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On intuitionistic fuzzy quasi ideals of rings with
respect to a t-norm
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Abstract

In this paper, the notion of fuzzy quasi ideal is extended to intuitionistic fuzzy quasi ideal with respect to a
triangular norm and various results of such intuitionistic fuzzy ideals are studied. It has also been established
that if an intuitionistic fuzzy subring with respect to a triangular norm is an intuitionistic fuzzy quasi ideal with
respect to that norm, then it is also intuitionistic fuzzy quasi ideal with respect to the annihilation of that triangular

norm.
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1. Introduction

Fuzzy set was initiated by Zadeh [18] in 1965 and since
that time various algebraic structures like groups, rings, mod-
ules have been characterized by many researchers in fuzzy
setting. Rosenfeld [16] defined fuzzy subgroup of a group.
Around 1982, W.Liu [10] introduced the concept of fuzzy ide-
als of ring. As these algebraic structures play very important
role in mathematics and in many other branches of science,
so these concepts have been generalized by many researchers.
The intuitionistic fuzzy set, which is a generalization of a
fuzzy set was introduced by K.T.Atanassov [2, 3] is one of
them. In 2003, Banerjee and Basnet [4] studied intuitionistic
fuzzy subring and intuitionistic fuzzy ideals. Rahman and
Saikia [14] studied intuitionistic fuzzy sub-modules with re-
spect to triangular norm. Recently, in 2019 intuitionistic fuzzy
subrings in near rings with respect to a triangular norm and
t- co-norm is studied by Murugadas and Vetrivel [12]. The

notion of quasi ideals for rings was first introduced by Ste-
infeld [17]. Mohanraaj and Dheena [3] studied fuzzy quasi
ideals of rings in terms of a triangular norm. In this present
study, intuitionistic fuzzy quasi ideal is defined with respect
to a triangular norm and a t co-norm and few results on such
intuitionistic fuzzy ideals are investigated.

2. Preliminaries

Through the whole paper R indicates a non-commutative
ring with unity, 7 indicates a "t-norm’ and St indicates a ’t
co-norm’ if not otherwise specified.

Definition 2.1. An arbitrary mapping | : X — [0,1] is said
to be a fuzzy subset of X.

Definition 2.2. [2] For a non-empty set X, by an intuitionistic
fuzzy set(abbreviated as IFS) we mean a structure of the form

A ={(r,ua(r),va(r)lr € X)}
where Uy and V4 are mappings from X to [0,1] i.e. fuzzy
sets in X and denote the membership degree (viz. pa(r))
and non-membership degree (viz. Vo(r)), Vr € X to the set A
respectively together with the condition 0 < s (r) +va(r) <
1,Vr € X. The set of all IFSs of X is denoted by IFS(X). We
denote A = {(r,14(r), va(r)|r € X)} simply by A = (Ua, Va).

Definition 2.3. [2] Ler A = (U4, Va) and B = (ug,vg) be
two IFSs of X. Then
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(i) A CBiff ua(x*) < up(x*) and va(x*) > vp(x*)
forall x* € X.

(ii) A= B iff pa(x*) =
forallx* € X

Up(x*) and v4(x*) = vp(x*)

(iii) ANB = {(x*, ua(x*) A pp(x*), V.
|x* e X}

4(X°) V vp(x"))

(iv) ANB={(x",T (pa(x"), 1p(x")),
|x* e X}

S(va(x*), vs(x)))

(v) AUB={(x*
|x* € X}

s Ha (X°) V g (x*), va(x*) A vp(x"))

(vi) DA = {(x", pa (), py (x")) |x* € X}

(vii) oA = {(x*,v§(x"),va(x*))|x* € X}

Definition 2.4. [7] An arbitrary mapping T from [0,1] x
[0,1] to [0,1] is said to be a t-norm (or triangular norm)
if Vx*,y*,z* € [0, 1] the following postulates are satisfied:
Tl)T(x 1)=T(,x")=x"

D)If y* < 2" then T(x",y") < T(x",27)
T3)T(x",y") =T (y",x")
T)T (x", T(y ) =T(T(x",y"),2").

