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Strong and mild solutions of the system of fractional
ordinary differential equation and it’s applications
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Abstract

The purpose of this paper is to solve the system of fractional ordinary differential equations. Furthermore, we
prove the solution obtained by using Laplace transform technique are mild and strong solutions. We established
the existence and uniqueness of the solution. Also, we simulate strong solutions of the system of fractional order

differential equations by maxima software.
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1. Introduction

Fractional Calculus is field of applied mathematics that
deals with derivatives and integrals of arbitrary orders. Re-
cently many applications of fractional calculus can be found
in basic sciences, technical sciences, fluid dynamics,stochastic
dynamical system, plasma physics and controlled thermonu-
clear fusion, nonlinear control theory, image processing, non-
linear biological systems, astrophysics etc. Various phenomenon
were modelled with fractional differential equations. Frac-
tional differential equations have appeared in many branches
like physics,chemistry,biology,economics and engineering.
There has been a considerable development in fractional dif-
ferential equation in the last decades.

Recently, Many researcher solved ordinary fractional dif-
ferential equation and obtained their mild and strong solutions.
Zufeng Zhang, Bin Liu established sufficient conditions for

the existence of mild solution of fractional differential evo-
lution equation by using Banach fixed point theorem [14].
H.L.Tidke, M.B.Dhakne prove the existence and uniqueness
of mild and strong solutions of a nonlinear Volterra-integro
differential equations with non-local condition, and analy-
sis is based on semigroup theory and Banach fixed point
theorem[l, 3]. Adel Jawahdow is concerned with the ex-
istence of mild solutions for fractional semilinear differen-
tial equations with non-local conditions in separable Banach
space and furthermore the result is obtained using the tech-
nique of measures of non-compactness in Banach space of
continuous functions and Schauder fixed point theorem|[1].
K.Bhalchandran, S. Ilamaran prove the existence and unique-
ness of mild and strong solutions of a semilinear evolution
equation with non-local initial conditions using method of
semigroups and Banach fixed point theorem[5]. Lijuin Pan is
concerned with the existence of mild solution for impulsive
stochastic differential equation with non-local condition in
pc-norm and approach is based on Kransnoselskii fixed point
theorem[7]. J.Vanterler da c.Sousa, Leandro S. Tavares, E.
Capelas de Oliveira investigate the existence and uniqueness
of mild and strong solution of fractional semilinear evolution
equation in the Hilfer sense by means of Banach fixed point
theorem and Grunwall inequality[4]. Lizhen Chen , Zhen-
bin Fan prove new existence results of mild solution to frac-
tional differential equation with non-local condition in Banach
spacel[8]. Sayyedah A.Qasem, Rabha W.Ibrahim, ZailamSiri
prove existence and uniqueness of bounded m-solutions and
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s-solutions for fractional integro-differential equations with
fractional resolvent and unbounded delay[12]. Uttam Ghosh,
Susmita Sarkar, Shantanu Das developed analytical method
to solve the system of fractional differential equation in terms
of M-L function and generalized sine and cosine function
where fractional derivative operator is of Jumarie fractional
derivative which is modified RL frcational derivative[13]. Sab-
bavarapiu Nageswara Rao, Meshari Alesemil established the
existence and uniqueness results for a non-linear coupled
system of Caputo type fractional differential equation, sup-
plemented with coupled fractional non-local non-separated
boundary conditions by using Banach contraction principal
and Leray Schauder fixed point theorem[11]. Mohamed A.E.
Herzallah studied two fractional periodic boundary value prob-
lems and under some conditions the uniqueness of mild solu-
tion is proved for both problems. Finally these mild solutions
will be strong solutions under certain conditions[10)].

In this connection we solved system of fractional ordinary
differential equations, and obtained their mild and strong so-
lutions. The main Problem is

ay §Dx(t) +biy(1) = f(1) }
arx(t)+by §DIy(1) = g(1) |~

where 0 < o < 1 and a1, az,b1,bs € R— {0}, initial conditions
are

(1.1

x(0) = x(1),y(0) = y(1).
Here x(¢) and y(¢) are unknown functions and f(z), g(¢) are
known functions. Also, we prove that the mild solutions will
strong solutions under certain conditions. Furthermore, we
also established the existence and uniqueness by using Banach
contraction principal and Schauder fixed point theorem.
We organized the paper as follows:
In section 2, we define the basic definitions and properties of
fractional calculus. Section 3, is devoted for strong and mild
solutions of the system of fractional ordinary differential equa-
tions of order 0 < o < 1. Section 4, is devoted for existence
and uniqueness of the strong and mild solutions of the system
of fractional ordinary differential equations. In section 5, we
solve some test problems and their solutions are represented
graphically by Maxima software.

