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The graphs considered in this article are undirected, finite and simple graphs. In this article we have proved that
maximum eccentricity energy of bistar graph B, , is 4v/9n+ 1. Also we have investigated maximum eccentricity
energy of some graphs related to bistar graph and globe graph.
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1. Introduction

The energy of a graph introduced by Gutman[6] is an
important concept of spectral graph theory which links Or-
ganic Chemistry to linear algebra of Mathematics. Generally
graph’s energy is summation of absolute values of eigen-
values of the adjacency matrix. Similar energies got from
the eigenvalues of various graphs are considered in recent
times. Several other authors also investigated energy of graph
[1,2,7,10,11,13].

In a graph G, the distance between any two vertices u and
v is denoted as d(u,v) and it is define as the length of the
minimum path between « and v in graph G, if there is no path
between u and v in G then d(u,v) is defined as oo. It is useful
to note that in a connected graph distance between any two
vertices is always finite provided graph is finite. For a vertex
v of G, the Eccentricity of a vertex v is denoted as e(v) and is
defined as e(v) = max{d(u,v) |u € V(G)}.
In [7] Naji and Soner introduced the concept of Maximum
Eccentricity matrix M,(G) of connected graph G and it is

of matrix M,(G). In this article we have considered only
finite, simple and undirected graphs. To make this article self-
contained, it is useful to recall some definitions from graph
theory.

Definition 1.1 ([7]). The Maximum Eccentricity energy of
graph G is denoted as EM,(G) and it is defined by EM,(G) =
Y2 |Ail, where A1,A2,23,...... A are the eigenvalues of
M, (G), Where M,(G) is the Maximum Eccentricity matrix
of graph G.

Definition 1.2 ([3]). A graph G is said to be bipartite if the
vertex set V of G can be partitioned into two disjoint subsets
Vi and V, such that Vi UV, =V and for each edge has one
end vertex is in V| and other is in V.

Definition 1.3 ([3]). A complete bipartite graph is a bipartite
graph in which all the vertices of V| are adjacent with all the
vertices of Va. If |Vi| = m and |V2| = n respectively then the
corresponding complete bipartite graph is denoted as K,

Definition 1.4 ([3]). A complete bipartite graph K , is known
as star graph and the vertex of degree n is known as the apex
vertex.
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Definition 1.5 ([S]). A Bistar graph is the graph obtained
by joining the centre (apex) vertices of two copies of Ki , by
an edge and it is denoted by B,, ,. The vertex set of By, , is

V (Bun) = {vi,v2,...... Vi VU U UD e uy } , where v,u
are apex vertices and v{,va,...... Vi UL UDy e u, are pen-
dent vertices. The edge set of B, , is E (By ) = {vvi,v2,...
e VY, VUL U UUD, . . . . . . Uy }.

Definition 1.6 ([11]). Let G be a simple connected graph.
Then the square graph of graph G is denoted by G* and
defined as the graph with the same vertex set as of G and two
vertices are adjacent in G* if they are at a distance 1 or 2 in
G.

Definition 1.7 ([5]). A shadow graph D,(G) of a connected
graph G is constructed by taking two copies of G say G’
ad G” and join each vertex u in to G’ the neighbours of the
corresponding vertex v in G'.

Definition 1.8 ([9]). A globe graph Gl(n) is a graph obtained
from two isolated vertex are joined by n paths of length two.

In theorem 2.1, we have shown that Maximum Eccentric-
ity energy of Bistar graph B, , is 4y/9n+1. forn € N,n # 1.
We also provided supportive example in Example 2.2 and
in that example we have prove that M, (Bs 5) = 4(1/46). We
also investigate the Maximum Eccentricity of square of Bis-
tar graph in Theorem 2.3 and we have shown that its Maxi-
mum Eccentricity energy is 1+ v/64n+ 1. In Theorem 2.5 we
proved that Maximum Eccentricity energy of shadow graph
of Bistar graph D5 (B, ) is 84/9n+ 1 and in Theorem 2.7 we
proved that the Maximum Eccentricity energy of Globe graph

is 4v/2n.

