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1. Introduction

The notion of fuzzy ideal has been introduced in many
algebraic structures such as lattice, rings and algebras. The
concept of fuzzy sets formulated by Zadeh [10], which can
to study the basic logic framework of fuzzy set theory. The
concept of an anti-fuzzy subgroups of groups was introduced
by Biswas [1] in 1990. The concepts of W-algebras (Wajsberg
algebras) was presented by Mordchaj Wajsberg [9]. Ceterchi
Rodica [2] introduced the concept of lattice structure pseudo
We-algebras. In their paper [8] introduced on fuzzy EPWI-
ideals and obtained their properties with illustrations.

In this paper, we introduce notions of anti-fuzzy CCPWI-
ideal and anti-fuzzy EPWI-ideal. We investigate these ideals
and the properties of anti-fuzzy EPWI-ideal of lattice pseudo
W-algebras are provided.

2. Preliminaries

This part refers to the required earlier information, includ-
ing basic definitions and results of Anti-fuzzy EPWI-ideals
of lattice pseudo W-algebras.

Definition 2.1 ([7]). Let .# be a lattice pseudo W -algebra.
Then K # ¢ C A is called a completely closed PWI-ideal
(CCPWI-ideal) of # , if it satisfied the following axioms for
all p,q € K.

(i) 0K
(ii) (p—q)~,(p~q)” € K,q €K implies p € K.

Definition 2.2 ([10]). Let .# be a set, then a function 6 :
M — [0,1] is called a fuzzy subset on M for each x € M,
the value of 6(x) describes a degree of membership of x in d.

Definition 2.3 ([10]). Let & be a fuzzy set in ., then for
B €[0,1], the set 6g = {x € M /5(x) > B} is called a level
subset of d.

Definition 2.4 ([10]). Let 6 and A be a non-empty two fuzzy
subsets of M . Then § is called a fuzzy subset of A if 6(p) <
A(p)forallp e A.

Definition 2.5 ([10]). Let & and A be two fuzzy subsets in
M , then
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(i) (6NA)(p) =min{8(p),A(p)} forall p € A
(i) (6UA)(p) =max{6(p),A(p)} forallpe #,

where, (6NA) and (8 UA) are fuzzy sets in M. In general, if
{A_i,i € y} is a family of fuzzy sets in M , then NicyAi(p) =

inf{A;(p)/i € w}forall p € A andU;c,, Ai(p) = sup{Ai(p)/
i€y} forall p e . Where y is the index set. Then for more
preliminaries the references [2,3],[6-8].

Definition 2.6 ([8]). Let .# be a lattice pseudo W -algebra.
Let K be a non-empty subset of M which is not necessary an
ideal of M , a subset N of M is called an extended PWI-
ideal (EPWI— ideal) of A, if it satisfied

(i) K is a subset of N

(ii) 0 N

(iii) Forall p € M ,q € K then (p — q)~,(p~q)” €K
implies p € N

Definition 2.7 ([8]). Let .# be a lattice pseudo W-algebra.
Then the fuzzy subset A of M is called a fuzzy completely
closed PWI-ideal (fuzzy CCPWI-ideal) of #, if it satisfied
the following axioms for all p,q € M

(i) A(0) >A(p)
(ii) A(p) >2min{A ((p = q)~),A((p~q)7),A(q)}.

Definition 2.8 ([8]). Let O and A be fuzzy subsets of M , then
A is called fuzzy extended PWI-ideal (fuzzy EPWI-ideal ) of
M, if it satisfied the following axioms for all p,q € M

(i) O is a fuzzy subset of A
(ii) 2(0) > A(p)
(iii) A(p) = min{8 ((p —q)~),6((p~4q)7),8(q)}-

3. Anti-fuzzy EPWI-ideal of lattice pseudo
W-algebras

In this section, we introduce the notions of anti-fuzzy
CCPW [-ideal and anti- fuzzy EPW I-ideal. Further, we inves-
tigate these ideals and the properties of anti-fuzzy EPW I-ideal
of lattice pseudo W-algebras are provided.

Definition 3.1. Let .# be a lattice pseudo W-algebra. Then
the fuzzy subset & of A is called an anti-fuzzy CCPW I-ideal
of M, if it satisfies the following axioms for all p,q € M

(i) 6(0) <d(p)
(ii) 8(p) <max{d((p—¢q)~),6((p~q)),0(q)}.