2. PRELIMINARIES

Definition 2.1. Riemann-Liouville Fractional integral:
If f(t) € Cla,b] and a < t < b then

1 t
I t:—/r— *f(s)d 2.1
atf() r(a)a( S) f(S) S, ( )
where 0 € (—oo,00) is called the Riemann-Liouville fractional
integral of order Q.

Definition 2.2. Riemann-Liouville Fractional Derivative:
If f(t) € Cla,b] and a <t < b then

dl‘l 1 t
DL FO=DU ()= 5 gy -9 0
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2.2)

where o € (n— 1,n) is called the Riemann-Liouville fractional
derivative of order Q.

Definition 2.3. M.Caputo Fractional Derivative:
If f(t) € Cla,b] and a <t < b then

1 t
SDEF0) =ali D 1) = g [ (= s
(2.3)

where & € (n— 1,n) is called the Caputo fractional derivative
of order «.

Definition 2.4. Mittag-Leffler function of one parameter:
The Mittag-Leffler function of one parameter is denoted by
Eo(2) and defined as

k

- z
Ea(Z) *k;om,a eC, Re(a) >0

(2.4)

Definition 2.5. Mittag-Leffler function of two parameter:
The Mittag-Leffler function of two parameter is denoted by
Eq g(z) and defined as

Zk

Eqp(z)=Y, W

k=0

, o, €CRe(a)>0,Re(p)>0.
2.5)

Definition 2.6. Laplace transform of Caputo Fractional deriva-
tive: The Laplace Transform of Caputo Fractional derivative
of order o.(o > 0) is defined as

n—1

LD f(0)}y =s"L{f (0} = Y, s* ' fH(0) 26

k=0

Definition 2.7. Mild and Strong Solutions:

Let J = [0, 1], the function x,y € C(J) is called

(i) A strong solution of system (1.1) if x,y € AC(J) and (1.1)
holds on J.

(ii) A mild solution of problem (1.1) on J if

b
(1) = 2(0) = oly(e) + ol () @7
1
(1) = y(0)— %olzax(f)+golzag(f) 2.8)

Proposition 2.8. Convolution integral:
The Convolution integral of two functions f(t) and g(t) is
denoted by f(t) * g(t) and is defined as

10 g0 = [ 1l0=5)g(5)ds 2.9)
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Proposition 2.9. Laplace transform of Convolution integral:
The Laplace transform of Convolution integral of two func-
tions f(t) and g(t) is given as

8N} = L{f(0)}-L{g(1)}

Proposition 2.10. Laplace Transform of Mittag-Leffler func-
tion

L{f(t) = (2.10)

L{r%FB-1Ek (ar®)} = ﬂ .11
oS o gk .
Hence we have following inverse Laplace Transform
o—p ok+p—1
-1 S - t k
L {(so‘—a)k+1}_ 0 aﬁ(at ) (2.12)

Proposition 2.11. Integral of Mittag-Leffler function

¥t E, y(ALP)] = 19T E, L (A1P) (2.13)

Proposition 2.12. Derivative of Mittag-Leffler function

L1, (7))

dt = tqizEp,qfl (AtP)

(2.14)

3. MAIN RESULTS

Lemma 3.1. Let 0 < o <1 and u € C(0,T). If there ex-
ist f € C(0,T) such that u=o I f then the function u has
Sractional derivative )D*u = f

Theorem 3.2. If f(t), g(t) are continuous function and ay, by,
apand by are non-zero real constant then the system (1.1) has
continuous mild solution are given by

x(1) :ail &1 Erq a(A t2a) * f(1) + Exq1 (ltm)x(O)

— £l2a71 Egaﬁza(l t20¢) *g(l)
a
)
- ;—zz Eag a1 (A 12%)y(0) (3.1)

)
y(t) =5 2% By 00 (A12%) % £ ()
A
— %t Erg. o1 (A2%) x(0)

*g(t) + Exq 1 (A12%)y(0)
3.2)

1
+ ;Zta_lEZa,a(A IZ(X)

This solutions become strong if x,y € AC(0,T).

