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On intuitionistic L-fuzzy primary and P-primary
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Abstract

In the present manuscript, we introduce and study the notion of primary submodules as well as P-primary
submodules of a module in the intuitionistic L-fuzzy environment. Apart from investigating basic properties
of these submodules, we explore some foundational results analogous to corresponding submodules. A
suitable characterization of intuitionistic L-fuzzy primary ( P-primary) submodules in terms of primary (P-primary)

submodules are presented.
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1. Introduction

One of the famous problems in ideal (module) theory is the
decomposition of an ideal (module) in terms of intersection
of finite number of primary ideals (submodules). It gives
the algebraic footing for the decomposition of an algebraic
variety in terms of irreducible components. From another
perspective, it is an extension of factoring an integer as a
product of primels powers. A prime ideal in a ring R is in
some sense a generalization of a prime number. Also, primary
ideal is some sort of generalization of prime ideal. An ideal
I(#R) in aring R is called primary if

ab € I = eithera € I or b™ € I for some m € N.

Viz., I is primary ideal < R/I # 0 and every non-zero divisors
in R/I is nilpotent. In a similar manner, a primary submodule
is a generalization of prime submodule in module theory. A
proper submodule N of an R-module M is called a primary
submodule if

xy € N = either x € N or y"M C N for some m € N.

Viz., N is primary submodule of M, if whenever xy € N = ei-
ther x € N or y" belong to the annihilator of M/N, /(N : M).
Also when N is a primary submodule of M then /(N : M)
is a prime ideal of R. If P = /(N : M), then N is called a
P-primary submodule of M (see [9])

After the foundation of the theory fuzzy sets by Zadeh
[30]. Mathematician started fuzzifying the algebraic concepts.
Rosenfeld [23] was the first one to introduce the notion of
fuzzy subgroup of a group. The concept of fuzzy subrings
and ideals were introduced and studied by Liu in [13]. The
notion like fuzzy (prime, primary, semi-prime, nil radical etc.)
ideals were studied by Swamy at al. in [15] and Malik et
al. in [28]. The concept of fuzzy modules was introduced
by Negoita and Ralescu in [20]. The notion of fuzzy prime
submodule and fuzzy primary submodules was studied by
Mashinchi and Zaidi in [16], [29] and Makamba and Murali
in [14], which was further extended by Mohammed M. Ali
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Radman Al-Shamiri in [18]. A detailed study of different
algebraic structures in fuzzy setting can be found in [19].

One of the prominent generalizations of fuzzy sets the-
ory is the theory of intuitionistic fuzzy sets introduced by
Atanassov [1], [2], [3] and [4]. Biswas introduced the notion
of intuitionistic fuzzy subgroup of a group in [7]. The con-
cept of intuitionistic fuzzy subrings and ideals was introduced
and studied by Hur and other in [10]. The notion like intu-
itionistic fuzzy (prime, primary, semi-prime, nil etc.) ideals
were studied in [5], [12], [17], [21] and [26]. The notion of
intuitionistic fuzzy submodule of a module was introduced
by Davvaz et al. in [8] which was further studied by Basnet,
Isaac and John, Rahman and Saikia, Sharma etc. in [6], [11],
[22], [24] and [25]. The notation of intuitionistic fuzzy prime
submodules was introduced by Sharma et al. in [27].

The purpose of this paper is to introduced and investigate
primary submodule and P-primary submodule in the intuition-
istic fuzzy environment and lay down the foundation for the
primary decomposition theorem in the intuitionistic fuzzy
setting.

2. Preliminaries

During this article, R stand for a commutative ring with
identity, M stand for a unitary R-module with zero element 6
and L denote a complete lattice with smallest element O and
largest element 1.

An element 1 # o € L, is termed as prime in L if for any
a;b € L such that a Ab < o implies eithera < o or b < «.

Via an intuitionistic L-fuzzy subset (ILFS) A of X we
mean a mapping A = (f4,84) : X — L X L. We denote by
ILFS(X) the set of all ILFSs of X. For A,B € ILFS(X) we
say A C Biff fa(x) < fp(x) and ga(x) > gp(x) Vx € X. Let
P €ILFS(X) and a,b € L. Then the crisp set Py, ;) = {r € X :
fp(r) > aand gp(r) < b} is called the (a,b)-cut subset of A.
By an intuitionistic L-fuzzy point (ILFP) r(,p) of X,r € X
and a,b € L\{0} with aVVb < 1, we mean r(,p) € ILFS(X)
defined by

) (a,b),
Tap)(8) = {(0, D,

If r(4p) is an ILFP of X and r(,;) C A € ILFS(X), we
write r(g ;) € A.

ifs=r
if otherwise.

Definition 2.1 ([17]). If A € ILFS(R), then A is termed as
intuitionistic L-fuzzy ideal (ILFI) of R if Vr,s € R, following
holds

(i) fa(r—s) > fa(r) A fa(s)s

(ii) fa(rs) = fa(r)V fa(s);

(iii) ga(r —s) < ga(r) vV ga(s):
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(iv)ga(rs) < ga(r) Agal(s).
Definition 2.2 ([27]). If A € ILFS(M), then A is termed as
intuitionistic L-fuzzy module (ILFM) of M if Vim,n € M,r € R,
following holds
(i) fa(m—n) > fa(m) A fa(n);
(ii) fa(rm) = fa(m);
(iii) fa(0) = 1;
(iv) ga(m—n) < ga(m)V ga(n);
(v)ga(rm) < ga(m);
(vi)ga(6) =0.
We refer by IF; (M), the set of ILFMs of M and refer

IF.(R), the set of ILFIs of R. Note that when R = M, then
A € IF,(M) iff £4(0) =1,g4(0) =0and A € IF.(R).

