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1. Introduction

In topological spaces, generalized topology is an impor-
tant generalization. According to the definition of generalized
topological spaces, ¢ may not be come in closed set. In the
same way, X may not be come in the open set of generalized
topological spaces. In general topology, frequented appli-
cations of interior and closure operators give rise to several
different new classes of sets.

In 2002, A. Csaszar[3], [4] was initiated the concept and
invented many u - closed sets like p - pre closed set, u -
closed sets, i - - closed sets, u-f3 closed sets etc., in gen-
eralized topological spaces. He also described some basic
operators on a generalized topology. Thereafter in 2007, P.
Sivagami[10] developed generalized topological spaces and
revealed many more results of it. Then a huge number of pa-
pers are devoted to the study of generalized topological spaces
like topological spaces. G. Hari siva Annam[6] progressed

kuratowski operator in general topology which is motivated to
us analysis on p- pre*- closed sets in generalized topological
spaces. In this paper, we announce the notion of y — pre*-
closed set in generalized topological spaces, and also come
out with some of their properties.

2. Preliminaries:

Definition 2.1. [3] Let X be a non- empty set and |1 be a col-
lection of subsets of X. Then the pair (X, |L) is called as a gen-
eralized topological space (short on GTS) on X if U has the fol-
lowing properties

()9 ecn
(ii) Any union of elements of |l belongs to L.

The elements of U are called U- open sets and the com-
plement of l-open sets are called [1- closed sets. The fam-
ily of all . - closed sets in X is denoted by [1(X).

In GTS (X, 1), My, is defined as My, = ilefl U,.

If My = X then (X,) is called as a strongly generlized
topological space.

Definition 2.2. [3] For A C X, the generalized closure ¢ (A)
is the intersection of all lL-closed sets containing A, which is
the smallest |1-closed set containing A (A C ¢, (A)) and the
generalized interior iy (A), the union of all j1-open sets con-
tained in A, that is the largest [L-open set contained in A
(A2 iu(A)).

Note thatcy (A) = X — iy(X-A) andiy(A) = X — cu(X-A).
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Definition 2.3 (9). Let (X, i) be a GTS. Then the subset
A of X is called a |- generalized closed set (in short, L — g-
closed set) iff cy(A) € U whenever A C U where U is |i-
open set in X. The complement of a L — g- closed set is called
a | — g-open set.

Result 2.4. [4] Every U- closed set is |l — g- closed.

Definition 2.5. Let A be a subset of X, then the |L-g closure
of A is denoted by clu*(A) and it is defined by the intersection
of all u-g closed set containing A.

Result 2.6. Let A be a subset of X, then cu*(A) C cu(A)

Proof. Suppose x ¢ cu(A). Then x ¢ F, for some u-closed
set containing A. By Result 2.4, x ¢ F, for some p-g-closed
set containing A. Therefore x ¢ cut*(A). O

Result 2.7. IfA C B, then cu*(A) C cu*(B), where A and B
are subsets of X.

Proof. Let x ¢ cu*(B). By definition, x ¢ F, for some U-g-
closed set containing B. Since A CB. Therefore, x ¢ F, for
some U-g-closed set containing A. Hence x ¢ cu*(A). O

Result 2.8. If A and B are subsets of X, Then cu*(ANB) C
ot (A) e’ (B).

Proof. We know that, ANB C A and ANB C B. By Result
27, cu*(ANB) Ccu*(A) & cu*(ANB) C cu*(B). Hence
ct*(ANB) Ccu*(A)Ncu*(B). O
Result 2.9. Let A be a subset of X then A is [1- g- closed
if and only if cj;(A) = A.

Proof. Suppose A is a 4 — g- closed set of X. By defini-
tion of ¢, (A), ¢, (A) = N{ F/ACF and Fis u — g-closed} .

u

Since A is 1t — g- closed that implies cj;(A) = A. Conversely,
suppose ¢}, (A) = A. By definition of ¢, (A), ¢j,(A) is p — g-
closed. Clearly, A is a u — g- closed set. O

Definition 2.10. Ler (X, i) be a generalized topological
space. Then A C X is said to be

(i) w- semi closed [5] if iy(cy (A)) C A

(ii) w- pre closed [3] if ¢y (iy (A)) C A
(iii) 1 — o closed [4] if ¢y (iy(cy (A))) C A
(iv) w— B closed [4] if iy (cu(iy (A))) C A
(v) - regular closed [8] if A = cy (iy (A))

(vi) W — 7 closed if A = union of finitely many [L- regu-
lar open sets.