1445

Proof. We have to find solution of system(1.1) by using Laplace
transform, therefore taking Laplace transform of both sides of
the system (1.1), we get

ar L{GDfx(1)} + biL{y(1)} =L{f (1)}
)

L) 410} <L)
a1s* X (s) —a;s* 1 x(0) + b1 Y (s) =F(s)
ar X(s) + bas®Y (s) — by s* ' y(0) =G(s)
a1 5% X (s)+b1 Y (s) =F(s)+a; s* ' x(0) (3.3)

ar X (s) + bys®Y (s) =G(s) + by s* ' y(0)

Solving above equations simultaneously for elimination of
Y (s), we get

(a1by5*% — az by )X (s) =bys* F(s) + a1 by s** 1 x(0)
— b1 G(s) — by bys* 1 y(0).
I s* s2o! A G(s)
X(s) =— F -=
(5) ap s2¢ -1 (s) + sza—lx( ) ar 2% — 2
b A s 1
—— —y(0
as sza _ A« y( )
where A = a?b;
Taking inverse laplace transform, we get
1
x(t) =— 1% Eag q(A12%) % £(£) + Eag1 (A7) x(0)
ai
A 201 2a
——t Era2a(A17%) xg(t)
ar '
by
= "B (A2))(0) (3.4)
From equation (3.3), we have
1 -2 a A s%1
Y(§)=— 5+ — — ——x(0
(s) by s2% — A (s) by s2%—) *0)
1 5% 205 1
+ by 5207 G(s) t a7 -5 Y(0).
Taking inverse laplace transform, we get
A
(1) :7];2‘* VErapa(A12%) % f(1) (3.5)
aiA
- ;Tz Ezq,a1(A2%) x(0)
1
+ 1 Eag a2 2*)xg(t)+Eaq, 1(A12%)y(0)
2
(3.6)

Using equations (2.7) and (2.8), to prove that the solution of

009 nn,,
5:

; ‘a’uv
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the system (1.1) are mild.

b 1
x(0) — ;i ol y(t) + o ol f(t)
by

ai

A 1
U e Erg. a1 (A**) x(0)+—1
bl bZ

s 81)+ Exa1 (A r2“>y(o>} + Lol 0

= x(0) — 1“{ bf‘ 20 B g2 (A% % £(1)

a—1 EZ(Z,O((A t2(x)

A 30 By 5 a(A %) 5 £(2)

ai

byA 1

#8(0) = == 1" Bra a1 (AP 5(0) + - o F (1)

= ita7] EZ(X,(Z(A’
ai

£ s £(6) ~ -0l
1

A
+Exg 1 (A 2% x(0) — =

- (2% Eagq 2q (A £2%)] % g(t)

by A 1
— 22 % By g 1 (A2%) y(0) + — oI f (1)
ap a

1
= *tail E2a.oc()b
aj ’

%) % £(1) + Eaq,1 (A2*) x(0)

A
& t2a—1 E2a,2a ()L t2(x
as

)*8&(t)

boA
- Lt Erq, a+l(lt2a)y(0)

a

= x(1)

Hence, equation (2.7) is proved.

(0) — 2 0lfal0) + -0l g(0)

as

1
:y(o) - bZOIta{alta_lEza’a(k IZOC) *f(t)

+ Erq, 1 (ltza)x(()) — £t2a71 E2a,2a(7L t2a) *g(l‘)

ap
by A 1
=2 B (500} + o500
[75) b2
—y(0)— 22 {tza_l Eg 2a(2 IM)] * f(1)
bray '
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%oc 1E2a a@[ )

a
- 172[&['j2¢)t,oc+1()L t2a)x( )
2 by

x g()+ A % [EM(W) _ 1] 3(0) + bizozﬁg(z)
:y(O) jl [Za ]Ezoc 2a(lt2a>:| *f(t)
O B 1 (AP)x(0)
1
2’ 1 o—1 20 1 ﬂxil
er—2 bt Ergqa(At )_AF(a)} * g(t)
+ Exa (A5%)3(0) = 5(0) + - ol7g(1)
:—bi 2a_1E2 2 ()Lt a) *f(t)
1
all

— Tlt EZO! OH—l(A' tza)x(O)

1 1
+ — 1% Eag o (A1%) % g(1) — — ol g(t)
b2 b2
1
+E2a, 1 (A tza)y(o) + - Olzag(t)

by
=y(t)