Definition 2.3. If C € ILFS(R) and B € ILFS(M), then the
product C o B and CB are defined as follows: For all x € M,

ifx=rmreRmeM

kﬁwz{MMkwAﬁwn

0, otherwise

8cop(X) = {Inf[gc(r)\/gB(m)] ifx=rmyrcRmecM

1

, otherwise .

if x =X rim;

fep(x) = {Sup[lnﬁ"1{fc(ri) A fz(mi)}]

0, otherwise

ecn(x) = {lnf[SuP?zl{gc(ri) Veg(mi)}] ifx= XL rim

1, otherwise .

Clearly, CoB C CB.

The next lemma can be found in [5], [17]. It provides the
pivotal relation between ILFIs and ILFMs.

Lemma 2.4. Let A,B € IF;(M),C € IF.(R) and let L be a
complete lattice satisfying the infinite distributive law. Then:
(i) CBCAjffCoBCA.

(ii) If r(54) € ILFP(R),X(, 4) € ILFP(M). Then

(54) ©¥(p.g) = (P (51 p.1vg)-

i If fc(0) = 1,g¢(0) =0 then CA € IF,,(M).

(iv) Let r(s;y € ILFP(R). Then for all x € M,

Fronon ) = {zup[mfgwn

ifx=rmreRmeM
otherwise

ifx=rmreRmeM

1, otherwise .
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The next theorem provide relationship between ILFMs
and submodules of M.

Theorem 2.5. Let A € ILFS(M). Then A is ILFM iff A(q.p)
is R-submodule of M,Ya,,3 € Lwith aV 3 < 1.

Proof. Simple proof O

Definition 2.6. (/5], [21]) For non-constant C € ILFI(R),C
is termed as intuitionistic L-fuzzy prime (respectively, pri-
mary) ideal of R if for any X, 4\, ¥(r.s) € ILFP(R) such that
X(p.g)Y(rs) € C inferred that x,, o € C or y(,.) € C (or respec-

tively, X(pq) € Cor y?’m> € C, for some n € N).

The set of ILF-prime ideals of R is written as IF;.Spec(R).

3. Intuitionistic L-Fuzzy Primary
Submodules(ideals)

In this segment, we will explore the characterization of
intuitionistic L-fuzzy primary submodule (ILFPSM) of M.

Definition 3.1. For A,B € [F1.(M),A is termed as intuitionis-
tic L-fuzzy submodule(ILFSM) of B iff A C B. In case B = xy,
then, A is called an ILFSM of M.

Definition 3.2. Let A be an ILFSM of B,A is called an IL-
FPSM of B, if r(s;) € ILFP(R),x(, 4) € ILFP(M) (r € R,x €
M, s,t,p,q €EL), risnXipg EA= X(pg EAor r?‘w)B CA, for
some n € N.

pq

In particular, taking B = xu, if for r(s,) € ILFP(R),x(, 4) €
ILFP(M) we have r(; X, 4 € A inferred as x, 4 € A or
;Z;’I)XM C A, for some n € N, then A is called an ILFPSM of

The subsequent result authenticate the coincidence be-
tween ILFPSM and intuitionistic L-fuzzy primary ideal (IL-
FPI).

Theorem 3.3. If M = R, then A € ILFS(M), is an ILFPSM
of M iff A € IF,(R) is an ILFPI.

Proof. Let A be an ILFPSM of M. As A € IF;(M) and R is
commutative ring, A € IF;(R).

For a,, 4),b(ss) € ILFP(R),a(; 4)b s, € A inferred that
a(pq) EAOr b?&t)xM C A, for some n € N.

If A(pg) € A, then A is an ILFPI.

If b, 2 © A, then fi 23 (" m) < fu(b"m) and
gbz‘x,,)%M(bnm) > ga(b"m),¥m € M and for some n € N. As
R has identity so b"* = b"1 and fb'(’mXM(b"l) =5 < f1 (D"
and gb'(;n%M(b"l) =12 ga(b") inferred that s = fin  (b") <

fa(0") and 1 = gy (") > ga(b"), hence b, ) € A.
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Conversely, let A be an ILFPI of R. Then A C xr and
A € IF,(M). Now, suppose (X, € A for any r(, €
ILFP(R),x(,,) € ILFP(M).

If X(pq) € A, then A is an ILFPSM of M.

IfX(]Lq) ¢ A then r?s,t) €EA= f,:(v:sﬁt)xM(r”m) =s< fa(r") <
Ja(r'm) and g o, (r"m) =1 > ga(r") = ga(r"m) by the

definition of ILFPI of R. Thus, rlonam CA. O

The next theorem, connects ILFPSM to primary submod-
ules, which will help in proving Theorem (3.6).

Theorem 3.4. Let A be an ILFPSM OfB. IfA(a,ﬁ) 7& B(Oﬂ,ﬁ)’
«,B € L, then Ay gy is a primary submodule of By ).

Proof. Suppose A(q g) # B(qp) and rx € A(q gy for some
re€RxeM. If rx € Aq ), then fa(rx) > a and ga(rx) <
B = (%) (a,p) = "(a,B)X(a,p) € A, since A is an ILFPSM of B,
either X(a,p) € A or r’(a’ﬁ)B C A, for some n € N.