The complement of - semi closed (resp., lL- pre closed, |-
o closed, L — B closed, |- regular closed, W — T closed) is
said to be [L- semi open (resp., |L- pre open, L — & open, L — B
open, U- regular open, L — T open) in X.
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3. u— pre*-closed set:

Definition 3.1. A subset A of a generalized topological space
(X, p) is called a g — pre*-closed set if c; (iy (A)) C A.

The collection of all u — pre*-closed sets in X is de-
noted by P*cy (X) or pre*cy (X).

Theorem 3.2. Arbitrary intersection of L — pre*-closed sets
is L — pre*-closed.

Proof. Let { Fy } be the collection of u — pre*-closed sets.
Then ¢}, (iy (Fa)) C Fg, for each a. Now, ¢, (iy (N Fa)) C
cp(Miu(Fg)) € Nep(in(Fo)) S NFq. Therefore NFy is L —
pre*-closed. 0

Remark 3.3. Union of two L — pre*-closed sets need not be [ —
pre*-closed set as shown in the following example. And hence fi-
nite union of W — pre*-closed sets need not be [l — pre*-
closed set.

Example 3.4. Consider the GTS (X, i), where X={ a, b, ¢, d}
and u={ ¢,{ b} {a b}, {ad}, {abd}} Then{ac} and
{ b,c} are u — pre*-closed but { a,c} U { b,c} = { a,b,c}
is not L — pre*-closed.

Theorem 3.5. Every [-pre — closed set is L — pre*-closed.

Proof. Suppose A is a y-pre- closed set. That implies ¢, (i, (A))
CA. Now, ¢ (iy (A)) C culiu(A)) C A.
It follows that, A is u — pre*-closed. O

Theorem 3.6. Every [l — g- closed set is L — pre*-closed.

Proof. By Result: 2.9, A is u — g- closed then c;‘L (A)= A. Now,
cii(iu (A)) C c;(A) = A. Therefore A is u — pre*-closed.
But the converse is not true. O

Example 3.7. Let X={a, b, c,d}and u= { ¢, { b}, {
a,ct,{a,d},{abc}t,{abd},{a,cd},{b,cd}
, X} Then { a, b} and { ¢, d} are . — pre*-closed but not
U — g- closed.

Theorem 3.8. Every Li- closed set is L — pre*-closed.

Proof. Let A be a - closed set. By result 2.4, A is a u- g-
closed set. By theorem 3.6, the result is clearly true.
But the converse is not true. O

Example 3.9. Consider the GTS (X, 1), whereX={ a, b, ¢, d}

and u={¢,{a b},{a,c},{bc},{a b c}}.Thesets{
a, b, d},{a c d} and{b,c, d} are L — pre*-closed but not
U- closed.

Theorem 3.10. Every u — - closed set is L — pre*-closed.

Proof. Suppose A is a L — a- closed set which implies ¢
(iu (cu (A))) € A. Now, ¢4 (ix(4)) € cy (in(eu (4))) C A.
Therefore we have A is 4 — pre*-closed. But the converse is
not true. O



u-Pre*- closed sets in generalized topological spaces — 1333/1336

Example 3.11. Let X={a, b, ¢, d} and u= { ¢, { a, b}
{act,{bc},{abc}}. Then{a b d}, {a c d}
are W — pre*-closed but not L — - closed.

Theorem 3.12. Every p-regular closed set is L — pre*-closed.

Proof. Let A be a p-regular closed set then ¢, (iy, (A)) = A.
Since ¢, (iy (A)) € cu (ip (A)) A. Clearly, the re-
sult is true. O

Remark 3.13. The converse of the above theorem is not
true may be seen by the following example.

Example 3.14. Let X={a, b, c,d}andpu= {¢,{c},{
a, b}, {b,c},{c,d},{abc},{a,bd},{b, ¢ d} X}
Here { a}, { b} {d},{a b}, {a,c},{a,d},{D,d}

and { a, ¢, d} are W — pre*-closed but not [-regular closed.
Theorem 3.15. Every U — 7- closed set is L — pre*-closed.