Hence, equation (2.8) is Proved.
To prove x(¢) is strong solution of the system(1.1)

bk

— = Ezq, a+1(A tza)y(o)
ap

1
= *taizEZa,afl(/pU

71E2a,0 (;Ltza)x(o)
ay

205 f(t)+t
%) g (1)

20-2
— 1" Exg2a-1(A
aj

_ %ta_l E,
az

a,a(ltm))’(o)

— 1 Erg - 1(A12%)  £(1)
a

F AP By 00 (A17%) x(0)
A -

Eza ra-1(AP%) xg(1)
az
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+A tzailEzaﬁza(ltza)x(O)

A ooge
— gtza 2E2a’2a7](kt2a) *g([)

by
a

1%~ B, a(217%) y(0)

thax([) = il‘_ll‘j2¢;¢7()(7tl‘2w) * f(t)+)l,laE2a$a+1 (/’Ltza)x(O)
ai

2 b
— 1 By a (A% % g(1) — ;iEza, 1(A2%)y(0)

aj
3.7
L -y = L -2 - A petpy, e
ap ap Y= ay a by 20,20

* f(t)— al]?i)LtOCEZO:,oz+l(A tZa)x(O)
1

+— 1% Eyg o (M%) % g(t) + Eag 1 (A£*%)y(0)

— S0+ 2| B3 5 1)

-1
N *f(t)] A1 Ezg g1 (A12%)x(0)

Loy -2y = ailr-lEZa,oW“)*fa)

F A1 a1 (A7) x(0)

A b
- ;2 ta71E2a,a(At2a) * g(t) - ;jE2a, 1 (A t2a)y(0)
(3.9)

From (3.7) and (3.8), we get
1 b
Cno 1
D t)=—jft)——yu
§Dx(0) = —- 1) = 2500
Thus, x(¢) is strong solution of the system (1.1).
To prove y(¢) is strong solution of the system(1.1)

V()= 250

_ d A’ 2a—1 20
=7 —th Ezga(At°%) x f(t)
A
_%taEZa,a—H()“tza)x(o)

1
+ *ta_lEZa,a()Ltza) * g(t) +E2a,l(/lt2a))’(0)

by

= 7bilt2a_2E2a,2a7] (A tza) * f(t)
- “;—’Iza*‘ Erg. o (A12%)x(0)
1

+b2

Lﬂ* Eroa(A2%) % g(1)— %Eza,l (A£2%)y(0)

L02p o (AP g (1) 1 Bz 0 (A2%)(0)

= —%tza‘2E2a72a,1(l %) % £(1)

A
- %t“*1E2a7a (A12%)x(0)
1
1
+5- 12 Ergq 1 (AP%) % g(t)
2

+ A% Eyg 0 (A 12%) y(0)

§DXy(1) =0 I %Y (1)

A
=0}~ o Ea aa 1 (M) # £10)
A
— A e By o (A7) x(0)
by '
1
17 Eaaa 1 (A9) (1)
2

OCDtay(t) = —lta*IEZm (A tzo‘) * f(t)
alz’ E 2 200
T by 20,1 (A7) x(0)
+ it_ll'j2¢)¢7()(ﬂ.l‘206) * g(t)
by
+ A% Bz g 1(A12%) y(0) (3.9)
i _ai _i _@ l a—1 20
et 2= ()= 2 | 1 B (A7)

#f (1) +Eaq.1 (A*%)x(0) — %tzo‘*lEza:za(ltZ“)

brA
2 taEm,aH(W)y(m}

*8(’)—72
— i _& oa—1 20
= b g(r) bra 197 By (A7) x f(1)

- %Em,] (A12%) x(0)
2

A L e o (A% g(r)— L e, (1)
b2l Pl 870 "8
+A[aE2a7a+](lt2a)y(0)

i _ ai — 7& a—1 20
bgg(t) bzx(t)i blt Exg a(At7) % f(2)
A
- %Em?l(mza)x(())
1
+ EflEm,o(MQO‘) 5 g(1)

+ A% B o1 (A12%) y(0) (3.10)
From(3.9) and (3.10), we get

1 ay
ED%y(t) = —g(t) — —
oD ¥(t) b g(t) by x(t)

o
LS89,
Ssa2ez

1447



Strong and mild solutions of the system of fractional ordinary differential equation and it’s applications — 1448/1453

Thus, y(¢) is strong solution of the system (1.1).