Case(i) If x(4 p) € A then fa(x) > a and ga(x) < B =
X EA(a,ﬁ)~

Case(ii) Let rZ’mB)B C A, then for any w € r"B(a,B),w =
r''z, for some z € B(q p)- So, fp(z) > o and gp(z) < B. Now,
o= an fiy(e) < Sup{ah fu(x) :w=r"} = [ () <
fa(w). Similarly, we have B = BV gp(z) > Inf{B V ggp(x) :
w=r"x}= g,?aﬁ)B(w) > ga(w).

Thus, w € A(q g). Thereby "By g) € A(q,p)- Hence A(q g)
is a primary submodule of B g). 0

Corollary 3.5. Let A be an ILFPSM of M. Then A, is a
primary submodule of M.

Proof. Follows from Theorem (3.4) because A(a_ﬁ) =A,, for
o = fx(0) and B = g4(0). O

Remark 3.6. The reverse of Theorem (3.4) may not be true,
see the subsequent example;

Example3.7. Let L=[0,1],M =R=Z. Define A,B<€ILFS(M)

as:
(1,0),  ifx=0
(fa(x),g4(x)) = { (0.5,0.3), ifx€4Z—{0}
0,1), if otherwise
and
(1,0), ifx €4z
(f(x),g8(x)) = ¢ (0.5,0.3), ifxe2Z—4Z
(0,1), if otherwise.
Clearly, A,B € IF;,(M) with A C B. By some manipulation

we can see that Vo, 3 € (0,1], A(q p) is a primary submodule

0gl0
S0,
S5027:

(N
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of B(q p)- But it can be easily checked that A is not ILFPSM
of M. For if we take x = 5,r = 4 then (5)(1/371/@ (4)(2/3,1/3) =

(20)(1/3,1/2) € A, but (4)(2/3,1/3) € A and (5")(1/3,1/2)B £
A VneN.

The following theorem characterized, ILFPSM completely.

Theorem 3.8. (a) Let N be a primary submodule of M and o
a prime element in L. If A is an ILFS of M defined by

fA(x){L ifxeN

o, if otherwise’

0, ifyeN
galx)=4 " :
o, otherwise.

for all x € M, where o is complement of & in L. Then A is an
ILFPSM of M.
(b)Conversely, any ILFPSM can be acquired as in (a).

Proof. (a) Since N # M, is a primary submodule of M, we
have that A is non-constant ILFSM of M. We show that A is
an ILFPSM of M.

Suppose r(y;y € ILFP(R),x(p o) € ILFP(M) are such that
T(s.0)X(pq) €A and x(,, o) ¢A. If x(p.q) ¢ A then f4(x) = o and

ga(x) =, hence x ¢ N.

I 7(s.0)X(p,q) €A then firg, rx) < fa(rx) and

SAP,IVq) ( )
8() (s pave) (rx) > ga(rx) = sAp < fa(rx) and 1V g > ga(rx).

If f4(rx) =1 and g4(rx) =0,s0rx € N. Asx ¢ N and N
is a primary submodule of M, we have *M C N, for some

n € N. Hence fa(r"m) =1 and ga(r"m) =0, for all m € M.

Thus frzl I)XM(rnm) =9 g fA(Vnm) and grE' l)XM (rnm) =1 2

ga(r'm).

If f4(r"x) = o and ga(r"'x) = o', then s A p < o and
tVg> a. As ais prime element of L, we have sAp < «
and p £ o implies s < oc and 1V ¢ > o implies Vg > a
and q, % a implies { <aie.,t> a.

Thus fr (W) =s <@ < fa(w) and gy, (w) =1 >

a > ga(w), for all w € M. Therefore, rE’S z)XM CA. Hence A
is an ILFPSM of M.

(b) Let A be an ILFPSM of M. We show that A can be
represented in the form

ifyeN

1, ifxeN 0,
Oc/, otherwise.

X)= ; X) =
Jal®) {oc, if otherwise 84(x)

Vx € M, here o' is complement of the prime element « in L.

Claim ) A, ={xeM: f4(x) = f4(6) and ga(x) = ga(6)}

is a primary submodule of M.
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Since A is a non-constant ILFPSM of M, so A, # M. For
all r € Rm € M, if rm € A, implies fy(rm) = f4(0) and
ga(rm) = ga(0) so that
(771) (£4(6).84(8)) = 7(/4(0).84(6))"(/2(68) g (6) € A, then
M(£,(6).g4(6)) € A or r(fA(G),gA(G))%M C A, for some n € N.

Case(i) If m(s, (9),¢,(0)) € A, then f4(0) < fa(m) and
84(0) > ga(m) but f4(8) > fa(m) and ga(6) < ga(m) [by
definition of ILFSM]. Hence fa(m) = f4(0) and ga(m) =
ga(0)som € A,.

Case(ii) If r; o) . () Xu C A, then f4(0) < fa(r"m)
and ga(0) > ga(r*m), thus r'm € A, for all m € M, for some
n€N. Now, 8 € N and f4(6) = 1,g4(6) = 0. For all
X €A fa(0) = fa(x) =1 and g4(6) = ga(x) = 0. Now,
A.=N.

Claim (2) A has two values.

As A, is a primary submodule of M, A, # M. Then 3z €
M\A,.. We will show that fs(y) = fa(z) < fa(0) and ga(y) =
ga(z) > ga(0), Vy € M such that y ¢ A,. Now z ¢ A, =
fa(z) <1=f4(0) and ga(z) > 0= ga(0) so z(1 o) ¢ A and
232,84 (2) = 2010) L (fa(2)ga () €A ThUs 1, 0y S A,
since w = 1".w, for all w € M, we have f4(z) < fa(w) and
8a(z) = ga(w).