Proof. Suppose A is 4 — 7- closed, then A=N Fy, where Fy, is UU-
regular closed. By theorem 3.12, Fj, is u — pre*-closed
and theorem 3.2, NF, is L — pre*-closed. Hence A is L — pre*-
closed. But the converse is not true as shown in the ensuing ex-
ample. O

Example 3.16. Consider the GTS (X, i), where X={ a, b, ¢,d}
and u={ ¢, {b},{a b}, {a,d} {a b, d}}. Thesets{
a,c} {c,d}and{ b, c, d} are u— pre*-closed but not a
U — 7- closed set.

4. u — pre*-closure:

Definition 4.1. Let (X, ) be a GTS and A C X. Then the
p — pre*-closure of A, denoted by pre* c,(A) or p* cu(A),
is the intersection of all U — pre*-closed sets containing A
(AC p*cu(A)).

ie) pre* cy(A)=N{F /ACF and F is L — pre*-closed}

pre*cli(A) is the smallest L — pre* closed set containing
A.

Theorem 4.2. Let A be a subset of X then A is L — pre*-
closed if pre* ¢, (A) = A.
Proof. Suppose Ais L — pre*-closed. By definition, pre*c; (A)
=N{F /F CA,Fis u— pre*-closed } then pre* c,(A)=A.
Conversely, suppose pre* ¢, (A)= A. By definition pre*cy (A) =
N{ F/F CA, Fis u— pre*-closed } and By theorem 3.2,
pre* ¢y (A)is u— pre*-closed. Clearly, Ais u — pre*-closed.
O

Theorem 4.3. If A and B are subsets of (X, L) then the fol-
lowing results hold

i) pre* cy(X) =X

ii)A C pre* cy(A)
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iii) IfA C B then pre* cy(A) C pre* cu(B)
v)A C pre* cy(A) C precy(A) C cu(A)

v) pre* ¢, ( pre* cy(A)) = pre* cy(A)

Proof. (i) follows from definition. (ii) Supposex ¢ pre* cy(A)
thenx¢ N{F : ACF andFis u— pre*-closed} That im-
plies x ¢ F, for some y — pre*-closed set containing A.

Hence x ¢ A. Therefore A C pre* ¢, (A). (iii) LetA C B, sup-
pose x ¢ pre*c, (B) then x ¢ NF such that F is the u — pre*-
closed set containing B. x ¢ F, for some y — pre*-closed

set containing B. Since A C B Therefore x ¢ F, for some

p — pre*-closed set containing A. Hence x ¢ pre* c,(A).

Thus, the result is true.

(iv) Assumex ¢ c,(A),impliesx¢ N{F : ACF and
F is pu-closed} By definition, x ¢ N{ F: A C F and Fis u-pre-
closed} Then by theorem 3.5, x¢ N{ F: ACF and Fisu—
pre*-closed} Therefore x ¢ NF, Where F is in A. Hence,
it is proved.
(v) In theorem 4.2, replace A by pre* ¢, (A), then clearly get
the result. O

Remark 4.4. In GTS(X, ), pre* cu(9) # ¢ if u does not
having X.

Consider the GTS (X, u), where X={ 1, 2, 3, 4, 5}
and p= { ¢, {2} {34}, {35}, {45}, {234},
{2,35},{245}, {345}, {2345} }. Inthis example,

pre* cu(9)={ 1} . In general, pre* ¢, (¢) # ¢ if X is not a
member of U.

Theorem 4.5. If A and B are subsets of (X, |) then pre*cy
(AUB) = pre*cy (A)U pre*cy(B).

Proof. Letx € pre*cy(A U B) thenx € NF such that Fis u —
pre*-closed containing A U B. Thus x € NF such that F is
a [ — pre*-closed set containing A or B. Therefore x € pre*
cu(A) U pre* cu(B).
Conversely, we know that A C AUB and B C AU B. By the-
orem 4.3, pre* cy(A) C pre*cy(AUB) and pre*cy(B) C
pre*c, (AUB). Therefore, pre* cy (A ) Upre*cy(B) C pre*cy
(AUB). O
Remark 4.6. In general, pre* cy (U A;) = U pre* cu(A;).
ieN ieN
Theorem 4.7. pre* cy (AN B) C pre* cy(A) N pre* ¢y ( B)
where A and B are in (X, 1)

Proof. As We know that, A N BC AandA N B C B. By the-
orem 4.3, pre* ¢, (A N B) C pre* cy(A ) and pre* ¢, (A N B)
C pre* cy(B). Therefore, pre* cy(A N B) C pre* cy(A) N
pre* cu( B). O

Remark 4.8. In (ii), (iii) and (iv) of theorem 4.3, the inclu-
sions may be strict and equality may also hold. This can be
seen from the ensuing illustration.
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Example 4.9. Let X= { a, b, ¢, d} be endowed with | =
{o.{b}.{ab},{a d} {abd}.