Theorem 3.3. The solution of the system(1.1) is written in
the form of Greens functions as follow

1 1
:7/ G?L,Ot([as
a Jo

dsf—/ D.alt,s)g

and

y(t b2/G7LafS s——/fﬁats

where G) o (t,5) and 9, o (t, s) are Green’s function given
as follow

O(0t, A, 1) (1—9)% 1 Eyy o [A(1—5)%%]

+AW(a, A, 1) (1= 9)2% LBy 0 [A(1—5)%%]

Ghalt,s)= (1t —=5)* " Erq At —5)"], 0<s<1t
O(a, A1) (1—5)% " Eag g [A(1—5)>]
+Ay(a, A, 1) (1—5)2 " Exg g A (1 —5)%%]
r<s<l1
(3.11)
and
¢(a, A1) (1= Exg 20 [A(1 - 5)7%]
+y(a, A, 1) (1—5)% 1 Exg o [A(1—5)%]
gﬂ,a(%ﬂz +(t_s)2ailE206,2a [A(;_S)Z“],Ogsgt

o(a, A, 1) (1—5)2% 1 Exg g [A(1—5)2%]

+y(o, A, 1) (1 —s)a’lEzma[/'L(l —5)%
t<s<l1

(3.12)

Proof. Using initial condition x(1) = x(0) in (3.4), we get

— s)a_lEza,a [A(1— s)za]f(s)ds

- 01(1 —5)2 % By aa[A (1 —5)*%]g(s)ds
+ Ezq1 (A) x(0) — %Eza a+1(A) ¥(0)

byA

[1—E24,1(4)]x(0) + o P a+1(4) y(0)
= % 01(1 _S)a_lEZa,a[z—(l —S)za]f(s)ds
- & 1(1 _S)zailEZa.zoc A1 —S)Za}g(s)ds
a Jo

(3.13)

Using initial condition y(1) = y(0) in (3.5), we get

1
Y0 =2 [10= 9 Bl (1~ )
1 1
+z72/ (1= )% EsqalA(1 - 5)2%g(s)ds
U a1 (1) (0)+ B (4) (0)
%Ezaw ()x(0) + [1 - Eaq1 ()] ¥(0)  (3.14)
— _bil /01(1 —s)m’lEZa,w [A(1—25)2%f(s)ds
1 ! a—1 20
+5/0 (1 )% Esg A (1 —5)2%g(s)ds
(3.15)

we, elliminate y(0) from (3.13) and (3.14), we get

(1= Exa (A)x(0) = Z2= 5 [Ea e (A)](0)

1—E2(x1

lbz lal
a

D09 Bl - 9 (5)as
Ml—Emm

P B ) 12 i 1551

A i) / (1-5)2% Eyg 2 [A (1-5)2%] £(5)ds
aj JO

o2 a0 [ (1) Baaal (15 g(5)ds

—Pa A ! o— a
x(O):]alZiJ;)) /O (1= )% Exg a[A(1 — 2] f(s)ds

Al =Eye1 (A ]/

2a—l )20
ay\(a, ) Erqa[A(1—5)""]g(s)ds

AEyq qi1(A) " }

m/o (1= 5P% Bxq A1~ f(s)ds

AErgar1(A) 1 " .
_m/o (1-9) lEZa,aM(l_S)Z lg(s)ds

(3.16)

where A(O(,l) = [1 —E2a,l(l)}2 _)L[E2a7a+1(l)]2‘

o
L0,
Ssa2ez

1448
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From equation (3.14), we get

1B IO = [(1-5 xR0 5] (5

_|_

+

+

1 !
172/ (1—5)*"Esg a2 (1—s)2°‘ 1g(s)ds
_ak 1 —Epq (A
By 21 (2) [ aAMa, /1
1
x / (1 _S)a_lEZa,aM(l —S)Za]f(s)ds
0
ark [A[l = Ezq1 (4)]
b] EZOC a+1()t) _(IQA((X,M:|
x /01(1 _5)2a71E2a,2a[/1(1 —S)za]g(s)ds
aA _A-EZa,oHl()v)_
b] EZOC Ot+l(l) -m-
X /1(1 _S)za_lEZa,ZaM(l —S)za]f(s)ds
0
aA -A’EZ(Z,OHrl(l)-
o e W n@a)

[ 9 B A (1 ()

Al —Exq1(A)]E2a,041(A)
IA(avl)

x /0 19 Eag o A1 — )9 £(s)ds

n l[] — Ega,1(3~>]E2a,a+l()’>

_ A[1 _E2a,l(l)]2 !