Let w=y. Then, fa(z) < fa(y) and ga(z) > ga(y). In
a same manner, f4(y) < fa(z) and ga(y) > ga(z). Hence
Ja(z) = fa(y) and g4 (z) = ga(y).

Claim (3) Let f4(z) = o and ga(z) = o, where o is
prime element in L and o be its complement in L. First,
letsAp<aandtVg>o ie.,t Ng < Ocandletp% a and

q%a.

Suppose x € M\A., then x(, ;) ¢ A. Hence 1(;)x(,4) =
X(snpavg) EA= (s xm CA, andforallw € M, f1 4, w) <
fa(w) and 8152 (w) > ga(w). Let w = x. Then,

§= oul(S),)XM (W) < Ja (x) =oaandr= 81 xm (W) > 8A ()C) =
o . Thus s < o and ‘{ < o. Thus, every ILFPSM of M can be
represented in the following manner

() 1, ifxeN ) 0, ifxenN
X)= 5 X)= ’
A o, if otherwise 84 a , otherwise.

Vx € M, here a is complement of the prime element ¢« in L
and N is a primary submodule of M. 0

The above theorem is helpful in settling whether an IL-
FSM is primary or not. This fact is illustrated in the next
example:

Example 3.9. Let M =Z =R. Then M is a Z-module. Define
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A €ILFS(M) as:

0.25, if otherwise 8 0.75, otherwise.

. k . k
fA(x)—{l’ ifxe<p® > A(x)_{O, ifxe<p'>

where p is a prime integer and k > 1. Then A is an ILFPSM
of Z, since < p* > is a primary submodule of M and 0.25 is
a prime element in [0,1]. Notice that A is not an ILF-prime
submodule of M.

In the two succeeding theorems we shall investigate both
the image and inverse image of an ILFPSM under a R-module
epimorphism.

Theorem 3.10. Let h: M — M be an R-modules epimor-
phism, and suppose that L is distributive. If A is an ILFPSM
of M such that Yern, C A, then h(A) is an ILFPSM of M.

Proof. Now it is easy to see that #(A) is an IFSM of M;.

We show that 2(A) is an ILFPSM of M;. Since A is an
ILFPSM of M, so A is of the form

£4(6) 1, ifxeN (x) 0, ifxenN
X)= 5 X)= ’
4 a, if otherwise &4 a , otherwise.

Vx € M, where o is complement of the prime element ¢ in L
and N = A, is a primary submodule of M.

We first claim that if A, is a primary submodule of M and
Xkerh C A, then h(A,) is primary submodule of M.

Let x € Xkern- Then fy,, . (x) =1 < fa(x) and gy, (x) =
0 > hy(x) implies that f4(x) = f4(0) and ga(x) = ga(0) =
x € A,. Thus, kerh C A,.

For all r € R,w € My,rw € h(A,), 3 z € A, such that
rw = h(z). Since h is an epimorphism 3 m € M such that
rw = rh(m) = h(rm) = h(z). Now, rm € A, and A, is a pri-
mary submodule of M, so either m € A, or "M C A,, for
some n € N.

If m € A,, then w = h(m) € h(A,) and if "M C A, then
"My = h(r"M) C h(A,).

Thus £(A,) is a primary submodule of M. Also, because
a is a prime element in L, so by Theorem (3.6), for all w € M|,

if h(A,
fh(A)(W){L ifwe h(Ay)

a, if otherwise

0, ifweh(As)
OC/, otherwise.

gh(A)(W) = {
Hence h(A) is an ILFPSM of M. O

Theorem 3.11. Let h: M — M, be a R-module epimorphism.
If B is an ILFPSM of My, then h™'(B) is an ILFPSM of M.
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Proof. Let B be an ILFPSM of M;. Then

() 1, ifxeB, ) 0, ifxeB,
X)= N X)= '
5 o, if otherwise 85 a , otherwise.

Vx € My, here o is complement of the prime element & in L
and B, is a primary submodule of M.

We first show that 4! (B,) is a primary submodule of M.

Forall r € R,m € M, if rm € h~'(B,) = h(rm) € B, , i.e.,
rh(m) € B,. As B, is primary submodule of M. Therefore,
either h(m) € B, or "M, C B, for some n € N.

If h(m) € B, then m € h~'(B,) and if "M, C B., then
P"h(M) = h("M) C B, = "M C h™(B..). Hence

1, ifxeh (By)
fhil(B) () = {a, if otherwise

w0 if xeh '(B.)
S (x) =<7
8n-1(B) o, otherwise.

Hence 4~ !(B) is an ILFPSM of M. O

4. Intuitionistic L-fuzzy P-primary
submodules(ILFPPSM)

For any submodule N of a module M, the colon ideal
of M into N is denoted by (N : M) = {r[re R,rM C N} =
Ann(M /N) and the radical of (N : M) is denoted by
/(N : M) ={r|r € R,3n € N such that "M C N}.

In this segment we introduce and study the notion of resid-
ual quotients of ILFPSMs.

Definition 4.1. (/25]) For P,Q € IF,(M) and S € ILFI(R).
Then the residual quotient (P : Q) and (P : S) are given by

(i) (P:Q)=U{r@p):reR a,BeL,aVvp <1 suchthat rgp)-
QCP}

(ii) (P:S) =U{x(ap):xEM, &, B €L,V <1 such that S-
X(ot,) QP}

Note that here f(p.g)(r) = Sup{o € L|ropy- O C P} and
gp-0)(r) =Inf{P € L|rqp)-Q C P}, Vr € Rand

fip:s)(x) =Sup{o € L|S-x(q ) C P} and gp.5)(x) =Inf{P €
L‘S'X(a’ﬁ) - P}, Vx e M.