Definition 2.5. [7] An arbitrary mapping S from [0, 1] x [0,1]
to [0, 1] is said to be a fuzzy union (or t co-norm) if Vx*,y* 7% €
[0, 1] the following postulates are satisfied:

$DSO7, 1) = S(1x%) = x
Sg)Ify < z* then S(x*,y*) < S(x*,z%)
§3)8(x*,y*) = S(y* *)

S4)S(x* S(y :27)) =8(S(x",y%),2%).

The pair (7,S7) axe called dual in respect of fuzzy com-
plement if
(i) T(x*,y*) = 1=S7(1 —x*,1—y")
(i) Sz (x*,y*) =1-T(1 —x*,1—y*), fox all x*,y* € [0, 1].

Definition 2.6. T, the C-annihihation of T is defined as:

T(c) : [Oa 1] x [07 1] - [O, 1]
T(C)(x*,y*) — lf X > y .
T(x*,y*);  otherwise

fox all x*,y* € [0,1]

Definition 2.7. [4] For A,B € IFS(X), their sum A+ B
is defined as
sup {pa(q) A ug(r)}
p=q+r
0; else
inf {VA( ) V VB(}’)}
Vats(p) = {71

1; else

pa+s(p) = and

Definition 2.8. [4] For A,B € IFS(X), their product AB
is defined as
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sup {pa(q) A up(r)}
Uag(p) = { P=a" and
0; else
inf {va(q) vV vs(r)}
Vas(p) = ]17 " else

Definition 2.9. [4] Let A be a subset of a non-empty set X.
Then an IFS X = (Uy,, Vy,) is called an intuitionistic fuzzy
characteristic function and is defined as

Lif x*€A 0;if x*€A
Hay () {O; if x*¢A and vy, (x') {l;if X ¢A

Definition 2.10. [4] Let R be be a ring. Then Yy and xg are
IFSs on R defined by

Xo(r) = (“Xo(r)vvlo(r)) and XR(r) = (.uXR(r)vva(r)),
where

(r) = 1; when r=0 v (r) = 0; when r=0

Haolr) = 0; when r#0 A 1; when r#0

and Wy, (r) =1; vy(r)=0VreR

Definition 2.11. [/3] An operator T, in terms of T is defined

as

Tu (X, X5, ..., x5,) :T(xj,Tm,l(x’l‘,xz,...,x;‘;l,x;ﬂ,...,x:‘n))

forall1 < j<mx;€0,1],m>3T=T.

Again T., is defined as, Too (X7}, X}, ...) :’rllig}on(x’{,xﬁ, R

Definition 2.12. [/4] An operator S, in terms of S is defined

as

S (X}, X5, ..., x5) =S(x;,Sm_1(x’{,x§,...,xjil,xjﬂ,...,xfn))

forall1 < j<mx;e€ [0,1],m> 3,8, =S.

Again S, is defined as, Soo(x},%3,...) = lim T, (x],%5,...,X,)
Mm—yoo

»'m

Definition 2.13. [/3] The intersection py Ny N... N Wy with
respect to (in brief wrt) T of the collection {1, Uy, ..., W}
of fuzzy subsets in X is defined as, (Wi NN ...N)(y) =
Ti( (), uz( ), k() for all y € X. Again the fuzzy set

Nruj(y) = (ﬂl( ), U2 (), ..) means the intersection of the
collection {1, Wy, ... } of fuzzy setsin X wrt T.

Definition 2.14. [14] The union gy U U...U g wit S of
the collection {1, o, ..., W} of fuzzy subsets in X is defined
s, (U U U ) () = Sk(p(y), #2( ) Mi(y)) fox

ally € X. Again thefuzzy set Uspj(y) = (/,Ll( ), 2 (y),--.)
means the union of the collection {1, Uy, ... } of fuzzy sets in

X wrt S.

Definition 2.15. [14] For the collection {A},Ay, ... ,A,,} here
A = (W, i),k =1,2,...,m of IFSs of X their intersection
A1NAN...NA, wrt T is an IFS of X, defined by
ANA N DA = {0 T (1 (0), 2 (), - ()
S, (Vi) v2(3),- - Vi (9))) [y € X}

Again the IFS,

(MA0)

To(A1(y),A2(y),.-.),

St.(A1(y),A2(y),---))ly € X}
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means the intersection of the collection {A1,Ax,...} of IFSs

of XwrtT.