2. Main Results

Theorem 2.1. Letn € N,n# 1. Then EM, (B, ) =4v9n+1,
where EM, (B, ) is the Maximum Eccentricity energy of
graph B, ..

Proof. LetV (By,) = {vi,va,...... TV, VU UL U, Up}.
Note that B, , is graph with 2n + 2 vertices and 2n + 1 edges
as shown in the folowing Figure 1. Observe that the Maximum

Figure 1

1522

Eccentricity matrix M, (B, ) of By, is given by

Vi | Uy
v r0 - 0 3 0 0 0

v, |0 03 0 0 0

3 30 2 0 0

Me(Bnn) = : 0 0 2 0 3 3
w |0 00 3 0 0

w, LO . 0 0 3 0 - ol

Note that the characteristic polynomial of matrix M, (B,,n) is
A2 — 4 (213 + 5% +4n+ 1) A2 — 160 (n + 1)*220-1).
So, eigenvalues of M, (B, ,) are 0,0, ...... ,0(2(n— 1) times),

1+vV9n+1,1—v9n+1,—1++9n+1and,—1—+/O9n+1.
Hence, Maximum Eccentricity energy of
Bu —EM, (Byw) = 0+ |1 +VOn 1] 4+ |1 —vOn 1 1]
+|=1+Von+1]+|—1—Von+1]
=Von+1+14+vVn+1-1+Vm+1-1
+Von+1+1
=4V +1

O

Example 2.2. Maximum Eccentricity energy of Bistar graph

Bss = 4\/46

) (#)

Figure 2

Proof. From the following matrix we have the characteristic
polynomial of matrix M, (Bss) is 12 — 1584419~ 51840018,
So, Maximum Eccentricity eigenvalues of Bs s are 0,0, ...,0(8
times), (V46 + 1), (V46— 1), (—v/46+1) and (—/46 — 1).
Hence, Maximum Eccentricity energy of Bs s = 04 |/46 +
1 +[V46 — 1|+ | — V46 + 1|+ | — V46 — 1| = 4V/46.

The Maximum Eccentricity matrix of Bs 5 is given by
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M,(Bss) =

Vi vy Vs V4 Vs V. u uy Uy uz U4 Us

w -0 0 0 O 0 3 0 0 0 0 0 O
w |00 0 0 0 3 0 0 0 0 0 0
|0 0 0 0O 0 3 0 0 0 0 0 0
v |0 0O 0 0O 0O 3 0 0 0 0 0 0
s 0O 0 0 0O 0 3 0 0 0 0 0 0
v |3 3 3 3 3 0 2 0 0 0 0 0
w0 0 0 0o 0 2 0 3 3 3 3 3
wy |O 0 0o 0O 0 0 3 0 0 0 0 0
w3 O 0 0 0O 0 0 3 0 0 0 0 0
w |0 0 0O 0O 0 0 3 0 0 0 0 0
s |]O 0 0 0O 0 0 3 0 0 0 0 0
Lo o o o o0 0o 3 o0 0 O 0 o

O

Theorem 2.3. Letn € N,n# 1. Then EM, (B ,) = 14+/64n+1,

where EM, (Bﬁn) is the Maximum Eccentricity energy of
graph Bﬁyn.