Example 3.2. Consider a set .#4 = {0,e,f,g,1}. Define a
partial ordering ” < “on M, such that 0 < e < f<g<1
with the following tables (1),(2),(3) and (4).
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Table: 1 Table: 2

X | x - |10|le|f|g]|l
0 1 O (1|1 1|1]|1
e f e [f|1|1|1]1
f e flele|l1]1]1
g e glele|[f]1]1
1 0 1 [0]e|f|lg|l
Table: 3 Table: 4

x| x~ ~|10le|f|g]|l
0 1 O (1|1 |1|1]1
e g e (g1l |1|1]1
f e f lefle|l|1]]1
g f g | fle|[f]1]1
1 0 1 [0]e|f|g|l

Then { M ,V,N\,—,~,—,~+,0,1} is a lattice pseudo W -
algebra and consider the fuzzy subsets 61 and & on A as,

] 02ifx=0,e
3 (x) = { 08ifx=fgl.
Then 8 (x) is an anti-fuzzy CCPWI— ideal of # , but
[ 03ifx=0,1
d(x) = { 07ifx=e,f, g

Then 8 (x) is not an anti-fuzzy CCPWI-ideal of A since,
6 (e) <max{&((e > 1)7),8((e~1)7),56(1)}

8 (e) < max{8(0),8,(0),8(1)} = 0.7 < 0.3.

Thus 8(e) < max {8 ((e = 1)), 8 ((e~1)7),&(1)}.

Definition 3.3. Let 6 and @ be fuzzy subsets of 4 , then @
is called an anti-fuzzy EPWI-ideal of # , if it satisfies the
following axioms for all p,q € M .

(i) @ is a fuzzy subset of &
(ii) (0) < ¢(p)

(iii) @(p) <max{S((p—¢q)~),6((p~q)”),0(q)}.

Example 3.4. Consider a set # = {0,m,n,1}. Define a par-
tial ordering ” < ” on M, such that 0 <m<1;,0<n <1
with the following tables (5),(6),(7) and (8).

Table: 5 Table: 6
X X — | 0 |m|n]|l
0 1 O| 1|1 ]1]1
m n m|n|1][|1]1
n m n |m|n/|1]1
1 0 1 O|lm|nj|l

Then { M N, \,—,~,—,~,0,1} is a lattice pseudo W -
algebra. Consider the fuzzy subsets 8 and ¢ on A as,

[ 08ifx=0 B
5(x)—{ 0.6ifx=m,n,1 "’ (p(x)—{

02ifx=0
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Table: 7 Table: 8
X x~ ~~ |0 |m|n]|l
0 1 0 1 1 [1]1
m n m|n|1|1]1
n m n |m|m}|1]/|]1
1 0 1 O|m|n|l

Then, @ is an anti-fuzzy EPW I-ideal of A related to 4.

Example 3.5. Consider a set # = {0,c,d,1}. Define a par-
tial ordering” < 7 on M, such that 0 < ¢ < 1;0<d <1

with the following tables (9),(10),(11) and (12). Then,
Table: 9 Table: 10
X X~ — | 0]c|d|1
0 1 O (1]1]1]1
C d c |d|1]1]1
d c d |c|c|1]1
1 0 1 |0fc|d]l
Table: 11 Table: 12
X x~ ~ 10 |c|d]l
0 1 O (11|11
c d c |d|1|1]1
d C d |c|c|1]|1
1 0 1 |0Ofc|d]1l

{AM V,A,—,~,—,~,0,1} is a lattice pseudo W-algebra.
Consider the fuzzy subsets 0 and @ on A as,

05ifx=0 j
. 0.2ifx=0,1
§(x)=1¢ 07ifx=c.d , ‘P(x>{06§x=cd
0.9 ifx=1 ' 7

Then, @ is an anti-fuzzy EPWI-ideal of # related to d.
But, @ is not an anti-fuzzy CCPWI- ideal. since, ¢(d) <
max{@ ((d — 1)), ((d ~ 1)), (1)} = 0.6 £ 0.2
Next, we show that the union of two anti-fuzzy EPW I-ideals
is also be an anti-fuzzy EPWI— ideal from the example given
below.

Example 3.6. In Example 3.4, consider the fuzzy subsets
01,8, and Q1,0 on M as,

03ifx=0 02ifx=0
Six)=4¢ 06ifx=m , @ (x)=< 05ifx=m
09ifx=n,l1 0.7ifx=n,1
03ifx=0 0.1ifx=0
h(x)=4q 07ifx=n ., @x)=< 05ifx=n
0.8ifx=m,1 0.7ifx=m,1

Then, @1 and @y are an anti-fuzzy EPWI-ideal of # related
to 8, and &, respectively.

oy
SHUBKX) =9 (5 ifx=n U@ (x)=q 05ifx=mn
0.9 ifx=1 0.74fx=1

And also @1 U@y is an anti-fuzzy EPWI-ideal of A related to
81 U b,. Since,

BrUB(1) <max{6;U& ((1 =+n)~),56,Ub
(1 wn)_),51U52(n)}
<max {8, U&(m), 5 Ud(m),
61Ud(n)} =0.7=0.7.

