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Dominator chromatic humber of grid graph

S. Anusha ! and A. Vijayalekshmi?*

Abstract

Let G be a graph. A dominator coloring of G is a proper coloring in which every vertex of G dominates at least
one color class. The dominator chromatic number of G is denoted by y,(G) and is defined by the minimum
number of colors needed in a dominator coloring of G. In this paper, we obtain dominator chromatic number of

grid graphs.
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1. Introduction

All graphs considered in this paper are finite, undirected
graphs and we follow standard definition of graph theory as
found in [1]. Let G = (V, E) be a graph of order n. The open
neighborhood N(v) of a vertex v € V(G) consists of the set
of all vertices adjacent to v. The closed neighborhood of v is
N[v] = N(v)U{v}. The path and cycle of order n are denoted
by P, and C, respectively. For any two graphs G and H, we de-
fine the cartesian product, denoted by G x H, to be the graph
with vertex set V(G) x V(H) and edges between two vertices
(u1,v1) and (up,vy) iff either u; = uy and vivy € E(H) or
ujuy € E(G) and vi = v,. A grid graphs can be defined as
Py, x B, where m, n > 2 and denoted by P,,x,.

A subset S of V is called a dominating set if every vertex in
V — S is adjacent to atleast one vertex in S. The dominating
set is minimal dominating set if no proper subset of § is a
dominating set of G. The domination number 7 is the mini-
mum cardinality taken over all minimal dominating set of G.
A y-set is any minimal dominating set with cardinality 7.

A proper coloring of G is an assignment of colors to the ver-

tices of G such that adjacent vertices have different colors.
The minimum number of colors for which there exists a proper
coloring of G is called chromatic number of G and is denoted
by x(G). A dominator coloring of G is a proper coloring
of G in which every vertex of G dominates atleast one color
class. The dominator chromatic number is denoted by x,(G)
and is defined by the minimum number of colors needed in
a dominator coloring of G .This concept was introduced by
Ralucca Michelle Gera in 2006 [2].

In a proper coloring C of G, a color class of C is a set con-
sisting of all those vertices assigned the same color. Let C!
be a minimal dominator coloring of G. We say that a color
class ¢; € C! is called a non-dominated color class (n — d
color class) if it is not dominated by any vertex of G. These
color classes are also called repeated color classes. The dom-
inator chromatic number of paths found in [2]. We have the
following observation from [2].

Theorem 1.1. [2] The path P, of order n > 2 has
[3]4+1 ifn=2,3,4,57

[5]+2

Xa(pn) =
otherwise

In this paper, we obtain the least value for dominator
chromatic number for grid graphs.



2. Main Results
Theorem 2.1. If m and n both even then

42 if mn=0(mod4)
Xd(Pmxn) =
T+3 otherwise
Proof. Let the vertex set of
<m
men—v( mxn):{uij _]_Sn }

We consider two cases.
Case (1): Let m,n = 0(mod4). Let

m_JJ |i=159..,(mn-1)
b _{{“'1 i=2.6.10. . (n-2) (U

i=2,6,10,...,(m—2)
{”’f j=4,8,12,....n }U
i=3,7,11,...,(m—1)
{”’f j=1,59,....(n=3) }U
| i=438,12,,...,m
Yl i =3,7,11,...,(n—1)

be any arbitrary y-set of P,x,. We assign one new color
say 3,4,5,..., (% —|—2) to every vertex in DU Also we as-
sign two repeated colors say 1,2 to the vertices u;; and uy; €

V (Puxn) —DW such that [i — k| +|j —I| = 1. S0 xg(Puxn) =
T +2

Case (2): Let except m,n = 0(mod4). we have three sub
cases.

Subcase (2.1): Let m = 0(mod4)&n = 2(mod4). Let

5 Z{{Mu 3'::12’,56’,91’6,'.'.’.(,”:1_1) }U
fua] 1225102 Y
{“if ;::3175191?:—_ ) }U
{“ij l]_—‘; 87 1121” }U{umn} }

be any arbitrary y-set of P,.,. We assign one new color
say 3,4,5,..., (" +3) to every vertex in S(. Also we as-
sign two repeated colors say 1,2 to the vertices u;; and uy; €
V (Pusxn) — S such that |i — k| 4 |j — 1| = 1. S0 x4(Puxn) =
43

A .