For (ii), Let A= { a, ¢} then pre* c,(A) = { a, ¢} There-
fore, A = pre* ¢, (A).

For (iii), Let A= { b} and B={ b, ¢ } . Here A C B then
pre‘cy(A)= { b, ¢} and pre* ¢, (B)= { b, ¢} Therefore
pre*cy(A) = pre* ¢, (B).

Example 4.10. Ler X={ a,b,c,d} be endowed with u = { ¢
A ab} {ac} {bc}, {abc}}.

For (iv), Let A= { a, b} then pre * ¢, (A) = { a, bd }
and pre c; (A) = cu(A)= X. Therefore, A= pre* c,(A) C
pre cu(A) = cu(A).

Let B= { b, ¢} then pre* ¢, (B) = { b, ¢, d} and pre c,(B)
= cu(B)= X. Therefore, B C pre* ¢, (B) C pre cy(B) =
cu(B).

Let C= { c} then pre* ¢, (C) = pre cu(C)= cu(C)= {

¢, d} . Therefore,
C C pre* ¢y (C) = pre cy(C) = cy(O).

The above results can be represented in the succeeding di-
agram.

u—closed

U — pre closed ———— +——— U —g—closed
—r—
u— pre* closed
U —m—closed 7 u —regular closed

!

n—o—closed

Where A — B represents A implies B and A —+ B repre-
sents A does not implies B.

Remark 4.11. u — - closed set, L — 8- closed set, L — 6-
closed set and L — o - closed set are independent with L —
pre*-closed.

5. u — pre*-open set

In this sector, we bring up i — pre*-open sets and analy-
sis their basic properties.
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Definition 5.1. Let (X, 1) be a GTS. A subset A of X is called
a |t — pre*-open set if X\A is a L — pre*-closed set.

pre*Ou(X) or P*Oy(X) is the collection of all |1 — pre*-
open sets in X.

Theorem 5.2. Arbitrary union of W — pre*-open set is [l —
pre*-open.

Proof. Assume { Uy } is a collection of p — pre*-open sets
then { X \ { Uy } } is a collection of yu — pre*-closed sets. By
theorem 3.2, N{ X \{ Uy} } is t — pre*-closed. It follows that
U{ Ugq } is w — pre*-open. O

Theorem 5.3. Intersection of two L — pre*-open sets is not |l —
pre*-open which is shown from the following example.

Example 54. Let X={ a, b, ¢, d} and p={ ¢, { b}, {
a,ct,{a,d},{abc}, {abd} {a, cd}, {b,c d}
Here { a, b}, { a, d} are i — pre*-open but { a, b} N { a, d}
is not L — pre*-open.

Theorem 5.5. Suppose (X, W) is a GTS, then the follow-
ing theorems are hold

(i) All u- open is L — pre*-open.

(ii) All u — g- open is L — pre*-open.
(iii) All i — pre — open is L — pre*-open.
(iv) All u — o- open is L — pre*-open.
(v) All p-regular open is L — pre*-open.

(vi) All i — 7t- open is L — pre*-open.

Proof. Clearly, the result is true by the compliment concept
of theorem 3..8 , 3.6, 3.5, 3.10, 3.12 and 3.15. But the con-
verse of all the above statements are not true which are shown
form the following examples. O

Example 5.6. Consider the GTS (X, u), X={ a, b, ¢, d}

andp={¢,.{b} {ac} {ad {abc}}{abd}; {
a,c,d},{bcd}, X} Here{a b}and{c d} are u— pre*-
open but not [L- open and |1 — g- open.

Example 5.7. Consider the GTS (X, u), X={ a, b, ¢, d}
andu={¢,{a b},{ac},{bc},{abc}}.Here{
a}, { b} and{ c} are L — pre*-open but not [l — pre — open,
U — a- open, U-regular open and [l — Tt- open.

