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Abstract
In this paper, we make use of Lie group investigation of the following non-linear of fractional partial differential
equations using symmetry.
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where o and o, are real constant, 0 < oo, < 1 and u; and u, are functions of independent variable x and D%u
is a fractional derivative of u w.r.t. x which can be the following R-L type.
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their nonlocal property. Constructing fractional mathematical
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analytical solutions for these fractional mathematical mod-
els are most important issues in mathematics, physics, and
engineering.
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A well-known technique for studying FDEs is the Lie
symmetry method. It was in the beginning proposed for
integer-order differential equations [1, 2, 8] and after that
recognized for fractional-order single differential equations
[9-11, 18]. Lie group analysis and its applications to differen-
tial equations[12—14, 19-21] is one of the efficient methods
to handle fractional partial differential equation (FPDE), for
such problems a large amount labours have been spent in re-
cent years to extend techniques to deal with FDEs because
there exists no precise method to resolve it thoroughly.

There are some efforts in group analysis of FDEs and group
properties of FDEs such as Scaling transformations of the
time-fractional linear wave-diffusion equation and its group
invariant solutions[15], Using group of scaling transforma-
tions, self-similarity solutions to a nonlinear fractional diffu-
sion, Burgers and KdV equations[16, 17], Lie symmetries of
the fractional nonlinear anomalous diffusion equations[22],
Entire group classification and symmetry reductions of the
fractional fifth-order KdV type of equations[23] e.t.c.

2. Preliminaries

In this section, we use some definitions and notations
which are given in [9, 14, 15, 24, 27] with details and present
technical preparation needed for further discussion.

Definition 2.1. [24] The Riemann-Liouville fractional inte-
gral operator of order o0 > 0 of a function f € Cy, 0 > —1is
defined as

Jf(x) = 1 /x(x—u)“’lf(u)du,a>0,x>0-

I(a) Ja

)= fx)

when we formulate the model of real world problem with
fractional calculus, the Riemann-Liouville have certain dis-
advantages. Caputo proposed in his work on the theory of
viscoelasticity a modified fractonal differential operator D% .

Definition 2.2. [24]|The fractional derivative of f(x) in Caputo
sense is defined as

DY f(x) =J""*D" f(x)
= Foma b e nan

I'lm—a
form—1<oa<mmeN,x>0,fecC"

Definition 2.3. [9,27] The Caputo space-fractional derivative
of order a > 0 is defined as

9%u(x,y)
D;x”(%)’) = W
— 1 Y _ o \m—a—1 8mu(x’ T)
T Tm—a) /o b=7) g 7
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ifm—1l<a<mméeN
and the Caputo fractional derivative of order B > 0 is defined
as

Pulx,
Dpu(x,y) = 2]

_ 1 X o m—o—1 3”’”(’7&)
- F(m—a)/() (x n) ar’m dn

ifm—1l<a<mméeN

Definition 2.4. [9,27] For m to be a smallest integer that
exceeds o, the Caputo time fractional derivative operator of
order ot > 0 is defined as

0%u(x,t
D%u(x,t) = 3t(0‘ )

1 t m—o—10"u(x,7)
o= Jot—1) e m—l<a<m

9™ u(x,t)
om

Let us consider the equation

F(u) =0, u=u(x,t)

a=meN

2.1)

Definition 2.5. [9,14] A one parameter family of scaling
transformations, denoted by T), , is a transformation of (x,t,u)-
space of the form

£=A%, F=Ab, i= A%, (2.2)

where a, b and ¢ are constants and A is real parameter re-
stricted to an open interval I containing A = 1.

Definition 2.6. [9,14]|The equation (2.1) is invariant under
the one-parameter family Ty, of scaling transformation (2.2)
iff T,, takes any solution u of (2.1) to a solution it of the same
equation:

i=Tuand F(id)=0

Definition 2.7. [15|The real- valued function 1M (x,t,u) is
called an invariant of the one-parameter family of T), if it is
unaffected by the transformations, in other words:

N(Ty (x,t,u)) = N(x,t,u) forall L €1.

On the half-space {(x,t,u),x > 0,t > 0}, the invariants of
the family of scaling transformation (2.2) are provided by the
functions

M (x,t,u) :)ct_"/b7 Mo (x,t,u) = <y,

if the equation (2.1) is a second order partial differential

equation of the form

G(x,t,u,ux,ul,uxx,un,ux,) :O (23)

and this equation is invariant under Ty, given by (2.2), then
the transformation

u(x,t) = 1"v(z), z=xt~"

reduces the equation (2.3) to a second order ordinary differ-
ential equation of the form

g(z,vy' V') =0.
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Theorem 2.8. [15] The invariants of scaling transformations
are given by the expressions

mxtu) =xt= %P my(x,t,u) =t u,
Y being a arbitrary constant.

3. Main Results

Lie investigation for FPDE’s:
Take a scalar time FPDE’s of the following forms

2% u; (x)
W =F (xvulaMZaulx,MZxaulxx;u2xx~~~)
d%u; (x)
W = FZ(xaulau27u1x7u2x7u1xx;u2xx---)

where the subscripts denote the partial derivatives.

We imagine that the above FPDE is invariant under a one pa-
rameter (€). In view of lie theory, the creation of the symme-
try group is equivalent to the determinant of its infinitesimal
transformation.