Definition 2.16. [14] For the collection {A1,As,...,Ap} here
Ap = (W, Vi), k= 1,2,...,m of IFSs of X their union A} U
Ay U...UA,, wrt T is an IFS of X, defined by

AUA UL UA, = {0 S, (1 (0): 12 (), - -, M (),
Tn(Vi(¥),V2(3)s- -, V() |y € X}
Again the IFS,

o)

yaST (Al( >7A2(y)?" ')7

To(A1(y),A2(y);---))ly € X}

means the union of the collection {A1,A,,..
wrtT.

.} of IFSs of X

Definition 2.17. [15] A € IFS(R) is called an intuitionistic
fuzzy subring (in short IFSR) of R wrt T if Vr,s € R it satisfies

T(ua(r), ua(s)) and
St (Va(r), va(s)).

(
T(pa(r), pa(s)) and
St(Va(r), va(s)).

Lemma 2.18. A € IFS(R) is an IFSR of R wrt T iff A an-
d oA are IFSRs of Rwrt T.

Proof. Suppose A is an IFSR of R wrt T. Let r,s € R. Then
WS (r—s5) = 1~ a(r—s)
< T=T(palr), 1, (s)) = Sr(1—pa(r), 1= pa(s)).
Thus pg(r—s) < ST(“A( 14 (5)).
Also, u§(rs) =1 — pa(rs)
ST=T(pa(r), ua(s)) = Sr(1 = pa(r), 1= pa(s)) =
St(ug(r),u5(s)). The other two axioms can be found from
the hypothesis that A is an IFSR of R wrt T. Hence [JA is an
IFSR of R wrt T'. Also,
Vi(r—s)=1—wvs(r—s)

> 1=87(Va(r),va(s)) = T(1—=va(r),1 —vals)) .
Therefore v§(x—s) > T(v5(x),vi(s)). Again, v§(rs) =1—
va(rs)

> 1=T(va(r),va(s)) = Sr(1 = va(r),1 = va(s)) =

St(v§(r),v4(s)). The other two axioms can be found from
the hypothesis that A is an IFSR of R wrt T'. Therefore ¢A is
an IFSR of R wrt T. The reverse part of the lemma follows
directly. O

Lemma 2.19. Suppose C-annihilation Ty of T provides a
t-norm. If Ais an IFSR of R wrt T, then EIA and ©A are IFSRs
of Rwrt Tj,,.

Proof. Let the C-annihilation of T be 7. Let us define ST(()
as
if 1—x*<y*

- L; =
St (77 ):{I—T(l—x*,l—y*);

otherwise
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fox all x*,y" € [0,1]. Then S7,, is the dual of T{c).
Since A is an IFSR of R wrt T', so we get

pa(r—s) > T (Ha(r), 1a(s)) > Tie)(La(r), 1a(s)) and
ta(rs) = T (pa(r), a(s)) = Tie) (Ha(r), ta(s)).

We have

St (5, 5(5)) = {1;_ e
Now, S7,,, (g (r), s (s))

>1=T(1—pg(r),1 - uz( 5))

— 1= T (a1 () = 1 — pia(r— )

[since ,uA(r—S) > T( pa(r), ta(s))].

Thus we have ui(r—s) < Sz, (y;‘(r)7 ps(s)). Similarly it
can be shown that pif (rs) < St; (‘u‘fi (r),u5(s)). Hence LA is
an IFSR of R wrt T(,,).

For the next part we have,

Ty (Vi (1), vi(s)) = {(;;(vg(r), éfgc(:{;(r) fﬁlze_rv:i(eS)
This implies, T (v (r), v4(s))
< T(vy(r),v4(s)) ()

=1=87(va(r),vals)) <1
Thus we have v{(r—s) > T
be shown that v§ (rs) > T(¢) (V4 (r), v4(s)).

Since A is an IFSR of R wr tT, therefore

Va(r—s) < St(va(r),va(s)) < Sr(c)(va(r), va(s)) and
Va(rs) < S7(va(r),va(s)) < Sr(c)(va(r),va(s)). Hence A
is an IFSR of R wrt T(,,). O

(v§(r),v5(s)). Similarly it can
C
A

3. Intuitionistic Fuzzy Quasi Ideal wrt a
t-norm

Definition 3.1. A € IFS(R) is called a intuitionistic fuzzy
quasi ideal (in short IFQI) if for all r,s € R it satisfies

(i) Ha(r—s) = min(pa(r), ta(s)) and
Va(r—s) <max(va(r)va(s)).