Proof. LetV (B%,n) ={vi,v2,...... SV, VU UL U, Up}.
Note that Bﬁ’n is graph with 2n+2 vertices and 4n+ 1 edges as
shown in the following Figure 3. Observe that the Maximum

Figure 3

Eccentricity matrix M, (Bin) of Bﬁﬁn is given by

Vi Vi v u Uy Uy

viT 2 2 07

ve |0 02 2 0 0
2o vz 2 0 1 2 2
w2 2 1 0 2 2
w |0 022 0 0

up, LO - 0 2 2 0 - O

Note that the characteristic polynomial of M, (B%ﬂ) is A20n+1)
(4n+1)(2n+1)2A%"— 4n(2n+1)322"~1) Hence, Maximum
Eccentricity eigenvalues are, 0,0, ...... ,0((2n—1) times ), —1,

1523

1(14+v/64n+1) and 1 (1 — /64n+ 1) Therefore, Maximum
Eccentricity energy of

1
B;,=EM, (B, ,) =0+ =1+ 3[1+V6dn+1|
1
+51=Voan+1]

1
:1+§(1+\/64n+1— 14+64n+1)
=1++v64n—+1.

O

Example 2.4. Maximum Eccentricity energy of square of
Bistar graph Bg,s =1+4++v321.

Figure 4

Proof. The Maximum Eccentricity matrix of Bg,s is given by
M,(B3s) =

Vi V2 V3 V4 Vs V. u uy Uy U3 U4 Us
vi 0O 0 0 0 0o 2 2 0 0 0 0 0-
i) 0 0 0 0 0o 2 2 0 0 0 0 0
V3 0 0 0 0 0o 2 2 0 0 0 0 0
V4 0 0 0 0 0o 2 2 0 0 0 0 0
Vs 0 0 0 0 0o 2 2 0 0 0 0 0
v 2 2 2 2 2 0 1 2 2 2 2 2
u 2 2 2 2 2 1 0 2 2 2 2 2
uy 0 0 0 0 0o 2 2 0 0 0 0 0
u 0 0 0 0 0o 2 2 0 0 0 0 0
u3 0 0 0 0 0o 2 2 0 0 0 0 0
uy 0 0 0 0 0o 2 2 0 0 0 0 0
us LO 0 0 0 0o 2 2 0 0 0 0 0

Note that the characteristic polynomial of M, (Bg.s) is A12 —
2541119 — 26620A4°. Therefore, the Maximum Eccentric-
ity eigenvalues of B% sare 0,0,...... ,0(9 times ), —1, %(H—
V321 and (1 —+/321) Hence, Maximum Eccentricity en-
ergy of B2, = EM, (B2,) =0+ — 1|+ |3(1+v321)| + |
1(1-/321) |=1+V/32L O
Theorem 2.5. Letn € N,n# 1. Then EM, (D2 (Byx)) =

8(v9In+1), where EM, (D, (B,,,)) is the Maximum Eccen-
tricity energy of graph Dy (B, ).
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Figure 5
Proof. LetV (D3 (Bpy)) ={vi,v2,...... Vs VU UL UD u,}. Hence, Maximum Eccentricity energy of
Note that D5 (B, ,) is graph with 4(n+ 1) vertices and 4(2n +
1) edges as shown in the above Figure 5. O Dy (Buyn) =EMe (D2 (Bun)) = 0+[2(1+ vOn+1)|

+ 201 =VOn+ 1)+ 2(~ 1+ +1)|
F2(=1—On+1)|
=2(14+Von+1-1+vV0n+1-14+v9n+1

Observe that the Maximum Eccentricity matrix M, (D2 (B 1))

of D;(Bp,) is given by +1+v9n+1)

=8(vV9n—+1).
Vi v Yy o Ve v Y W w o uy Uy,
vir0O ... 0 0 ... 0 3 3 0 0 0 ... o 0 ... (0
ve | O 0 O 0o 3 3 0 0 O 0O O 0

v’1 0 0 O 0 30 0 O 0
v, | 0 0 O 0o 3 3 0 0 O o 0 ... 0
% 3 3 3 30 0 2 2 0 0 0o ... 0
! 3 3 3 30 0 2 2 0 0 0o ... 0

M. (D2 (Byn)) = "

eD2(Bua)) = 1 g 0 0 02 20 0 3 303 ... 3
u |0 0 O 0o 2 2 0 O 3 3 3 ... 3
Ui 0 0O O 0o 0 o0 3 3 0 o 0 ... 0
u, | 0 0 O 0 0O 3 3 0 0 O 0
"‘/1 0 0 O 0o 0 0 3 3 0 0O O 0
W L0 0 O o 0 0 3 3 0 0O O 0.