It is shown in ([25]) that (P : Q) € ILFI(R) and (P: S) €
1FL(M).

Theorem 4.2. ([25]) For P,Q € IF.,(M) and S € ILFI(R).
Then we have
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(i)(P:Q0)-QCP;
(ii)S-(P:S)CP;
(iii)S-QCP=SC(P: Q)& QC (P:S).

Theorem 4.3. Let A be an ILFPSM of M, then (A : xu) is an
ILFPI and hence /(A : xu) is an ILF-prime ideal of R.

Proof. Assume that A be an ILFPSM of M.

Let a(g, 1,):D(sy.0,) € ILFP(R) such that a(, ;)b(s, ) € (A :
Am). Then agg, \b(s, X CA. If b, ) ¢ A then there
exists )C(p‘q) S ILFP(M) such that a(sl.,h)(b(sz.,lz) (p.g )) €A,
but by, 1,)x ¢ A. Thus 3 a natural number m € N such that

a5y € A Hence (A:xym)isaILFPI and so \/(A: xu) is
an ILF -prime ideal of R. O

Theorem 4.4. Let B € [F;.(M) and A be an ILFPSM of M.
Then

(i) if BC A, then (A: B) = xg and

(ii) if BZ A, then \/(A:B) = \/(A: xu).

Proof. For(i) Let Tap) EXR=TapBEBCA=rigp) €
(A : B). This implies that yg C (A: B). Also (A:B) C xr
always. Thus we get (A : B) = xx.

For(ii) Suppose B £ A. Let r(q ) € \/(A : B)
= Iop) € (A : B), for some n € N and so apBEA.
As A is ILFPSM of M and B ¢ A implies that 7! p) € (A< 2m),

(o
ie., Fa,p) € (A : XM)-

Therefore, \/(A: B) C\/(A: xu). But\/(A: xu) C+/(A: B)
always. Hence /(A : B) = /(A : xm). O

Theorem 4.5. Let A € IF (M), C € ILFI(R) and A be an
ILFPSM of M.

()Ifcg \/Wthen(A:C):

(i) IfC C (A : xur) then (A : C) = xu.

Proof. For(i) Let x(, 4 € (A : C) such that "o B)X(pg) €A

where r(q gy € ILFP(R). As A is ILFPSM of M, then ei-
ther x,, ;) €A or VEZm/;)XM CA. But rfmme ¢ A, for then

T(a,p) € /(A : Xm) which is not possible. So we get x, ) €A.
Thus (A : C) C A.

For other inclusion, now C.A Q XrA=A=CACAand
s0oAC(A:C). Hence (A:C) =
For(ii) Assume C C (A : xu). ThenC am S (A xm)-xm CA.
Thus C.BC C.xu C A, forevery B€ IF,(M). Hence (A:C) =
XM- O

Definition 4.6. For A, B € IF;(M) with A C B, the ILF-radical
of A in B is defined as N{C € IF.Spec(R)|(A:B) CC}. It is
denoted by IFradg(A) or \/(A : B).

Thus IFradg(A) = N{C € IF.Spec(R)|(A: B) C C}.
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Theorem 4.7. Let A be an ILFPSM of M. Then IFrad,,, (A)
is an ILFPI of R.

Proof. Since A be an ILFPSM of M, then by Theorem (3.8),
A is of the form

if x € Ax

1, ifxeA, ) 0,
otherwise.

fA(X) = {(X gA(-x) = (Xl

for all x € M, where A, is a primary submodule of M and o
is complement of the prime element ¢ in L.

Letp=rady(As) = /(A ). As defined in ([9], p.68).
So p is a primary 1dea1 of R Now define P € ILFI(R) as

follows:

. . 9
if otherwise

1, if
fP(X):{O; ifxep

So by Theorem (2.14) of [26], P is an ILFPI of R. We show
that /Frady,, (A) = P. For this we show that

(i) (A: xm) C Pand

(ii) P is the smallest ILFPI containing (A : }).

ifxep

. . .
if otherwise otherwise.

For (i)

Obviously f.y,,)(x) < 1= fp(x) and g(a.y,,) (x) > 0= gp(x),
forallxep...(1)

Now let x ¢ p = rady(A.). Since rady (A.) = {r € R|F"M C
A, for some n € N}. It follows that x"M ¢ A,, for all n € N.
Thereby there is m € M such that xm ¢ A, and so fa (xm) = «,
galxm) = o
Suppose (p,q) € L x Lsuch that p\Vg <1 and x, 40 xu CA.
By lemma (2.4) we have

ifw=xmxeRmeM
and

fx(pquM() {57

if w is not expressible as w = xm

ifw=xmxeRmeM

q,
8x(pgyom (W) = {1’

Forw =xm, by (1) wehave p = fx, oy (xm) < fa(xm) =«

if w is not expressible as w = xm.

9 = 8x(pg)0xm (xm) > ga(xm) = o . Hence p<a,g> o/, for
all (p,q) € L x L such that x(, 4y o xm C A. ...... 3)
But fia.5,) (x) = Sup{p: fx, ,oxu(*) < fa(x)} and
g(AIXM)(x) =Inf{q: gx(p,q)OXM( ) > ga(x)}. By (3) we get
Fiagn (%) < = fp(x), 8(arzy)(x) > & = gp(x), for all
xé¢p..4).