(ii) (A.2r)N(xr-A) S A

Definition 3.2. A € IFS(R) is called a intuitionistic fuzzy
quasi ideal (in short IFQI) wrt T if for all r,s € R it satisfies

(i) ta(r—s) =T (ua(r),pa(s)) and
Va(r—s) < St(va(r), va(s)).

(ii) (A-xr) N (xr-A) S A

Example 3.3. Let us consider R =74 = {0,1,2,3} under
addition and multiplication modulo 4. Now we define fuzzy
subsets U and V4 on R as follows:

1a(0) =0.3,u4(1) =0.25, 14 (2) = 0.2, 14 (3) = 0.1 and
v4(0) =0.6,v4(1) =0.65,v4(2) =0.7,v4(3) =0.8

Then A = (Ua,Va) is an IFQI of R wrt the pair of triangular
norms and conorms given below:

(D)x*y*, x* +y* —x*y*, (i) max (0,x* +y* — 1), min(1,x* +y*).
But A = (Ua, V) is not an IFQI of R, as

1A (0— 1) = 1 (3) = 0.1 # 0.25 = min(u4 (0), (1))
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Theorem 3.4. An IFSR A of R wrt T is an IFQI wrt T iff
Ha(x) > T [ sup pa(y), sup ta(z)] and va(x) < St [J}{l;fz va(y),
x=yz =z

X=yzZ

inf v4(z)], for all x € R.
x=yz

Proof. Let A be an IFSR of R wrt T. First let us assume that
Abe IFQI of R wrt T and x € R. Then (A.xr) A (xr-A) C A,
implies,
pa (x) > T (A (%) B4 (%))

= T[sup T (Ha(y), Mg (2)), S0

x=yz

=T [sup pa(y), sup pa(z)

up ]
and v, (x) SSTEVA 2 (%) vaRA(‘x))
:ST[mf S(VA( ) V%R(Z))

= Sr [ inf va(y), inf v4(2)].
x=yz x=yz
Conversely, let A satisfies the conditions,
Ha(x) > T [ sup pa(y), sup pa(z)] and va(x) < Sr [xlgyfz va(y),

x=yz X=yz
inf v4(z)], for all x € R. By our assumption we have,
x=yz

DT (ke (v): Ka (2))]

m)fzST(VXR (y), Va (Z))]

pa(x) >T [SBE 1 (y),g}g 1 (2)]
=T [flly‘l T (A (y); Myg (Z))’fE§ T (B (v)s 14 (2))]
= T(nuA-XR (x)a Hyg.A (x)) =
Also we have,
va(x) < St [xlilyfz VA (y)’xiilyfz va(2)]

=Sr [xig}fzS(VA(y)a Var (Z))vxiil)fZST(vXR (y), VA(Z))]

= ST (Va2 (X); Vie.a (X)) = Via o)A (zd) (X)-
Therefore (A.xr) A (xr-A) C A. The other two axioms can
be found from the hypothesis that A is an IFSR of R wrt 7.
Hence A is an IFQI of R wrt T. O

H(A xr)N(xr-A) (x)-

Theorem 3.5. An IFSRA of Rwrt T is an IFQI wrt T iff LA
and ©A are IFQIs of Rwrt T.

Proof. Suppose A is an IFSR of R wrt 7. Then by lemma
(2.18) LJA and ©A are IFSRs of R wrt T'. First let us assume
that A be IFQI of R wrt T. Then by theorem (3.4), we have

a0 > T [s0p pa0), S0P s (2] ... 1)
Now, Sr [ inf uA( ); lg{ﬁ/i(Z)]
— 11 inf ). 1 inf (o)
= 1—T[sup ua(y), sup pa(2)]

x=yz x=yz
> 1—pa(x) [Using (1)].
Therefore, p§ (x) < S7 [ inf pg(y), inf ug(2)]...... (2). Thus
x=yz x=yz

from (1) and (2) by theorem (3.4), we have [JA =
an IFQI of R wrt T.