Proposition 3.7. Let {¢;/(i € W)} be a family of anti-fuzzy
EPWI-ideal of M related to a fuzzy subset 8 of M. Then
UicyBi is an anti-fuzzy EPWI-ideal of ./ related to 6.

Proof. Let {¢;/(i € ¥)} be a family of anti-fuzzy EPWI-
ideal of .Z ,

(i) Let p € A, If ¢; is a fuzzy subset of é for all i € y.
Then, we have @;(p) < 8(p) for all i € y Thus, sup

{@i(p)/i € ¥} < u(p) and Uicy ¢;(p) < p(p). Hence,
we get Ujcy @; is a fuzzy subset of §.

(i) Let p € ./, then Uicw@i(0) = sup{gi(0)/i € y} <
@(p), since ¢;(0) < @(p) forall i € .

(iii) Let p,q € .# . Then, we have

Uiey@i(p) = sup{@i(p)/i € v}
<sup{8((p—9)7),8((p~q)").6(q)}.

Since,

¢i(p) = sup{i(p)/i € y}
<sup{8((p—9)),8((p~q)7),8(q)} forallicy
Uicy®; <sup{8((p—4)~).6((p~4q)"),8(q)}.

Therefore, Ujcy @; is an anti-fuzzy EPW I-ideal of ./# related
to d. O

Proposition 3.8. Let .# be a lattice pseudo W -algebra, &
and @ be fuzzy subsets of M and also ¢ is an anti-fuzzy
EPWI-ideal of A related to § if and only if the level subset
Oq is an EPW I-ideal of A related to @y for all a € 0, ¢(0)],

¢(0) = infic 4 @(p).

Proof. Let @ be an anti-fuzzy EPWI-ideal of ./ related to 0
and o € [0, 9(0)].
To prove: Oy is an EPWI-ideal of .# related to @

(1) Ttis clear that ¢, C 8, and ¢(0) < a implies 0 € @.

(ii) Let p,q € 4, suchthat (p — q)~,(p~q)” € Qg and
q € Qo implies & ((p —+¢q)~) <, 8((p~q)”) <
and 8(q) < a.

Somax{5((p—¢)~),6((p~q)7), 6(g)} <o
But

o(p) <max{8((p—¢)"),6((p~q)7),8(q)}.

Since @ is an anti-fuzzy EPWI-ideal of ./ related to §. There-
fore, @(p) < a implies x € . Hence, J, is an EPWI-ideal
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of . related to @y.

Conversely,

Let 8y, be an EPWI-ideal of .# related to @, for all o €
[0,9(0)],9(0) = yc.rinf@(x) To prove, ¢ is an anti-fuzzy
EPWI-ideal of ./ related to §.

(i) Let p € A4 and ox = @(p) = p € @y implies p € Oy,
since @y C Oy is an EPWI-ideal of 4, so that ¢(p) <
a=9(p)<8(p)=@Cé.

(ii) It is clear that (0) < @(p) forall p € 4.

(iii) Let p,q € .# , such that

max {6 ((p —¢)~),86 ((p~q)),8(q)} =a.

implies 8 ((p — ¢)~) < a,6((p~>¢q)~) < aand 6(q)
<a=(p—q)",(p~q)" € @q and g € g implies
P € Oy since Og be an EPWI-ideal of . related to ¢y,.
So that, ¢(p) < o implies that

o(p) <max{8((p—¢)"),6((p~q)).8(q)}.

Therefore, ¢ is an anti-fuzzy EPWI-ideal of .# related to
d. O

Note 3.9. Let ¢ be a fuzzy subset of lattice pseudo W -algebra
of M , the set {p € # |p(p) = ¢(0)} is denoted by ..

Proposition 3.10. Let .# be a lattice pseudo W-algebra. If
@ is an anti-fuzzy EPW I-ideal related to 8 such that ¢(0) =
0(0), then the set M5 is an EPW I-ideal of ./ related to M.

Proof. Let @ be an anti fuzzy EPWI-ideal of .# related to 6.

(i) Since @(0) = 6(0) and ¢(p) < 6(p) for all p € &
implies ., is a subset of ..

(p~q)” € Mpand g € M.

Then, we have § ((p — ¢)~) =8 ((p~ q)~) = 6(q) = 6(0).
Thus, max {6 ((p —¢)~).6 ((p~q)~),8(q)} = 6(0). But,
¢(p) <max{5((p—¢)~).6((p~q)7).6(¢q)} =5(0).