Hence (1) and (4) imply (i)
For (ii)
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Let P’ be an ILFPSM of M such that P D (A : xu). It is
easy to see that ool oxm CAforall r €R,

So, oy € {s € L|r(sy0oxm C A} and ai e{t€Llryyo

X CA}..(5)
Theorem (2.14) of [26], we have

mm-?’

o,

ifxeP,

ifxepr, 0,
otherwise.

5 /(X)) =
if otherwise” 7 ®) Oci,

where OC; is a complement of the prime element ¢ in L and
P, is an ILFPI of R.

Let r ¢ P,. Then by (5) we get o
and Ot; =gp (1)

= fp/(i’) > f(A:xM)(r) >a
S g(AIXM)(r) S o.

Thus we get a; > o and Oc; < a.. (6)

Fory € (A, : M), by lemma (2.4), we have

1, fw=ymyeRmeM

fY(l,o)OXM (w)= {0

0, ifw=ymyeRmeM
1

if w is not expressible as w = ym

if w is not expressible as w = ym.

9

8y(1.002m (w)= {

Also yM C A, and therefore f4 (ym) = 1;g4(ym) =0,Ym e M

so by (7) and (8) we have

Fyaoon (W) < fa(w) and gy oz, (W) = ga(w) forall w € M.
Hence y(; o) 0 xu C A and thus (1,0) € {(s,#) € L x L[y gy ©
am CA}....9)
Since P’ D (A xum), by (9) we have f/ () > fia. ) () =
1 and g,/ (3) < 2 (y) < 0. Therefore, f/(y) = 1
gp(y) =0, ie, y€ P.. Hence P, D (A, :M).

(Ac : M) =p....(10)
Now (6) and (10) imply that IFrady, (A) = \/(A: xu) = P.
This complete (ii). Hence /Frady,, (A) is an ILFPI of R. [J

Theorem 4.8. If A is an ILFPSM of M, then IFrady,, (A) is
an ILFPI of R iff rady(A+) is primary ideal of R.

Proof. This follows from Theorem (4.7) and Theorem (3.8)
O

Definition 4.9. Let A be an ILFPSM of M and P = IFrad,y,, (A).

Then A is said to be an intuitionistic L-fuzzy P-primary sub-
module (ILFPPSM) of M.

Proposition 4.10. Let A be an ILFPPSM of M. Then r s )X, o)
A implies that either x, ;) € A or r(s ;) € P, where r € R,x €
M,(p,q),(r.s) € LxL.

Proof. Let T(s)X(pg) € A and X(p.q)
for some n € N....(1 1)
ButP = IFradZM

¢ A. Then rf‘w

= /(A xu) = N{C € IF Spec(R)|(A:

)XM QA
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am) € C}.
By (11) we have fp(r") > fia.z,) (") = Sup{s1|r” 1) XM C
A} = sand gp(r") < g(ay,) (") = Inf{nlrf , \am QA} <t

So r’&‘t) € P. Since P is an ILF-prime ideal by'using Theorem
(2.14) of [26] and some manipulation we get r(, ) € P. ]

Theorem 4.11. Let A be an ILFPPSM of M and C € ILFI(R),
B e IF,(M). If CB C A inferred that C C P or BC A.

Proof. Suppose B C A. Then 3x € M such that fz(x) < fa(x)
and gp(x) > ga(x). This imply X(f,(x) ¢p(x)) & A-

Since CB € A we get 75 X(fy(x).gp(x )) = (Vx)m.fB( )ven() S
A, Vr € R. So by Proposition (4.10) r(,, € P for all r € R.
Thus r( ) € C implies r(; ;) € P Vr € R. Therefore CC P. [

Corollary 4.12. Let A be an ILFPPSM of M and C € ILFI(R),
CCP. Then (A:C)=A.

Proof. By Theorem (4.2)(ii) we have C(A : C) C A. Since
C C P, by Theorem (4.11) (A:C) CA. ButAC (A:C) is
obvious. Hence (A : C) = A. O

Theorem 4.13. Let A € IF;,(M) be a non-constant and P €
ILFI(R). Then A is an ILFPPSM of M iff

L risnX(pq) €A and x(,
ILFPsr” ofRandx

q) & A then r, € P for all
g oM

2. if r(sy) € Pthen r?s,t)xM C A for some n € N.

Proof. Let A be an ILFPPSM of M. Then by Theorem (4.12)(i)
holds. Let r(;) € P we show that ’"Els,t)XM C A for some
n € N. By considering definition (4.9) and Theorem (4.7)
if f,(r) = @, g,(r) = B, then r(, ;) € P implies s < fp(r) = a,
t > gp(r) = B. Therefore by using lemma(2.4) we get

fr{’x‘[)xM(W) <s<a< fi(w)and g,?”)xM(w) >1>B>ga(w)
for all w € M. So in this case we get Fsa)Xm S A, otherwise
fp(r) =1, gp(r) = 0. Thus r € Rady(A.) which implies
"M C A, for some n € N.

Hence p4(r"x) = 1 and v4(r'x) =0, forallx e M ......(1)

Now for arbitrary w € M, if r(| ,)XM(W) = (0,1), then
fr (W) < ga(w) and g 7, (W) > ga(w) otherwise by
using lemma(2.4) we have f,? ) (W) = s and 8t (w)=t
and w = r""x for some x € M. So from (1) we get'

Fo W) =5 < 1= falw) and gn_y, (w) =1 <O =ga(w),
for all w € M implies rZ’m xm C A, so (ii) proved.