bzA(a,l)

« /0 i 2 ErgaalA (1 — 5)2%)g(s)ds

NGRS /0(1“>2°"1E2a,za[l(l—s)“]f(s)ds

1

LA O oty A (10 g (o

y(0) =

NCHD)

_QZfZX Zfil /01 1=5)%" Ezq a2 (1—5)**]f(s)ds
s 8 [0 B a0 A1 (0
- _E(2§ lit() : /o (15" Exa2a[2.(1 = 5)*]f(s)ds
%/ 1= 5)% Exg g[A(1 - 5)*%g(s)ds

(3.17)

Using equation (3.16) and (3.17) in equation (3.1), we get

x(t) =

L9 B alA 51 (5)ds
a Jo
n (1 — Ezq.1(1)]E2.1 (A12%)

Ao d)

1449

[0 g alA 15 s}
}\,[l —Ez(xvl(}.)}Ezml(ltza) 1 o—
- o) /0 (1=s
X ErqpalA(1— s)za]g(s)ds
AE205,oc 1()~>E2a,1()~t2a) ! o—
+ ;A(a,l) /0(1”)2 1
X Erq2a[A(1— s)m]f(s)ds
_ AEyq,a+1(A)E2q, (A**)
aN(o, )

y /0 (1= )% B A (1= 5)2%g(s)ds

ot
_£ (l—

)% EzapalA (1 —5)°*)]g(s)ds
az Jo

n baA AErq,0+1(A)t% Exg 2041 (A 12%)
ap b[A(OC,/l)

y /U (1= 9% Byl A1 — )21 (5)ds

oA AEyq,a+1(A)1% Exg 2041 (A 12%)
a bzA((X,/l)

y /0 (1= 2% Epg g A (1 ) g(s)ds

oA A[l ~ Eaat (W)t Exa 2 (A*%)
ap bIA(a,A)

X /0] (1 —s)za’IEga,ga [A(1 —s)za]f(s)ds

_ bad Al = Eaq 1 (V)1 Eza, 201 (A1)
aj bzA((X,ﬂ,)

1
% [ (1=9" Exal2 (1 =5/ g(s)ds
_ [[] —Eza’l(),)]EzaJ(llza)

alA(a,l)
n AEsq a+1(A)t% Exg 2g1 (A 12%)
alA(a,l)

1

| 0=9 Bl (1 =92 £ ()ds
0

1 1
Tk (t=5)%" Exq,alA (t —5)**) f (s)ds
N —A[l = Ezq.1 (M) Eze 1 (A22%)

(o)
B AAEyq o1 (A)1% Eg, a1 (A1)
PYNCRD

[ (9 B a1 —57g(5)ds

), t
JR— t‘ p—
a Jo (

i [AEZa,aJrl()‘)EZa,l(xtza)

aAa,A)

5)2o! Erg 2aA(t— 5)2)]g(s)ds

o
L0,
Ssa2ez
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+ A[l - E2a,1 (l)]ta EZa,2a+1 (l t2a)
alA(a,M

/(;1(1 —5)2 % Eygaa A (1 —5)2%]f(s)ds

n —)LEZa,aJrl ()‘)EZa,l (;Lt2a)
aNa, 1)
A= Eaq 1 (M)t Eag 2041 (A 12%)
aNa,X)

/0 i )% Eag A (1 — 5)2%)g(s)ds

1

()= o ) [ (1-9)% Exaal (1 - 572115

ai

1
A [¢<a,x,t> 057 B (15 g(s)as

[0 Bt —s>2“1g<s>ds]

a0 [ B a1 s
a 0

— &W(O@Lt) /1(1 —5) " By A (1 —5)*%]g(s)ds
az 0

where

[1-Ezq, (A)}Eza,1(2120‘)+1E2a,a+1(l)taE2a,2a+I (Ar?*)

9o A,1)= A, A)

(3.18)

Ezq,ar1(A)Era (A2*)+[1—Epg 1 (A)]t% Eag 201 (A 12%)
Ala,A)

w(aA,n)= (3.19)

1! Al
x(0)= - [ a9 5) ds= 2 [ o 0,9)8(5) ds
(3.20)

where G, 4 (,5) and 9, , (¢, s) are Green’s function as de-

fined in equation (3.11) and (3.12), respectively. Using equa-
tion (3.16) and (3.17) in equation (3.2), we get