X =x+ €& (x,up,up) + O(€?)

u; = 1+8171(x ul,uz)—i—O(Ez)

u =uy+ £T]2(x7u1,bl2) + 0(82)

2UT()  Am() o
7 - oy +&8y, +0(€7)
0%2uz(x)  d%uy(x)

) - 2580 ey s ofe)
ouy duy

oy _ 7" 1 2
%= or +el +0(e%)

3.1)

where &,1; and 1, are infinitesimal and ¢, {3 , and Cp,
are extended infinitesimal of order 1, ¢, o respectively.
Infinitesimal generator takes the form

d d d
X=§a +ma +"23u

The following equation is the (x{h extended infinitesimal re-
lated to R-L fractional time derivative.

=)

£o, =D (m) — o Dx(§)DY uy — Z ( +1)D’H'1(é)ljﬁ"l"l(ul)_
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Here the operator D%! stands for the total fractional deriva-
tive operator. The first term in the right hand side of equation
can be written as

0% 0%y

Ox% +nlul Ox0t —uy

£()”

where

aaln]ul

dx%

% uy 9% My,
nlm Ox —u2 Ox

DY (1) =

nlul oy,
ax" x

o n m k=1 n—o
. ar) (n) (k1 X%
K —,,:2,§2k:2,§, ( n ) <m> <r> KT(n+1—a)
. am(ullf*r) anferknl ; om (ulchr) anferknl
(—uy) ENT .

oxn—m au'f
Thus, the a{h extended infinitesimal becomes

(03] nluz) o —n *
+Z <l’l> Ot Ix u+ U,

+(—up) o Bx”*m&ué

0% 1"1 d%uy a%ny,
oy = e (M = nDa(8) Ggr =5 g
9%y aal u i}
+N1u, I alz—uz 8771 Z4u
B ()50 (@i
=l\n ox"
nluz)
+Z(n> ox" I (u2)

and similarly,

oo

o
Loy = DY (1) — 2D EDPur — } <n—1—21>D§+1(<§)132_"u2

n=1
and
2% Uy 9% uj 9% MN2u 9% uz 9% MN2u
o 1 2
D2 (m) = v T e M, B R s
[¢5] n2u| -y, (2% n2u2) o —n *x
1.2~ 12 s
+Z( > oxt +"Z’l<n> dxr ot
where

- EEER ()0 Ot

gm k—r yn—m-+k m, k—r yn—m+k
{(ul)' 1 wﬂﬂlz)ra -z 8712}

axm - gan=muk axm gxn=muk

Thus, the a’h extended infinitesimal is given

0%1n, 0% u, 9% 1y
$a, = Fym + (Mo —02Du(8) g —m—5 2"
atxzuz a“znzu Kok
+Mou, I DX 2 41
o\ J" e o —n (3-3)
_’_’; |:(n> F Ix ( 1)

+ni (32) [aa;h - (ni 1>Dﬁ“<é>} 197 (uy)

Lie investigation using Symmetry of Non-linear system of
Fractional Differential Equation:
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With the help of Lie theory, we accept that the non linear

system of FDE equation (0.1) is invariant under the one pa-

rameter transformation equation (3.1) so the equation (0.1)
u

Dalul = 3

D%y, = u2+u%,0 <o, <1
take the form

o ™M
——=00<oy <1
S~ (3.4)
ng —1’]2—21411‘[1 =0,0<mp <1
which depends on the variables I3 "uy, I " uy, I¥2 " u; and
1227 "uy for n = 1,2,3... which are considered to be indepen-

dent.

The formation of equation (3.4) permit us to reduce it to
a system of infinitely many linear FDE’s by substituting the
expression for g and {9 given in (3.2,3.3) and (3.4) and
equating various powers of derivatives of u; and u; to zero,
we get the following an over determined system of the linear
equations

é“l = 5”2 =0
nlul = nluzuz = nlxuz =0

N2u; = M2upu, = N2xu, = 0

%M z. M1 0Ny M
0 x% *(nlm 70{16)(7)71’“ 0 x% 77*0
8a2 _ aal "
axoZZ _ (n2l¢2 —azé)(ug—&—u%) —Uup axZZI 1 _n2—21/t1171 =0

o annlul o ay n+1 _
<n> ox" (n+l>Dx (é)—O,nEN

00\ "My (02 \ gy
(n) ax" (}1—|—1>D)C (6)=0,neN

by solving this system, we conclude the following explicit
form of infinitesimal

C
E=c,m= 52[-117712 = (242

i.e.
C
E=ci,m = Ezm,nz = (2c2) 2

where ¢ and ¢ are arbitrary constants, hence the infinitesimal
operator becomes

X=ad 2 2 oo, 2
ox " 2 i uy 2H2 uy
All the similarity variables associated with Lie symmetries
can be divided by solving the following characteristic equation

@_ dul

C1 (&) /";—1 2C2[,12

du2
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The similarity functions associated with infinitesimal genera-
tor X take the following forms

up = eklx(Pl,MZ :xe4k1x

P2

where k| = 2%15 an arbitrary constant and

¢ =417k B ot

therefore, the solution for the non-linear system of fractional
differential equation (0.1) will take the following form

p1 = ey = 417 % %2 gl

where k| = 2%is an arbitrary constant.

4. Conclusion

The usual method to investigate symmetry properties of
ordinary or partial differential equations is the group analysis
method. The Lie group investigation effectively drawn-out to
the investigation of symmetry properties of fractional differen-
tial equations and successfully use for making exact solutions
of these Fractional Differential Equation’s.
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