Conversely, assume that (i) and (ii) holds. We claim that A
is an ILFPPSM of M. Obviously (i) and (ii) infer that A is an
ILFPSM of M. So it is sufficient to show that P = IFrad,,,(A).
Let r(s) be an arbitrary /LF P of R. We show that r(, ) € P iff
F(s.) € IFrady, (A). Now let r(; ;) € P. Then by (ii) we have
rfls.z)XM C A for some n € N....(2)
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I firrady,, (4)(r) = 1. 81Frady,, (4)(r) = O, then

$ < 1= fiFrady, (a)(r) and 1 > 0 = gtpyaa,, (a)(r) and

therefore r(, ) € IFrady,, (A) else by observing Theorem (3.8)
and (4.5) we get )
fIFdeM(A) (r) = o and glFradlM(A)<r) =a
Thus r ¢ IFrady,, (A), and so r""M C A, for all m € N, espe-
cially, "M C A,. Therefore 3's x € M such that r'x ¢ A,;
thus f4(r"x) = & and g4 (r"x) = a. But (2) and corollary
(2.17)(i) imply that s = f, o (r"x) < fa(r"x) = ot and t =

g,J(IH)XM(r”x) > ga(r'x) = o and so by (3) we get

s<a< fIFmdlM (A) (r) and r > a, > gIFradxM(A)(r)'
Hence r(,;) € IFrady, (A).

Next suppose that r(;, € [Frady, (A). If r =0 then
s < 1= fp(0) and t > 0 = gp(0) so r(;,) € P. Thus we
presuppose that r # 0. Now by considering Theorems, 3.8)
and (4.7) if firrad,, (4)(r) = & and grpyaq,, (4)(r) = @ then
r & IFrady, (A) and so "M C A, for all n € N, especially
rM C A,. So there exists x € M such that rx € A,. Thus
fa(x) = a and g4 (x) = o and since A, is a submodule of M,
x ¢ A, and hence x(; ) ¢ A. But r(,,) € IFrady,, (A) implies
that s < fIFmdxM (A) (r) =a= fA(rx) and7 > gIFmdxM (A)(r) =

a = ga(rx).

Therefore r(;)x(1,0) = (rX)(s,) € A. Since x(; ) ¢ A, it
follows that r(s ;) € P by part(1).
I fiFrady,, a)(r) = 1 and g1ryaa,, (4)(r) =0, then r € rady (As)
and so "M C A, for some n € N. Since r # 0 we select the
smallest natural number m such that #"M C A, and ¥"~'M ;(_
A,. Therefore 3 x € M such that #”"x € A, and """ 'x ¢ A,,

so that rm_lx)u’o) ¢ A. Since x € A, so fa(r"x) =1 and
ga(rx) =0 and thus T(s,) (l’milx)“’o) = (rmx)@_’,) € A. There-
fore by part (1) r(,,) € P. Hence P = IFrady, (A). O

Theorem 4.14. Ler A be an ILFPPSM of M and C € ILFI(R)
and (A : C) be non-constant. Then (A : C) is an ILFPPSM of
M.

Proof. Suppose r(;;) € Rand x(,, ;) € M be an arbitrary ILF Ps
such that r(; yx(, 4) € (A : C) and x(, 4) ¢ (A : C) imply that
fae)(x) > pand g(a.0) (x) < q.

But fla.c)(x) = Sup{a € LIC.x(q,5) C A} and g(ac)(x) =
Inf{B S L‘C.X(aﬁ) QA}

We conclude that C.x(4 g) C A. Therefore 3 w € M such that
Jexap W) < fa(w) and e, 5 (W) = ga(w), so fa(w) # 1
and ga(w) # 0 as such C.x(q gy(w) # (1,0). Then by lemma
(2.16)(i1) we get

Supw:ax{inf{fC(a)ap}} < fA(W) and
Infy—ax{sup{gc(a),q}} > ga(w). Thus 3 a € R such that
w=axand Inf{fc(a),p} < fa(w) and Sup{gc(a),q} = ga(w)
= A(fe(a).gc(@)¥(p.g) = () (fe(a)Apscla)vg) FA-

Since A(fo(a),gc(a)) € Cand T(s,)X(p.q) € (A C) we get
a(fc(a),gc(a))(r@,?,)x(,,’q)) € C(A : C) and so by lemma (3.4)(ii)

we get 75 (a<fc(a>7gc<a>)x(p7q)) S C(A : C). Now by () and
Theorem (4.12) we get r(, ;) € P. This set-up (i) of Theorem
(4.15).

Next suppose r(;;) € P, so that by hypothesis Theorem
(4.15)(ii) we have rz’s_’t)xM C A, for some n € N. Then by using
lemma (3.4)(i) we get rZ’S_’t)xM C (A:C), for some n € N. This
set-up (ii) of Theorem (4.12). O

Theorem 4.15. Let A be an ILFPPSM of M, B € IF;.(M) and
(A : B) be non-constant. Then (A : B) is an ILF-P-primary
ideal of R.

Proof. Moving parallel to the proof of Theorem (4.14) mak-
ing corresponding changes and using Theorem(4.2)(i) instead
of Theorem(4.2)(ii) One can checked that

() r(s1)@(ap) € (A:B) and a(q gy & (A : B), then r(, ) € P for

all ILF Ps r(”),a(a?ﬁ) of R
(i)if r(;,) € P then rz’s 0 XR C (A:B) for some n € N.