- % /Ot (t—s)*1 Erg2alA (t— )% f(s)ds

~ @A 1= Epe 1 ()]t Erg,2a+1(4 %)
by alA(a,)L)

[ 9 ErgalA 5P (5)ds

y(t)
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aiA Al = Erq 1 (A)]t” Exg0a+1(A 12%)
by azA((X,l)

« /0 i )2 ErgaalA (1 — 5)2%)g(s)ds

_ M AExq a1(A)t* Exg v 1(A %)
by mA(a,l)

y /0 (1= 2% Eyg a4 (1 )2 f(5)ds

n @ lEZOc,ochl (A)e® Era a1 (A t2a)
by azA(Ot,l)

X '/0] (1—5)* "By o[2(1 —5)2%g(s)ds
1

oo [ =9 Bl 1 =5 g(s)ds

_ ;LEZa,a+l()L)E2a,1(A t2a)
biA(a, 1)

1
% [ (19 Exala (1= 5P21f(5)ds
AErq. o+1(A) Exa,1(A12%)

+

192&(067 ),)
1
x /0 (1 )% EagaalA (1 — s)2%g(s)ds

_ A[] _E2a,1 (A)]EZUC,I(AIZOO
b] A((X,l)

X /1(1 — )2 Eagpa A (1 5)2%]f(s)ds
Jo

n A1 = Exg1(A)] Ezg 1 (A £2%)
th(OC.,).)

x ./01(1 — )% By g [A(1 — )% g(s)ds

_ ;lﬂl _EZa.l(A)]EZa,I(Atza) +AE2a,a+l (A’)taEZOL, a+1 (ltza)]
a by |_ A(OC,A)

x /1 (1 =521 Eyg20[A (1 — )2 f(s)ds
0

_ ./Ot([ —S)Za,l Era2a [l ([ _S)Z(Z]f(s)ds

+ l [1 —Ea1 ()L)]E2a.l (ltza)JF)’Ehx.aJrl (l)ta EZa, o+1 (l tZa)
by Aa, )

X /1(1 —S)ailEZa.a[)L(l _S)ZG]g(s)ds
JO

+ i /0 (= )% By alA (¢ — 52 g(s)ds

B &{Eza,aﬂ(l)Ezml(Mza)-ﬁ-[] —Exq 1 (A)]t” EZa‘a+l(kt2a):|
b] A(Oﬂ,l)

x /O i — )% Eaq A1 — 529 f(s)ds

n A |:E2a,a+l (A)E2,1 (A2%)+[1 — Ezg 1 (A))t% Eagr, 41 (A tz")}
by A1)

x /01 (1= Eyg 2 A (1 — 5)**|g(s)ds

ods
< o,00g
S0z
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=7 [ma,x,z) [0 Bl (19 (51

“ e

e [maw,z) [ 195 B a1 =5 g(5)s

2% By 2l (1 — v)“ms)ds}

+ /Ot (t— 5)0“1 Erg A (1 — s)m}g(s)ds]

A 1 o—1 2a
—aly(a,/l,t)‘/o (1= )% Eng a[A(1— )% f(s)ds

v dan) [0 EagaaA( 97 els)ds

where ¢(a,A,t) and y(o,A,¢) as given in equation (3.18)
and equation (3.19) respectively.

1 1
1/G7L,a(tas)g(5)d5—bil/o YA, a)(t,s) f(s)ds

Ly(t)= 5 Jo
(3.21)

where G, o (t,5) and %, 4 (t, s) are Green’s function as de-
fined in equation (3.11) and (3.12), respectively. O

4. Uniqueness and Existence of solution

Theorem 4.1. Schauder fixed point theorem: Let X be a
normed linear space and let the operator T : X — X be com-
pact, then either

(i) the operator T has a fixed point in X, or

(ii)theset B={uecX:u=puT(u),u €(0,1)} is unbounded.