6. u — pre*-Interior

Definition 6.1. Let A be a subset of (X, W), then the inte-
rior of L — pre*-open set is defined by U{ U/ U CAand U €
pre* Oy (X)} and denoted as pre*iy (A) or p*iy(A). pre*iy(A)
is the largest |L — pre™ open set contained in A.
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Theorem 6.2. If (X, W) is a GTS, then the following re-
sults hold

i) pre* iy (¢) = ¢

ii) pre* iy (A) C A

iii) IfA C B then pre* iy(A) C pre* iy(B)
iv)iy(A) C preiy(A) C pre*iy(A) CA

v) pre* iy ( pre* iy(A)) = pre* iy(A)

Proof. Obviously, the result is true by compliment concept of
theorem 4.3. O

Remark 6.3. In GTS(X, u), pre* iy(X) # X if u does not
having X.

Consider the example, Let (X, [) be GTS, where X= {
1,234 5andpu= {¢,{2},{34},{3 5}, {45}.{
2,34} ,{235},{245},{345},{234,5} } Inthis exam-
ple, pre* iy (X)=1{2, 3,4, 5} In general, pre* iy(X) # X , X
is not a member of U.

Theorem 6.4. Let A be a subset of X then A is U — pre*-
open if and only if pre* iy (A) = A.

Proof. If Ais u— pre*-open, by definition pre* i), (A) = A. Con-

versely, suppose pre* iy(A) = A. Since pre* iy(A)
= U{U/UCA, Uisu— pre*-open} By theorem 5.2,
pre* iy (A)is p— pre*-open. Hence A is yt — pre*-open. [

Theorem 6.5. IfA and B are L — pre*-open setsin (X, L), then
pre* iy(A U B) D pre*iy(A)U pre* iy( B).

Proof. SinceAC AU BandB C A U B. By theorem 6.2, it fol-
lows that pre* iy, (A) C pre* iy (A U B) and pre* iy (B) C pre*

iu(A U B).Hence pre* iy (AU B) 2 pre*iy(A) U pre * iy (B).

O

Remark 6.6. The inclusion of theorem 6.5 may be strict and
equality may also hold. This can be seen from the ensuing
illustration.

Example 6.7. Consider the GTS(X, W), where X={ a,b,c,d}
and pp={¢.{b},{ab},{ad}, {abd}}.

Let A = {a} and B= { b,d} then A UB = { a,b,d} . Also
pre*iy(A)={a} , pre‘iy(B) ={ b,d} and pre*i,(AUB) =
{a,b,d} . Here pre*iy(A)Upre*iy(B) = { a,b,d} . Hence
pre*iy (A)Upre*iy (B) = pre*iy (AUB)

Let C = { d} and D= { b,c} then C U D = { b,c,d}

Also pre*iy(C) = ¢,pre*iy(D) = { b} and pre*i, (CU

D) ={ b,d} . Here pre*iy(C)Upre*iy(D) ={ b} . Hence
pre*iy (C)U pre*iy (D) C pre*iy,(CUD)
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Theorem 6.8. Letx € X, thenx € pre* ¢, (A) if and only if
V NA # ¢ forevery W — pre*-open set containing x.

Proof. Let x € pre* cy(A). Suppose V. N A = ¢ for ev-
ery U — pre*-open set V containing x. clearly A C X\V
and X\V is u — pre*-closed. Since pre*c, (A) is the small-
est L — pre* closed set containing A. Therefore pre*cy (A) C
X\V. Hence x € X\V, which is contradiction to x € V.

Suppose x ¢ pre* cy(A), then there exists u — pre*-
closed set F such that A C F and x ¢ F. Obviously, x ¢ A,
x € X\F and X\F is i — pre* open. It follows that A NX\F =
¢, which is contradiction to our assumption. Therefore, x €
pre*cl(A) O

Theorem 6.9. If A is a subset of (X,1L). Prore that
(i) pre*iy (X\A) = X\ pre*cy (A)
(ii) pre*cy (X\A) = X\ pre*iy (A)

Proof. (i) Let x € pre*iy (X\A), then there exists u — pre*
open set V such that x € V C X\A. Therefore, x € V and
VNA = ¢. By theorem 6.6, x ¢ pre*c, (A). Hence x €
X\pre*cy(A). Conversely, Suppose x € X\pre*c,(A), that
implies x ¢ pre*c, (A). By theorem 6.6, there exists u — pre*
open set V such that VN A = ¢. This shows that V C X\A.
Hence x € pre*iy (X\A).

(i) It follows from (i) O

7. Conclusion

The goal of the paper is to find basic properties of y —
pre*-closed sets in generalized topological spaces. Further, 1
raise my research towards some special areas in generalized
topological spaces.
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