Also, since A is an IFQI of R wrt T, so by theorem (3.4), we
have v4(x) < S [ inf vA(y),xinyZ va(@)]...... (3)

(Ma, pf) is

Again, T [ sup v§(y ) sup 4 (z)]
x=yz X=YyZ
=1-57[1—sup v§(y),1 - sup v{(z)]
X=yz X=y7
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=1—S7[sup va(y), sup va(z)]

x=yz x=yz
< 1— v (x) [Using (3)].
Therefore, v§(x) > T sup v4(y), sup vi(@)]...... (4). Thus
xX=yz x=y

from (3) and (4) by theorem (3.4), we have ©A =
an [FQIof R wrt T

The reverse part of the theorem obviously follows from theo-
rem (3.4). O

(vi,va)is

Theorem 3.6. Suppose T(.), C-annihilation T provides a t-
norm. If an IFSR A of R wrt T is an IFQI, then UA and ©A
are IFQIs of Rwrt T(..

Proof. Let A be an IFSR of R wrt T such that it is an IFQI.
Then by lemma (2.19) [JA and A are IFSRs of R wrt T(,,).
Since A is an IFQI of R wrt T, so for all x € R by theorem
(3.4), we get

tia(x) > T [ sup pia(y), sup pa(2)]
x=yz x=yz

> Tiey [ sup pa (y), sup pa (2)]

xX=yz x=yz

3.1

and

Va(x) < Sr [ inf va(y). inf va(2)]

- xX=yz

[ inf vy (y), inf vy (Z)}

X=yz X=yz

<7, (3.2)

Now, Sy, [ inf ui(y), inf p5(2)]
=1-Ty[1 - 1nf /JA ),1— illf 14 (2)]
Ty [supuA SUP Haz )]

> 1—pa(x ) [Uslng (1)]
Therefore, pf (x) < St [ xlilyfz wi(y), )}E‘fz pi(@)] - (3).
Thus from (1) and (3) by theorem (3.4), we have
A = (pa, i) is an IFQI of R wrt T(.).
Again. Tl [ sup v5 ). sup 5 2]
X=yz x=y.

=1-Sz, [1— sup vA( ), 1 — sup v§(2)]

X=yz A=)z

=1- ST(C) [ sup v4(y), sup v4 (z)]
x=yz x=yz
< 1—v4(x) [Using (2)].

Therefore, V§(x) > T(¢) [ sup v4 (), sup v§(z)] ... (4). Thus
x=yz x=yz

from (2) and (4) by theorem (3.4), we have ¢cA =
an IFQI of R wrt 7).

(VX7VA) is
O

Theorem 3.7. Let {A1,Az,..., A} where Ay = (W, Vi), k =
1,2,....mbemIFQIs of RwrtT. Then AiNAxN...NA, is
also an IFQI of Rwrt T.