Note that the characteristic polynomial of M, (D3 (B,.,))
is A40HD —16 (20 + 502 +4n+ 1) AYH2 —64n® (n+1)*A%
So, Maximum Eccentricity eigenvalues of M, (D, (By »)) are

Example 2.6. Maximum Eccentricity energy of shadow graph
of Bistar graph D; (Bs 5) = 8(/46).

0,0,...... ,0[4n times],2(1++/9n+1)2(1—+/9n+1),2(—1+ Proof. The Maximum Eccentricity matrix of D (Bs 5) is given
VOn+1)and 2(—1—+9n+1) by

1524 X



Maximum eccentricity energy of globe graph, bistar graph and some graph related to bistar graph — 1525/1526

Figure 6

M,(D; (Bss)) = Theorem 2.7. Letn € N,n# 1. Then EM,(Gl(n)) = 4v/2n,
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where EM,(Gl(n)) is the Maximum Eccentricity energy of

The characteristic polynomial of M, (D (Bs 5)) is 124—6336A%2 graph Gl(n).

+82944001%°. Hence, the Maximum Eccentricity eigenvalue

of D (Bss) are 0,0,...... ,0(20 times) ,2(1+ v/46),2(1—  Proof. LetV(GI(n)) ={v,vi,va,...... ,Vn,u} . Note that GI(n)
\/R) 2(7’1 + \/R) and 2(—1 — \/R) is graph with n+- 2 vertices and 2n edges as shown in the fol-

lowing Figure 7. Observe that the Maximum Eccentricity
matrix M,(Gl(n)) of Gl(n) is given by
EM, (D2 (Bs5)) = 0+ [2(1+v/46)| +[2(1 — V46)| - -

Therefore, Maximum Eccentricity energy

VoV Vn U
+2(=1+V46)| +[2(~1 — V4o)| S 0
1
) ” c 2 0 0 2
=2(1+ V46— 14+ V46 — 1 + V46 + 1 +/46) M.(Gl(n)) = : :
=8(V/46). N > 0
D u _O 2 2 0_

1525
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Figure 7

are 0,0,...,0(5 times ),2+4/10, and —2+/10.
Hence, Maximum Eccentricity energy of

(1]

[21

Note that the characteristic polynomial of matrix M, (GI(n)) is

AT —8nA>. So, eigenvalues of M,(GI(n)) are 0,0, ......
times ),2+/2n and —2+/2n.

Hence, Maximum Eccentricity energy of

Gl(n) =EM,(GI(n)) = 0+ |2v/2n|+ | — 2v/21|

=2v2n+2v2n
=4+/2n.

[31

(4]

[51

(6]

O m

Example 2.8. Maximum Eccentricity energy of Globe graph

GIl(5) = 4(\/10).

Figure 8

[8]

91

[10]

(11]

[12]

[13]

Proof. The Maximum Eccentricity matrix of GI(5) is given

by
2% Vi %) V3 V4 Vs u
vio 2 2 2 2 2 0
vilz2 0 0 0 0 0 2
wl l2 0 0 0 0 0 2
McBpy)= v 2 0 0 0 0 0 2
w2 0 0 0 0 0 2
vs 2 0 0 0 0 0 2
ul0o 2 2 2 2 2 0l

Note that the characteristic polynomial of matrix M, (GI(5))
is A7 —40A5. So, Maximum Eccentricity eigenvalues of GI(5)

1526

GI(5) =EM,(GI(5)) = 0+ [2v/10] + | — 2V/10]
=4V/10.
O
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