(i) Let (p — q)~,

Then, ¢(p) = 6(0) implies ¢(p) = ¢(0) = p € 4. Hence, algebra of M , then the set {p € M [p(v) <

M5 is an EPWI-ideal of ./ related to .. 0

Note 3.11. Let ¢ be a fuzzy subset of a lattice pseudo W -
algebra of M, then @' is definedto be ¢'(p)=@(p)+1—
©(0) forall pe 4.

Proposition 3.12. Let & and ¢ be fuzzy subsets of lattice
pseudo W-algebra of M such that (0) = 6(0). Then @ is
an anti-fuzzy EPWI-ideal of # related to & if and only if ¢’
is an anti-fuzzy EPWI-ideal of . related to &'

Proof. Let ¢ be an anti-fuzzy EPW I-ideal of .# related to §.

(i) Let p € . then @(p) < &(p) implies @(p)+1—(0) <
o(p)+1—@(0). Then, we have ¢'(p) < &8'(p). There-
fore @' is a fuzzy subset of §'.
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(i) ¢'(0) =(0)+1-¢(0) = ¢'(0)=1=¢'(0) < ¢'(p)

forall pe ..
(iii) Let p,q € .# then

=¢(p)+1-9(0)
<max{8((p—q)7),8((p~q)),6(a)}
+1-6(0)
<max{8((p—q)7)+1-8(0),6((p~q)")
+1-5(0),8(q)+1—8(0)}

<max {68’ ((p —¢)7),8' ((p~q)7),8 ()}

¢'(p) <max {&'((p—¢)~),8'((p~q)7),6 ()}

o'(p)

Hence @' is an anti-fuzzy EPWI-ideal of ./ related to &'
Conversely,

(i) Let ¢’ is an anti-fuzzy EPWI-ideal of ./ related to &'
Then we have ¢’ is a fuzzy subset of 6’ and ¢'(p) <
&'(p) forall p € .#. Thus, ¢(p)+1—(0) < ¢(p)+
1—@(0) forall p e # and @(p) < u(p) forall p e A
since, @(0) = 6(0). Therefore, we have ¢ is a fuzzy
subset of 8.

(i) Let p € . then ¢'(0) < &'(p) implies ¢(0) < &(p).
(iii) Let p,q € .# then

¢'(p) <max{&'((p —¢)~),8'((p~q)7),8(q)}

¢'(p) <max {8 ((p—q)")+1-5(0),5 ((p~q)")
+1-05(0),6(¢)+1—-05(0)}

¢'(p) <max {8 ((p—q)~),8((p~q)7),8(q)}
+1-5(0)

¢(p) <max{8((p—q)7),8((p~q)7).6(q)}.

Hence ¢ is an anti-fuzzy EPWI-ideal of .# related to 6. [

Note 3.13. Let ¢ be a fuzzy subset of lattice pseudo W -
©(p)} is denoted

by (@(v))".

Proposition 3.14. Let .# be a lattice pseudo W -algebra and
v E . If ¢ is an anti-fuzzy EPWI-ideal of M/ related to &
such that @(v) = 8(v), then (8(v))* is an EPWI-ideal of A
related to (p(v))*.

Proof. Let @ is an anti fuzzy EPWI-ideal of .# related to
6. To prove that (6(v))* is an EPWI-ideal of . related to

(e())".

@) If p € (p(v))*

implies ¢@(v) < o(p) = 6(v) <
5(p), since 9(v) = <

6(v) and @(p) < 8(p).

(ii) since @(0) < @(v) implies 0 € (@(v))*.
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(i) fp € # and g € (@(v))* such (p = q)~,(p~~q)” €
(o(v))* and g € (@(v))* implies, then, we have

8((p—=9)")<o(),8((p~q)7) <o)

and 6(g) < @(v). Thus,

e(v)>8((p—q)),0(»)>8((p~4q)7)

and @(v) > 6(g). Therefore,

o(v)>max{8((p—¢)"),6((p~q)).6(q)}.

But,

o(p) <max{8((p—¢)"),6((p~q)).6(q)}.

Then, we have

() <o(p) = 8(w) <8(p) = pe(6(v)".

Hence, (u(v))* is an EPWI-ideal of .# related to
((v))".

O

4. Conclusion

In this paper, we have discussed some representations of
anti-fuzzy CCPW[-ideal and anti-fuzzy EPW-ideal of lattice
pseudo W-algebras. We show that the connection between
anti-fuzzy EPW-ideal and EPW I-ideal. This idea can further
be generalized to intuitionistic fuzzy EPW/I-ideal for new
results in our future work.
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