Proof. LetA =A1NAN...NA,. We will use the induction
method to prove that A is an IFQI of R wrt T.
If m =1, then A = A and therefore A is an IFQI of R wrt T'.
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We suppose, the intersection of (m — 1) IFQIs of Rwrt T'is =T [T (sup i (z), T (sup i1 (y), sup Tu—1 (12(y), - -, Un (1)),
again an IFQI of R wrt 7. By our assumption A NA3N...N =z r=yz r=yz
A, is an IFQI of R wrt T. Let x,y € R. Then sup T 1 (12(2), - - 1m(2)))]
(NP2 O O ) (X —y) SuD su -
T 3) e P (=) 2 T[T (sup 1 (2), 4D T (410 Tt (200, #n())):
:;E‘T“((x( ?) (m))l(ﬂ(2<x {)v( ~),Nm(x —(y))))) sup T 1(12(2), - - m(2)))]
> o1 (2 (%), . (X)), x=yz
- Tm,fl(]uz(%l ..... L (y )))] SRS =T[T(jgpul(Z),sngm(ul(y),uz(y) ----- Hm(¥)),
(since A, NA3N...NA,, is an IFQI of R) S;)Z T
=T ()T T3 ) [ 20 Tt (22 ()
mo1(U2(¥), -, Hn = T[T (sup p1(2), sume (H2(2), -, um(2))),
=T (i (), T(T (1 (x), Tu—1 (H2(x), - .. (%)), o 1 D IR
Tyt (f2(3); - i ())) sup T (k1 (), Dt tin))]
= T(?E)()L,ZT()())TTFH; L(Lm)<yL;§§;C) s b (%)), > T[SE;; T(11(2), Tono1 (H2(2); - -, 1 (2))),
=T ) T(Tn-1(t2(y),- - - M (¥))), sup Tn (1 (v), 2(), - - - ()]
T (p1 (%), 12(%), - ., M (%)) ¥=y2
=T (Tu(tt1 (), 12(); - -, M (¥)), :T[jgngz(Hl(Z)»uz(Z),---7um(Z))),
= Tf(ﬁ(tﬁhfgu)z ﬁz(X)mum)‘(L;n)(x ) 3P Tonht ) 12(3), s tm (7))
(N OO ) (1)) =T [sup(ui Np2 NN ) (),
Thus (U N2 N Ny (x—y) x=yz
> T (V2 N O ) (X), (11 D2 OO ) (3)) jg)g(ul 2NN ) (2)]
(L\it L(JTVZSLTJ) bZﬂJZ )d (l;ail;jlr wrtfuzzy complement. Then =T [gz T (2O, N ) () g (2)),
=87, (Vi(x—=y),va(x=Y),..., Vm(x =) up T , 0
:S;(W(x_Y),STm,l(VZ(x_w 77777 =) sup (e (), (1 O 2 OV ) (2))]
< Sr(Sr(vi)Vi(3)),Sr(St, , (Va(x),-- -, Vi (%)), Thus (41 N2 N0 ) ()
ST, ), Vin(y))) 2 T[(gl;(l ?]“2 n... ﬂﬂm)-“xR)(x)7(”xR~(Nl NlaN...N
(since A) NA3N...NA,, is an IFQI of R) M) ) (X
=Sr (ST(vlz((y))vf(x)),S(T g;rm,l (va(x),..., vin(x)), Al;o, ((v1 (U)vz u(. .). U V) (x () )
St (»(),-.., Vin(3))) =57, (V1(X), V2(X), ... ., Vm(x
=ST€V1 (Y)?S);(ST(Vl(xiSTm,l(VZ(x) ,,,,, Vin(x))), = S7(Vi(x), 57, (v2(x), v3(x),..., Vm(x)))
STm,](VZ(Y) ..... Vm(y)))) < ST [ST(xiil)fzvl( ) 1nf V]( )) ST(IE;ZSTM 1(Vz(y) .....
:Sgi,:/jl(é)\)/;f;)(f?,(\\j,il((;)),);li(x)’.”7vm(x))7 | vr,z(y))7xi£}fZ ST L(n2(2)- -, V()]
=Sr(vi(v),57(S1._ (v2(y), -, Vn())), (since Ap UA3U...UA, is an IFQI of R)
S (V1) Va(X), - Vi () =S [Sr (inf v1(2), inf vi(y), Sr(inf Sz, (v2(9), ...,
=SB0 10 O Va0)), J0E 87, ((2), -, V()]
S (VUYL U )(), = S7[Sr(inf vi(2).Sr (inf vi(y), inf S, (va()...-.
(ViuvaU...Uvu)(y)) Vin())), inf 7, (Va(2), -, Vin(2)))]
Thus (VviUvaU...UVy)(x—y) . =y
<Sr((viUvaU...Uvy)(x), (viUvaU...U Vi) () < St [Sr(inf vi(2), inf S7(Vi(3), 57, (V2(); - V1),
o xigfzSqu(Vz(Z) ----- vin(2)))]
ol S5 0, 010 50 ).
=T (11 (x), Tn—1 (M2 (x), 43 (%), - .., i (x)) ) )jgnyST,,,fl(Vz(Z) ~~~~~ Vin(2)))]
>T|T (fgygul(y),fgygm( 2)), (jg;;ﬂn 1(2(),- (), — s, [sT(inf vi(2), inf 51, (2, Vm(2)),
sup L1 (12(2)s- - s b (2)))] inf sT (vi(y ) vz(y) ..... Viu())]
(since Ay NA3N...NA,, is an IFQI of R) < ST[ 1nf ST(vl( )87, (Va(2), ..., Vin(2))),
:T[T(fgfzﬂl(Z),jggzm(y)),T(g)szfl(uz(y) ----- (7)) meT( OO V)]
fgyngfl(uz(Z),.~.,um(Z)))]