Subcase (2.2): Let m = 2(mod4)&n = 0(mod4). Let

Q) _ B i=1,59,....,(m—1)
§ _{{”’J j=2,6,10,...,(n—2) U
i=2,6,10,...,m
{u U
Ji=3,7,11,...,(m—3)
{”’f j=1,59,,... }U
ot Yot

j=4,8,12,....n
(n—3)

| i=4,8,12,,..

lllj ] - 3 7’75 1 la
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be any arbitrary y-set of P,«,. We assign one new color
say 3,4,5,..., ("™ 4 3) to every vertex in S?). Also we as-
sign two repeated colors say 1,2 to the vertices u;; and uy; €
V (Puxn) — S such that |i — k| + | — 1] = 1. S0 x4 (Puxn) =
m g3,

Subcase (2.3): Let m = 2(mod4)&n = 2(mod4). Let

N {{Mij 3-::12:567,91’(5,....7.(2_ K }U
fuf 12380 JU
Luy 3-131’,75’,191,’, T >) ju
(o] S80S Y

be any arbitrary y-set of P,«,. We assign one new color
say 3,4,5,..., (% +3) to every vertex in SG). Also we as-
sign two repeated colors say 1,2 to the vertices u;; and uy €

V (Pusxn) —S® such that |i — k| + |j — | = 1. S0 xq(Puxn) =
mi 13 Thus
PL4+2  if myn=0(mod4)
D ’
Xad(Poxn) { Mt 43 otherwise
]
3. lllustration
Consider Pgy 12 and Py 10
3 4 5
6 7 8
9 10 11
12 13 14
15 16 17
18 19 20
21 22 23
24 25 26
Figure 1. x;(Psx12) =26
3 4 5
6 7
8 9 0
1 12
13 P 15
16 17
18 19 20
21 22 23

Figure 2. Xd(P8><10> =23



Consider Pgy 12 and Py 19

12 13 14

8 19 20 21
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13 14 15

16 17 5
Figure 5. x;(Pyxs) = 18

By Theorem 1.1

m(n—1)

Figure 3. 74 (Psx12) = 21 ® - +2  ifmn—1=0(mod4)
\E l 7 l 5 XdlEmx(n—1)) = L(”‘fl) +3  otherwise
6 7 So
*s % *10 o)y ]
m{n— m . —
Py ° +|Z|+2 ifmn—1=0(mod4)
P — 4 3
11 2 X (Psn) { mol) )13 otherwise
) ® :
13 14 15
@l6 T o!7 l8 O
Figure 4. Xd P6 10) = 18
(Boxt0) Now consider Pgy 1
3 ) 5
Theorem 3.1. If m is odd and n is even then
6 7 8
(m—1)n n . _
Y442 ifm—1,n=0(mod4)
Puxn) = 4 3 '
X (Bn) { L;l)" + (%W +3  otherwise ’ 10 H
Proof. We have By x, is obtained by P, 1), followed by 2 B
P,. Since in a dominator coloring of P, we cannot use T s Tk
the non-repeated colors of vertices in P, and we can use the
same repeated colors of vertices in the graphs P,,_1)., and 13 19
P,. Since m — 1 is even, we get by Theorem 1.1
20 21 22 23
(m—1)n . _
———+2 ifm—1,n=0(mod4
K (Bonyen) = { Lfl)n +3  otherwise ( ) 24 2 26
4 Figure 6. Xd(PSXII) =26
So
@ + (%W +2 ifm—1,n=0(mod4) Theorem 3.3. Ifmis odd and n is odd then
Xd(men) = (m—D)n n .
T+ [4]43  otherwise

O

Let us consider Pyyg

Theorem 3.2. If m is even and n is odd then

T la] 2
e [4]+3

if m,n—1=0(mod4)
otherwise

Xd(men) = {

Proof. Since m and n— 1 = 0(mod4) and P,,,, is obtained by
Py (n—1) followed by P,,. By Theorem 3.1,

Xd(Pan) = Xd(PmX(nfl)) + Xd(Pm) —2.

1495

ifm—1,n—1=0(mod4)
otherwise

ol gt 2

n—1
Yol | [mig=t g

—_

Proof. Since (m—1) and (n— 1) = 0(mod4) and P« is
obtained by P, _1)x(,—1) followed by P+m+n— 1. By the-
orem 3.1,

Xd(Pan) = Xd(P(m—l)x(n—l)) +Xd(Pm+n71) —-2.
By Theorem 1.1,

(m—1)(n—1) +2

ifm—1,n—1=0(mod4)
Xd(Pin—1)x(n-1)) = {(mﬁ(nl) 43
7

otherwise
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So

(m=1)(n=1) | rmin—1 1 n—1=
Xd(Ban) - {(ml?(nl) i (m—o—::z—l“ T2 it Ln = O(m0d4)
a + ( 3 W +3  otherwise

O
Let us consider Pjix7
. .
L 5®
Py ]
7 8
s
*5 11 ¢
[ ]
13
i ¥
I8 .
% 17
- *o
Tzo T21
'y * ®
b5 23 H

Figure 7. Xd(P11X7) =24
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