Theorem 4.2. Contraction Principal: Suppose Gy 4 (t, s)
and YA, &) are continuous on [0,1] x [0,1] and |f(s)| <
k1a|g<s)|<k27|Gl,a|§M17|g/'L,a|§M2: OSI<S 1;
and if

koMl  kiM2

ki M1 47k2A42 B
b by

ai az

‘< 1 and

‘ <1
then there is unique x(t) and y(t) in C[0, 1] such that

/P Gl(xt S
al

sf—/%lats (s) ds

¥(t) = é [ Gratt 986 ds— - [ a0 69)105) ds

for0<r<1

Proof. If x(t) € C[0,1], let T (x) = u, therefore

<
=
[N

1 1
= | Grat.9) 5.5(5)) s
A 1

D0, 5)g(s,x(s)) ds
az Jo

for 0 < s < 1 since u € C[0,1], Tj :
x1,x2 € C[0,1] , then

clo0,1] — c[o,1] if

=10 < [ 11,9 75,31 (5)— s ()| s
2 [ a9 g5, (5) (5,25
< 8 L1609 )
& a9l )

—xa(s)|ds

—x(s)|ds

ky ! ky [!
_ < | == _
-] < |28 [ 16 5)lds= 22 [, 0,501

X |xi(s) —xa(s)]
kM1 kpM2
< _ _
< |22 B2 )t
< Pri(s) —xa(s)]
Since \klM ! k2M2| < 1, Therefore T; is contraction. Hence,
there is unique x in [0, 1] such that T (x) = x. O

5. Test Problems

Example 5.1. Consider the system of the system of fractional
ordinary differential equations

6 D x(1) + y(1) = (5.1)
x(t) +6 Dff y(t) = 1 (5.2)
Solution: Taking Laplace transform, we get
L{§ D x(1)} + L{y(n)} = L{r}
L{x(1)} + L{G DY y(1)} = L{1}
o 1
s9X(s) +Y(s) = =2 (5.3)
X(s) + s%Y(s) = - (5.4)
s
Now,eliminating Y (s) from above equations, we get
20 s 1
—D)X(s) =2 — —
(= D)X(s) =5 — -
Socfz sfl
X(s) = 20— 20—
Taking inverse laplace, we get
x(t) =t Eag 2 (2%) — 12 Exgaa 1 (%) (5 5)

1451
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putting X (s) in (5.3), we get

1, R R L s7!
Y(s)fs—zfs X(s)fs—zfs [sw—lisz“—l]
Soc—l S—2
Y(S)_szo‘—lisz“—l

Taking inverse laplace, we get
¥(t) = 1% Ezq i1 (%) — 2T Exgaq2(2%)  (5.6)

The solution of the system is represented graphically by Max-
ima software as follows:

1888

funl
fun2
fil: ]

Li1: ]

400

a 2 4 6 8 18 12 14

t
Figure 1. Strong Solution x(¢) for & = 0.8,0.9

] funl
un2

=288

-488

-G08

=508

-1808

2 4 B & 18 12

Figure 2. Strong Solution y(¢) for & = 0.8,0.9

Example 5.2. Consider the system of the system of fractional
ordinary differential equations

6 Df x(1)+ y(t) =t (5.7)
x(1) +§ DY y(1) = 8(1) (5.8)

where 8(t) is Dirac delta function.

Solution: Taking Laplace transform, we get
L{§ DI x(t)} + L{y(1)} = L{r}
L{x(t)} + L{G D' y(1)} = L{5(1)}

(5.9)

1452

X(s)+s%Y(s) =1 (5.10)
Now,eliminating Y (s) from above equations, we get
20 ¢
(s l)X(s)—s—z—l
s%2 1
X(s) = 20— 20—
Taking inverse laplace, we get
x(t) = IOHI E2a,a+2<t2a) - t2a71 E2a72a(t2a) (5'1 1)

putting X (s) in (5.9), we get

1, 1, s972 1
Y(s):s—z—s X(s):s—Zfs [sza—lisza—l]
5% 572
Y(s):szo‘—l_szo‘fl

Taking inverse laplace, we get

¥(t) =197 Eag q(2%) — 2% Exgog2(£%)  (5.12)

The solution of the system is represented graphically by Max-
ima software as follows:

1808

unl
un2

8e8

688

=

488

208

a 2 4 6 & hL:) 12 14

Figure 3. Strong Solution x(¢) for & = 0.8,0.9

a funl
fun2

=288

-488

-G08

-gee

=-1868
a 2 4 6 8 18 12

Figure 4. Strong Solution y(z) for & = 0.8,0.9
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6. Conclusion

We successfully solved the system of fractional ordinary

differential equations using Laplace transform technique. The-
oretically, we proved the solution of the given system is strong
and mild. Also, we prove that the existence and uniqueness
of the strong and mild solutions of the system of fractional
ordinary differential equations. We solved some test problems
and their solutions are represented graphically by maxima
software.
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