)
5%"2'"”:
Sz
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= Sr[ inf S7,(Vi(2),v2(2); -, Vn(2)))
Inf S7, (V1 (), V20,5 Vi ()]
:ST[xigny(vlUsz...,Uvm)(y)
UV (2)]
:STUB;ST((WUVZU“"UV’")( ¥), Vie (2)),
xig;fzST(va(y), (VIUV2U...UVy)(2))]

Thus (ViUVvaU...UVy)(x) <ST[((VIUVRU...UVi). Vi ) (%),
(Vie-(ViUn U...Uvp))(x)]
Therefore, [(A;1NA2N...NA,). XR] A
C(A1NA2N...NA,).
Hence A=A1NA;N...NA, isan IFQI of R wrt T. O

inf(v1 UwaU..
x=yz

[%R-(Al NAN... ﬁAm)]

Theorem 3.8. Let {A,As,...} here Ay = (W, Vi), k=1,2,...
be a collection of IFQIs of R wrt a continuous t-norm T. Then
NrAx is also an IFQl of Rwrt T.

Proof. Letx,y € Rand (T,St) be dual pair wrt fuzzy comple-
ment.

(i) (x—y) = Hm T, (1 (x = y), 2 (x = ¥), ..., o (x—y))
T
> limT(Tm(l'Ll (x)nuz(x)a e 7“m<x>)’
T (11 (1), B2(3), - Hm () (by theorem 3.4)

— T (lim Ty (1 (x), 1o (), ..
hme(ﬂl(y)a:u'Z(y)a

s i (X)),

,Wn(y))) (since T is continuous)

=T () ®), (1) (»)) [here limit is taken as m — oo]
Also, (bvi)(x—y)T
Sy (V= 3), Va(r— ), oo, V=)
< limS7(S7,, (Vi (x), va(x ) V().
81, (Vi(y), v2(), -- ( ))) (by theorem 3.4)
= Sr(limS7, (v1(x 7\’2( )s-e V(X))
limSz, (vi(y), v2(y), - - Vm(y))) (since T is continu-
iu?T((ka) (ka )) [here limit is taken as m — o]
S
Again, ([)a) (x fhme(ul(X)vuz(x),-~-7um(X))
> T (50D T (10 0) 4200
sup Ton(11(2), H2(2), -, Hn(2))) (b theorem 3.7)
= T)Eli)rznilﬁ Tn(t1 (v)s 2(3), -+, M ()
limfgng(ul(z),uz(z),~--7um( 2)))
- T(jggzlime(ul(y%/«tz( Y)seees Hm(¥)),
fgglime(ul(Z),uz(Z),.~-,um( 2)))
=T(sup(ﬂui)(y%sup(ﬂui)(Z))
ju;;T (ﬂuk) uxR( ))SuPT Mg (y (ﬂ#k) )
(ﬂuk)-uxR (%), uxR~(ﬂuk)

T T
[here limit is taken as m — o]

And, ( U vk) (x)

=1limSy, (vi(x), v2(x),...
<]1mSSTT( mf ST Vi), v2(y),..
1nf ST ( 1(2),v2(2), ..
—ST(hmlnfST( (y),Vg(y),...7vm(y)),
1(2):v2(2), -+, Vin(2)))
7ST(1nf thT,( 1), v2(), -+, Vi (y
):Va(2)s---5 Vin(2)))
(U)o

s Vin (X))

S Vm(Y)),
Vin(z)))  (by theorem 3.7)

lim 1nf ST (v

mf llmSTm Vi(z),va(z
= Sz )}Qf (ka) (),

=Sr (mf ST (ka) VXR( )) mf ST VXR

(ka ) ) ). (e (U )

[here 11m1t is taken as m — oo]
(UAk)' Hence (UAk)
T T

(U"k)

Thus ( UAk XR)N (AR UAk
is an IFQI of Rwrt T. O

Theorem 3.9. Every IFQI of Ris an IFQI of R wrt T.