Thus, by Theorem (4.13), (A : B) is a P-primary submod-
ule of R. So by Theorem (3.3), (A : B) is a P-primary ideal of
R. O

Theorem 4.16. Let h: M — M, be an R-module epimorphism
and suppose that L is distributive. If A is an ILFPPSM of M
and h-invariant. Then h(A) is also an ILFPPSM of M.

Proof. Assume that A be an ILFPPSM of M and h-invariant,
then by Theorem (3.10) k(A) is an ILFPPSM of M. Now we

claim that \/(h(A) : xum,) = /(A xm).

(h(As) : M) implies that " € (h(Ay) : My),
) € h(As) =

Let r €
for some n € N. Then r"M; C h(A.) = r""h(M
h(r"M) C h(A.).

Letx=r"m e r"M,m € M. Then h(r"m) € h(r"M). Then
h(x) = h(r"m) C h(A,). This implies that i(x) = h(z), for
some z € A,. As A is h-invariant so f4 (x) = fa(z) = f4(0) and
ga(x) =ga(z) = ga(0) = x € A... From this we get "M C A,
and this implies that r* € (A, : M), and so r € \/(A.: M).
Thus \/(h(A.) : My) € /(Ac: M).

Again let p € \/ (A, : M) this implies that p' € (A, : M)
for some ¢ € N. Then p’M C A.. From this we get i(p'M) C
h(A)). So, p'h(M) C h(A,), i.e., pP'M; C h(A.), as h is an
epimorphism. This implies that p' € (h(A,) : M;), ie., p €

V/(h(A.) : My). Therefore we get /(A : M) =+/(h(A.) : My)
and so \/(A : xu) = \/(h(A) : xa,). This complete the proof.
O

Theorem 4.17. Let h: M — M, be a R-module epimorphism.
If B is an ILFPPSM of My, then h='(B) is an ILFPPSM of M.

Proof. Assume that B be an ILFPPSM of M|, then by Theo-
rem (3.11) A~ !(B) is an ILFPSM of M. Now we claim that
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VB ) =/ (h'(B) : xm).

Let r € \/(h"1(B.) : M), then #* € (h"'(B.) : M) for
some n € N. So "M C h_l(B*) = h(r"M) C B,, i.e.,
r"h(M) C B, as h is epimorphism, which infer that "M C B,,
ie., € (By: M) andsor € /(By:M).

Thus, v/(h~1(B) : M) C \/(B. : M)).

Again, let p € \/(B, : M) this infer that p’ € (B, : M)
for some ¢t € N. Then p’M; C B,.. So p'h(M) C B, as h is
epimorphism, so h(p'M) C B.,i.e., M C h'(B,)
=p' € ("1 (B.):M),ie. pe/(h1(B.): M).

Thus \/(Bs : M) € \/(h"1(B.) : M). So \/(h"'(B.) : M) =
V(B :My). Hence, /(B xm,) = /(W 1(B) : xm).

This complete the proof of the theorem. U

Theorem 4.18. IfA|,A,,.....,Ax be ILFPPSMs of M. Then
NX_, A; is also ILFPPSM of M.

Proof. LetA = ﬂf»‘zlAi, where A1,A3, .....,A; be ILFPPSMs
of M, then

\/(A]IXM)Z\/(AQIXM)Z .......... :\/(AkaM):P.

Let T(s,) S ILFI(R) and X(p.q) S IFL(M) such that
T(5,)%(p.q) € A = QZF:]A,' and T(s,1) ¢ \/ (A : %M)
Since /(A= 00) = /(N1 Ar ) = /N (4 20) =

;‘:1 /(A : xm), by using Theorem (4.6) of [12] and The-
orem (3.4) of [25]. Thus we get r(;)X(,q) € Ai and () &

(A; : xm), then since each A; are ILFPPSMs of M, we have
X(pg) EALYI=1,2,....k 50X, € ML A; = A. It remain
to show that /(A : xu) = P.

If r(y;) € P then 3 n; € N such that r xy C A;, Vi e

(s.0)
{1,2,....,k}. Letn =Y%_, n;, then )

So we have r?x,t)%M C ﬂleAi =A. Thus r(;) € / (A:xm)-
Sowe have P C /(A : xm)....(1)

Conversely, if r(;;) € \/(A : Xm), then

risa) € N1 V(Ai xm) = P.so /(A xu) C P.....(2).

From (1) and (2) we get v/ (A : xu) = P. This complete the
result. O

5. Conclusion

In this paper we have explored the fundamental ideas
of intuitionistic L-fuzzy primary and P-primary submodules.
We proved that intuitionistic L-fuzzy primary submodule is
a two valued intuitionistic L-fuzzy subset and base set is a
primary submodule. (The base set of intuitionistic L-fuzzy
primary submodule A is defined as the set {x € M|fs(x) =
f4(0);84(x) = ga(6)} and vice versa. We also investigated
the effect on intuitionistic L-fuzzy primary submodules under
module homomorphism. The radical of intuitionistic L-fuzzy
primary submodule has been explored completely which has
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am CALYie{1,2,.....k}.

been used to define the notion of intuitionistic L-fuzzy P-
primary submodules of M, i.e., if A is an intuitionistic L-
fuzzy primary submodule and if P = IFrady, (A). Then A is
termed as intuitionistic L-fuzzy P-primary submodule of M.
Many properties of intuitionistic L-fuzzy submodules have
been studied in terms of residual quotients. We have also
laid down the foundation of the most important property in
module theory: decomposition of submodules in terms of
primary submodules in the intuitionistic fuzzy setting.
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