kη1

∂xn−m∂uk
2

}
.

Thus, the α th
1 extended infinitesimal becomes

ζ
0
α1

=
∂ α1η1

∂xα1
+(η1u1 −α1Dx(ξ ))

∂ α1u1

∂xα1
−u1

∂ α1η1u1

∂xα1

+η1u2

∂ α1u2

∂xα1
−u2

∂ α1η1u2

∂xα1
+µ

∗

+
∞

∑
n=1

[(
α1

n

)
∂ n(η1u1)

∂xn −
(

α1

n+1

)
Dn+1

x (ξ )

]
Iα1−n
x (u1)

+
∞

∑
n=1

(
α

n

)
∂ n(η1u2)

∂xn Iα1−n
x (u2)

(3.2)

and similarly,

ζ
0
α2

=Dα2
x (η2)−α2Dxξ Dα2

x u2−
∞

∑
n=1

(
α2

n+1

)
Dn+1

x (ξ )Iα2−n
x u2

and

Dα2
x (η2) =

∂ α2 η2

∂xα2
+η2u1

∂ α2 u1

∂xα2
−u1

∂ α2 η2u1

∂xα2
+η2u2

∂ α2 u2

∂xα2
−u2

∂ α2 η2u2

∂xα2

+
∞

∑
n=1

(
α2

n

)
∂ n(η2u1 )

∂xn Iα2−n
x u1 +

∞

∑
n=1

(
α2

n

)
∂ n(η2u2 )

∂xn Iα2−n
x u2 +µ

∗∗,

where

µ
∗∗ =

∞

∑
n=2

n

∑
m=2

m

∑
k=2

k−1

∑
r=0

(
α2

n

)(
n
m

)(
k
r

)
1
k!

xn−α2

Γ(n+1−α2)
×{

(−u1)
r ∂ muk−r

1
∂xm

∂ n−m+kη2

∂xn−m∂uk
1
+(−u2)

r ∂ muk−r
2

∂xm
∂ n−m+kη2

∂xn−m∂uk
2

}
.

Thus, the α th
2 extended infinitesimal is given

ζ
0
α2

=
∂ α2η2

∂xα2
+(η2u1 −α2Dx(ξ ))

∂ α2u1

∂xα2
−u1

∂ α2η2u1

∂xα2

+η2u2

∂ α2u2

∂xα2
−u2

∂ α2η2u2

∂xα2
+µ

∗∗

+
∞

∑
n=1

[(
α2

n

)
∂ nη2u1

∂xn Iα2−n
x (u1)

]
+

∞

∑
n=1

(
α2

n

)[
∂ α2η2u2

∂xn −
(

α

n+1

)
Dn+1

x (ξ )

]
Iα2−n
x (u2)

(3.3)

Lie investigation using Symmetry of Non-linear system of
Fractional Differential Equation:
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With the help of Lie theory, we accept that the non linear
system of FDE equation (0.1) is invariant under the one pa-
rameter transformation equation (3.1) so the equation (0.1)

Dα1u1 =
u1

2

Dα2u2 = u2 +u2
1,0 < α1,α2 ≤ 1

take the form

ζ
0
α1
− η1

2
= 0,0 < α1 ≤ 1

ζ
0
α2
−η2−2u1η1 = 0,0 < α2 ≤ 1

(3.4)

which depends on the variables Iα1−n
x u1, I

α1−n
x u2, I

α2−n
x u1 and

Iα2−n
x u2 for n = 1,2,3... which are considered to be indepen-

dent.

The formation of equation (3.4) permit us to reduce it to
a system of infinitely many linear FDE’s by substituting the
expression for ζ 0

α1
and ζ 0

α2
given in (3.2,3.3) and (3.4) and

equating various powers of derivatives of u1 and u2 to zero,
we get the following an over determined system of the linear
equations

ξu1 = ξu2 = 0

η1u1 = η1u2u2 = η1xu2 = 0

η2u1 = η2u2u2 = η2xu2 = 0

∂ α1η1

∂xα1
− (η1u1 −α1ξ̄ )(

µ1

2
)−u1

∂ α1η1u1

∂xα1
− η1

2
= 0

∂ α2η2

∂xα2
−(η2u2−α2ξ̄ )(u2+u2

1)−u1
∂ α1η2u1

∂xα1
−η2−2u1η1 = 0(

α1

n

)
∂ nη1u1

∂xn −
(

α1

n+1

)
Dn+1

x (ξ ) = 0, n ∈ N(
α2

n

)
∂ nη2u2

∂xn −
(

α2

n+1

)
Dn+1

x (ξ ) = 0, n ∈ N

by solving this system, we conclude the following explicit
form of infinitesimal

ξ = c1,η1 =
c2

2
µ1,η2 = (c2 + c2)µ2

i.e.
ξ = c1,η1 =

c2

2
µ1,η2 = (2c2)µ2

where c1 and c2 are arbitrary constants, hence the infinitesimal
operator becomes

X = c1
∂

∂x
+

c2

2
µ1

∂

∂u1
+2c2µ2

∂

∂u2

All the similarity variables associated with Lie symmetries
can be divided by solving the following characteristic equation

dx
c1

=
du1

c2
µ1
2

=
du2

2c2µ2

The similarity functions associated with infinitesimal genera-
tor X take the following forms

u1 = ek1x
ϕ1,u2 = xe4k1x

ϕ2

where k1 =
c2
2c1

is an arbitrary constant and

ϕ2 = 41−α2 k−α2
1 ϕ

2
1

therefore, the solution for the non-linear system of fractional
differential equation (0.1) will take the following form

µ1 = ϕ1ek1x,µ2 = 41−α2k−α2
1 ϕ

2
1 xe2k1x

where k1 =
c2
2c1

is an arbitrary constant.

4. Conclusion
The usual method to investigate symmetry properties of

ordinary or partial differential equations is the group analysis
method. The Lie group investigation effectively drawn-out to
the investigation of symmetry properties of fractional differen-
tial equations and successfully use for making exact solutions
of these Fractional Differential Equation’s.
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