Proof. Let A be an IFQI of R and x,y € R.
Then pa(x—y) = min(pa(x), ta(v)) = T (pa(x), Ha(y))
and v (x —y) < max(va(x),va(y)) < St(va(x),va(y)).
Also, (A.xr) N (xr-A) C A, therefore for any x € R we have
Ua (x) > min [“A-XR (x) s Hyg.A (x)]
>T [lJ‘A-XR (x)7lJ'XR-A (x)} = “(A.xR)/\(xR.A)(x)
Also, v (x) < max [Va . (x), Ve (x)]
<Sr [VA~XR (%), Vigg.a (x)] = VA xp)A(xr-A) (x)
Thus (A.xr) A (xr-A) C A. Hence A is an IFQI of R wrt
T. O

Note 3.10. From the example given above we have ,the re-
verse of the above theorem is not always true.

Theorem 3.11. If A and B are IFQIs of R wrt T, then AAB
is also an IFQI of Rwrt T.

Proof. Let A and B are IFQIs of R wrt T and x,y € R.

pang(x—y) =T (Ha(x —y), up(x—y))
> T (T (ua(x), ua(v)), T (up(x), up(y))
=T (T(T(ua(x), ua(y)), ua(x)), up(y)
=T (T(T (pa(x), u(x)), ta(y)), ks (y)
=T T(.UA( ) ( )T ( A(Y)»ﬂB( )
=T (pans(x), Hars(y))
And, vang(x —y) =St (va(x—y),ve(x—y))
< S7(Sr(va(x),va(y)),Sr(ve(x), va(y))
= St (S7(S7(va(x),va(y)), ve(x)), v5(¥)
= S7(S7(ST(va(x), vB(x)),va (), vB(Y)
8(x)),ST(va(y), va(»))

= S7(Vans(x
Thus, we have
Harg(x —y) > T (Uanp(x), tanp(y)) and
Van(x —y) < S(Vans(x),vans(y)).
Now, piang(x) = T (ua(x), ua(y))

= ST ST(VA(X)
x),Vang(y)).

o
L0,
Ssa2ez
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=T
Also, vapg(x) =
<Sr S

:ST ST ST 1nf VA

(
=878t ST 1nf VA ) 1nf VB(y

<Sr

:ST 1nf VA/\B
x=

>T|
=T
=T
=T [T (sup pa(y), sup us(y)),
>T|
=T
=T

[St(
[
[
= Sr[Sr( mf vA
[ in
[
[
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T (sup Ha () sup Ha (2)). T (sup (), sup ks (2))]
(T (50 040)50p i 2)5up ), sup 2
0, ) sup s (2)

) (2))]

]
]

(

(T (sup pa
X=yz

( sup Up(y)), sup Ha(z)), sup Up(z

xX=yz x=yz x=yz

( T (sup pa(z), sup up(z)

X=yZ X=YZ X=YZ

), un(y)), sup T (Ua(z), up(z))]
)s

T(T (sup pa
e

x=yz
sup 7 (pa (y
X=yZ

sup (Hang(y

x=yz

sup T ((1ans () Xr(2)), sup T (Xr(Y), Lans (Z))}

xX=yz

xX=yz

sup (IJAAB(Z)]
x=yz

x=yz
[umw).m(ﬂ#xk.(mg)( )}
ST(VA( ):ve(y))

1nf VA( )),ST( il’lf VB(y

1nf va(y 1nf vi(2)
=¥z

) inf va(z 1nf vB(y ) inf vp(z
X=yz xX=yz

),

), ) (
), 1nf VA(Z)) XiEVvaB(Z
inf vB( ), ST( mf va(2), ;B;i va(2)
VB(y))v inf ST(VA( 2),vp(2))]

1nf (VA/\B( )}

1nf ST

=387 XlnfST Vans( )JCR( )),sup T (xr(Y), tans(2))]

x=yz

=87 [ (AAB).xR (x), Vir-(ANB) (x)} .

Therefore ((AAB).xr) A

(xr-(AAB)) CAAB. Hence AAB

isan IFQl of R wrt T.

O

4. Conclusion

In this article instuitionistic fuzzy quasi ideal is defined

in terms of a triangular norm and some of its properties are
discussed as an extension of fuzzy quasi ideals of rings.
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